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What AP°® Stands For

Thousands of Advanced Placement teachers have contributed to the principles
articutated here These principles are not new; they ara, rather, a reminder of how AP
already works in classrooms natlomwide. The following principles are designed to ensure
that teachers’ expertise is respected, required coursa content is understood, and that
students are acedemically challenged and free Lo make up their own minds,

1. AP stands for clarity and lransparency. Teachers and students deserve clear
expectations. The Advanced Placemeant Program makes public its course
frameworks and semple assessments. Confusion about what is permitted in the
classroom disrupts teachers and students as they navigate demanding work.

2. AP is an unflinching encounter with evidence. AP courses enable students to
develop as independent thinkers and to draw their own concluslons. Evidence and
the scientific method are the starting place for conversations In AP courses.

3. AP opposes censorship, AP I anlmated by a deep respect for the intellectual
freedom of teachers and students alike. If a school bans required topics from their
AP cowrses, the AP Program removes the AP designation from that course and
its inclusion In the AP Course Ledger provided to colleges and universities, For
example, the concepls of evolution are at the heart of college biolegy, and a courss
that neglects such concepls does not pass muster as AP Biology.

4. AP opposes indocltrination. AP students are expected to analyze differant
perspectives from their own, and no points on an AP Exam are awarded for
agreament with any specific viewpoint. AP students are not required to feel
certaln ways about themsebves or the course content, AP courses Instead develop
students’ abilities to assess the credibility of sources, drew conclusions, and make
up their ovwn minds.

As the AP English Literature cowrse description states: “AP students are not
expected or asked to subscribe to any one specific set of cultural or political values,
but are expected to have the maturity o analyze perspectives different from their
own and to question the meaning, purpose, ar effect of such content within the
literary work as a whole,”

5. AP courses foster an open-minded approach to the histories and cultures of
different peoples. The study of different nationalities, cultures, religions, races, and
ethnicities is essential within a variety of academic disciplines. AP courses ground
such studies in primary sources so that students can evaluate experlences and
avidanca for themsalves.

6. Every AP student who engages with evidence Is listened to and respected. Students
are encouraged to evaluste arguments but not one another. AP classrooms respect
diversity in backgrounds, experences, and viewpoints. The perspectives and
contributions of the full range of AP students are sought and considered. Respectful
debate of ideas ks cultivated and protected; personal attacks have no place in AP,

7. AP s a cholca for parents and students. Parents and students freely choose to enoll
In AP courses. Course descriptions are available onfine for parents end students to
inform thedr cholce. Parents do not dafine which college-level topics are suitahle
within AP courses; AP course and exam materials are crafted by committees of
professors and other expert educators in each fisld. AP courses and exams are then
further validated by the American Council on Education and studies that conflrm
the use of AP scores for college credits by thousands of colleges and universities
nationwide

The AP Program encourages educators to review these principlas with parents and
students so they know what to expect inan AP course. Advanced Placement is always

a choice, and it should be an Infermed one. AP teachers should be given the confidence
and clarity that once parents have enrolled their ehild in an AP course, they have agreed
to & classroom experience that embodies these principles.

D 2025 The Advvanced Placement Program, AR, AP Caontral, and the acom logo are registered Wademarks
of the College Board, All other products and services may be trademarks of thelr respactive owners. Visit
Colege Board on the web: collegebosrd.org.
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About AP

College Board's Advanced Placement® Program [AP®)
enables willing and academically preparad students

to pursue college-level studies—uwith the opportunity
to eamn college credit, advanced placement, or
both—while still in high school, Through AP courses

In 38 subjects, each culminating in a challenging
exam, students leamn to think critically, construct solid
arguments, and sea many skies of an issue—skills
that prepare them for college and beyond. Taking AP
courses demonstrates to college admission officers
that students have sought the most challenging
curriculum availaide to them, and research indicates
that students who score a 3 or higher on an AP Exam
typically experience greater academic successin
college and are more likely to eam a college degree
than non-AP students. Each AP teacher's syllabus

is evaluated and approved by faculty from some of
the nation’s leading colleges and universities, and AP
Exams are developed and scored by college faculty and
experienced AP teachers. Most four-year colleges and
universities in the United States grant credit, advanced
placement, or both on the basis of succassful AP
Exam scores—more than 3,300 institutions worldwide
annually receive AP scores,

AP Course Development

In &n ongolng effort to maintain alignment with best
practices in college-level leaming, AP courses and
exams emphasize challenging, research-based
curricula aligned with higher education expectations.

Individual teachers are responsible for designing their
own curriculum for AP courses, selecting appropriate
college-level readings, assignments, and resourcaes.
This course and exam description presents the content
and skills that are the focus of the corresponding
college course and that appear on the AP Exam. It also
organizes the content and skills Into a series of units
that reprasent a sequence found in widely adopted
college textbooks and that many AP teachers have
told us they follow in order to focus their instruction,
The intention of this publication is to respect teachears'
time and expertise by providing a roadmap that they
can modify and adapt to thelr local priorities and
preferences. Moreover, by organizing the AP course
content and skills into units, the AP Program is able

AF Calculus AB and BC Course and Exam Description

to provide teachers and students with free formative
assessments—Personal Prograss Chechs—that
teachers can assign throughout the year to measure
student progress as they acquire content knowledge
and develop skills,

Enrolling Students: Access,
Opportunity, and Readiness

The AP Program welcomes all students willing to
challenge themselves with college-level coursework
and career preparation. Wa strongly encourage
educators to Invite students into AP classes,

including students from ethnic, racial, socioeconomic,
geographic, or other groups not broadily participating in
a school's AP program. We believe that readiness for AP
is attainable, and that educators can expand readiness
by opening access to Pre-AP course work., We commit
to support educators and communities in their efforts
to make AP courses widely available, advancing
students in their plans for college and careers,

Offering AP Courses:
The AP Course Audit

The AP Program unequivocally supports the pringiple
that each school Implameants its awn awriculum that will
enable students to develop the content understandings
and gkills deseribedin the course framewori.

While the unit sequence represented in this publication
iz optional, the AP Program does have a short list of
curricular and resource requirements that must be
fulfiled before a school can label a course “Advanced
Placement” or “"AR" Schools wishing to offer AP
courses must participate in the AP Course Audit, a
process through which AP teachers’ course materials
are reviewed by college faculty. The AP Course Audit
was created to provide teachers and administrators
with clear guldelines on curricular and resource
raquiremenits for AP courses and to help colleges and
universities validate courses marked AP on students
transcripts. This process ensures that AP teachers’
courses meet or exceed the curricular and resource
expectations that college and secondary school faculty
have establishad for college-level courses,

TN
Raturn to Teble of Contents
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The AP Course Audit form s submitted by the AP teacher
and the school principal {or designated administrator) to
confirm awareness and understanding of the curricular
and resource requirements. A syllabus or course outling,
detailing how course requiraments are met, Is submitted
bry the AP teacher for review by college faculty.

Please visit the AF Course Audit website for more
information to support the preparation and submission
of materials for the AP Course Audit.

How the AP Program
Is Developed

The scope of content for an AP course and examis
darhed from an analysls of hundreds of syllabi and
coursa offerings of colleges and universities, Using
this research and data, a committee of college faculty
and expert AP teachers work within the scope of

the comesponding college course to articulate what
students should know and be able to do upon the
complation of the AP course, The resulting course
framework is the heart of this course and exam
description and serves as a blueprint of the content and
skills that can appear onan AP Exam.

The AP Test Development Committees are responsible
for developing each AP Exam, ensuring the exam
questions are aligned to tha course framewark. Tha AP
Exam devalopment process s a multivear endeavar; all
AP Exams undergo extensive review, revision, piloting,
and analysis to ensure that questions are accurate, fair,
and valid, and that there is an appropriate spread of
difficulty across the questions,

Committee members are selected Wo represent a variety
of perspectives and Institutions (public and private,
small and large schools and colleges), and a range of
aender, racialfethnic, and regional groups. A list of each
subject’s cumrent AP Test Development Commiltea
members is avallable on AP Central®,

Throughout AP course and exam development, College
Board gathers feedback from various stakeholders

in both secondary schools and higher education
institutions. This feedback |z carefully considered to
ensure that AP courses and exams are able to provide
students with a college-level learning experience and
the opportunity o demonstrate their qualifications for
advanced placement or college credit.

How AP Exams Are Scored

The exam scoring process, like the course and exam
development process, relies on the expertise of
both AP teachers and college faculty. Whila multipla-
choice questions are scored by machine, the frea-

AP Calculus ABand BC Course and Exam Descriplion

response questions and through-course performance
assessments, as applicable, are scored by thousands
of college faculty and expert AP teachers. Most are
soored at the annual AP Reading, while a small portion
is scored online. All AP Readers are thoroughly tralned,
and their work is monitored throughout the Reading
for falmess and consistency. In each subject, a highly
respected college faculty member serves as Chief
Faculty Consultant and, with the help of AP Readers

in leadership positions, maintains the accuracy of

the scoring standards. Scoras on the freg-rasponsa
questions and performance assessments are welghted
and combined with the results of the computer-scored
rultiple-choice questions, and this raw score is
comverted into a composite AP score on a 1-5 scale.

AP Bxams ara not norm-referenced or graded ona curve,
Instead, they are criterion-referenced, which means that
every student who meets the criteria for an AP score of
2,3, 4, or 5 will receive that score, no matter how many
students that Is. The criteria for the number of points
students must earn on the AP Exam o receive scores

of 3, 4, or 5—the scores that research conslstently
validates for credit and placement purposas—inciuds:

= The number of points successful college students
eam when their professors administer AP Exam
questions to tham.

= The number of points researchers have found to
be predictive that an AP student will succeed when
placed intoa subsequent higher-level college course.

= Achievement-level descriptions formulated by
college faculty who review each AP Exam question,

Using and Interpreting AP Scores

The extensive work done by college faculty and

AP teachers in the development of the course and
exam and throughout the scoring process ensures

that AP Exam scores accurately represent students’
achievement in the equivalent college course. Frequent
and regular research studies establish the validity of AP
scores as follows:

Credit College Grade
AP Score Recommendation Equivalent
5 Extremely well qualified A
4 ‘Well qualified - A— B+, B
3 Qualified B-C+.C
2 Possibly qualified nfa
1 - No recommendation nfa
vi | 2
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While colleges and universities are responsible for
setting their own credit and placement policles, most
private collages and universities award credit and/

or advanced placement for AP scores of 3 or higher.
Additionally, most states in the U.S. have adopted
statewide credit policies that ensure college credit for
scores of 3 or higher at public colleges and universities.
To confirm a specific college's AP credit/placement
policy, use the search engine available on the AP Credit
Policy Search page.

BECOMING AN AP READER

Each June, thousands of AP teachers and college
faculty members from around the world gather for
seven days in multiple locations to evaluate and score
the free-response sections of the AP Exams, Ninety-
elght percent of surveyed educators who took part in
the AP Reading say it was a positive experience.

There are many reasons to conslder becoming an AP
Reader, including opportunities Lo;

= Bring positive changes tothe classroom:
Surveys show that the vast majority of returning
AP Readers—both high school and college
educators—make improvements to the way they

AP Calculus AB and BC Course and Exam Description

teach or score because of their experience at the
AP Reading.

* Galn In-depth understanding of AP Exam and AP
scoring standards: AP Readers gain exposure to
the quality and depth of the responses from the
entire pool of AP Exam takers, and thus are better
able to assess their students"work in the classroom.

* Recelve compensatlon: AP Readers are
compensated for thelr work during the Reading.
Expenses, lodging, and meals are covered for
Readers who travel.

* Scorafrom home: AP Readers have onlina

distributed scoring opportunities for certain

subjects. Check the AP Reader site for details.

Earn Continuing Education Units (CEUs): AP

Readers earn professional development hours and

CEUs that can be applied to PO requirements by

states, districts, and schools.

How to Apply
Visit the Become an AP Reader site for eligibility

requirements and to start the application process.

vi | 3
Return to Table of Contents
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AP Resources
and Supports

By completing a simpla activation process at the start of the school year, teachers and
students recelve access to a robust set of classroom resources.

AP Classroom

AP Classroom Is a dedicated online platform deslgned to support leachers and students
throughout thelr AP experience. The platform provides a varlety of powerful resources and
taols to provide yearlong support to teachers and enabile students to receive meaningful
feedback on their progress.

UNIT GUIDES

Appearing in this publication and on AP Classroom, these planning guides outfine all requined
course content and skills, organized into commonly taught units. Each unit guide suggests a
sequence and pacing of content, scaffolds skill instruction across units, organizes content
Inta topics, and provides tips on taking the AP Exam.

PERSOMAL PROGRESS CHECKS

Formative AP questions for every unlt provide feedback to students on the areas where they
need to focus. Aveilable online, Personal Progress Checks measure knowledge and skills
through multiple-choice questions with rationales to explain correct and incorrect answers,
and free-response questions with scoring information, Because the Personal Progress
Checks are formative, the results of these assessments cannot be used to evaluate teacher
effectiveness or assign letter grades to students, and any such misuses are grounds for losing
school authorization to offer AP coursas.®

PROGRESS DASHBOARD

This dashboard allows teachars to review class and individual student progress throughout
the year. Teachers can view class trends and see where students struggle with contant and
shills that will be assessed on the AP Exam. Students can view their own progress over tima to
Improve their performance before the AP Exam.

AP QUESTION BANK

This online libkrary of real AP Exam questions provides teachers with secure questions to use

In their ¢lassrooms, Teachers can find questions indexed by course toplcs and skills, create
customized tests, and assign them online or on paper. These tests enable students to practice
and get feedback on each question.

@0 © 6

* T rigrin L migusies, pleass call, B77-274-64 74 (internationak 212-632-1781)

vi | a4
Raturn to Table of Contents

AP Calculus AB and BC Course end Exam Description




SPRINGFIELD PuBLic ScHooLs
ENGAGING STUDENTS = FOSTERING ACHIEVEMERNT = CULTIVATING 21sr CENTURY GLOBAL SKILLS

Digital Activation

In order to teach an AP class and make sure students are registered to take the AP Exam,
teachers must first complete the digital activation process. Digital activation gives students
and teachars access to resources and gathers students’ exam registration Information cnling,
eliminating most of the answer sheet bubbling that has added to testing time and fatigue.

AP teachers and students begin by signing In to My AP and completing a simple activation
process at the start of the school year, which provides access to all AP resources, including
AP Classroom.

To complete digital activations

* Teachers and students sign in to or create their College Board accounts.,

* Teachers confirm that they have added the course they teach to thelr AP Course Audit
account and have had it approved by thelr school's administrator,

= Teachers or AP Coordinators, depending onwho the school has decided is responsible,
setup class sections so students can access AP resources and have exams ordered on
their behalf.

* Students join class sections with a join code providad by their teacher or AP Coordinator,

Students will be asked for additional registration information upon Jolning thelr first class

section, which eliminates the need for extensive answer sheet bubbling on exam day.

Whila tha digital actiation process takes a short time for teachers, students, and AP Coordinators

to complete, overall it helps save time and provides the following addiional benefits:

* Accessto AP resources and supports: Teachers have access Lo resources specifically
designed to support instruction and provide feedback to students throughout the school
year as soon as activation is complete,

+ Streamlined exam ordering: AP Coordinators can create exam orders from the same
onling ¢lass rosters that enable students to access resources. The coordinator reviews,
updates, and submits this information as the school’s exam arder In the fall.

« Student registration labels: For each student included in an exam order, schools will
receive a set of personalized AP |D registration labels, which replaces the AP student pack.
The AP ID connects a student's exam materials with the registration information they
provided during digital activation, efiminating the need for pre-adminlstration sessions and
reducing time spent bubbling on exam day.

* Targeted Instructional Planning Reports: AP teachers will get Instructional Planning
Reports (IPRs) that include data on each of thelr class sections automatically rather than
relying on speclal codes optionally bubbled in on exam day.

AP Calculus AB and BC Course and Exam Description vils
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Instructional Model

Integrating AP resources throughout the course can help students develop skills and
conceptual understandings. The instructional model outlined below shows possible ways to
incorporate AP resources into the classroom.

Plan
Teachers may consider the following approaches as they plan thelr Instruction before
teaching each wnit.
* Review the overview at the start of each unit guide to identify essential questions,
conceptual understandings, and skills for each unit.
= Use the Unit at a Glance table to identify related topics that build toward a common
understanding and then plan appropriate pacing for students.
* ldentify useful strategles In the Instructional Approaches section to help teach the
concepts and skills.

Teach
When teaching, supporting resowrces could be usad to build students’ conceptual
understanding and thelr mastery of skills,

= Lse the topic pages in the unit guides to identify the required content.

* Integrate the content with a skill, considering any appropriate scaffolding.

= Employ any of the instructional strategles previously identified.

= Use the available resources on the toplc pages to bring a varlely of assels into the
classroom.

Assess
Teachers can measure student understanding of the content and skills covered in the unit and
provide actionable feedback to students,
= Atthe end of each unit, use AP Classroom to assign students the onfine Parsonal
Progress Chechs, as homework or anin-class task.
= Provide question-level feedback to students through answer ratignales; provide unit- and
skill-level feedback using the progress dashboand.
* Create additional practice opportunities using the AP Questlon Bank and assign them
through AP Classroom.

AP Calculus AB and BC Course end Exam Descriplion vi | 8
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About the AP Calculus
AB and BC Courses

AP Calculus AB and AP Calculus BG focus on students’ understanding of calculus concepts
and provide experience with methods and applications. Through the use of big Ideas of
calculus (e.g., modeling change, approximation and limits, and analysls of functions), each
course becomes a cohesive whole, rather than a collection of unrelated toples. Both courses
require students to usa definitions and theorems to bulld arguments and justify conclusions.

Tha courses fealura a multirepresentational approach to calculus, with concepts, results, and
problems expressed graphically, numerically, analytically, and verbalky, Exploring connactions
among these representations builds understanding of how calculus applies limits to develop
important ideas, definitions, formulas, and theorems, A sustained emphasis on clear
communication of methods, reasoning justifications, and conclusions is essential. Teachers
and students should regularly use technology to reinforce relationships among functions, to
confirm writtken work, to implement experimentation, and to assist in interpreting results.

College Course Equivalent

AP Calculus ABis designed to be the equivalent of a first semaster college calculus course
devoted to topics in differential and integral calculus. AP Calculus BC Is designed to bea the
equivalent to both first and sacond semester college calculus courses. AP Caloulus BC
applies the content and skills learned in AP Calculus AB to parametrically defined curves,
polar curves, and vector-valued functions; develops additional integration techniques and
applications; and introduces the topics of sequences and series.

Prerequisites

Before studying calculus, all students should complete the equivalent of four years of
secondary mathematics designed for college-bound students: coursas that should

prepare them with a strong foundation in reasoning with algebraic symbols and working
with algebrale structures, Prospective calculus students should take courses inwhich they
study algebra, geometry, trigonometry, analytic geometry, and elementary functions. These
functions include linear, polynomial, rational, exponential, logarithmic, trigonometric, Inverse
trigonometric, and plecewise-defined functions. In particular, before studying calculus,
students must be familiar with the properties of functions, the composition of functions, the
algebra of funclions, and the graphs of functions.

Students must also understand the language of functions {domain and range, odd and even,
periodic, symmetry, zeros, intercepts, and descriptors such as increasing and decreasing).
Students should also know how the sine and cozine functions are defined from the unit circle

A @ KR K
and know the values of the trigonometric funclions at the numbers 0, ;,:,;.I,and their

multiples. Studants who take AP Calculus BC should have basic familiarity with sequences and
serles, aswall as some exposure to parametric and polar equations.

AP Calculus AB and BC Course and Exam Description v1lz
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Introduction

The course framewarks for AP Calculus AB and AP Calculus BC define content students must know and skills
students rmust master in order to eam transferable, long-term understandings of calculus. The frameworks reflect
a commitment to what college faculty value and mirror the curricula in corresponding college courses. Teachers
may adjust the frameworks to meet state and local requirements.

The frameworks are organized into logicel sequences, based on teacher input and commonly used textbooks.
These sequences represent one reasonable learning pathway for each course, among many. Teachers may adjust
the suggested sequencing of units or toplcs, although they will want to carefully consider how to account for
such changes as thay access course résources for planning, instruction, and assessment.

Balancing guldance and flexibility, this approach helps to prepare students for college credit and placement.

AP Calculus AB and BC Course and Exam Description Cowse Framework M1 | 11
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Course Framework
Components

Overview

This course framework provides a clear and detailed description of the course
requirements necessary for student success. The framework spacifies what
students should know, be able to do, and understand to qualify for college
credit or placement.

The course framework includes two
essential components:

o MATHEMATICAL PRACTICES

The mathematical practices are central to the study and practice of
caleulus. Students should develop and apply the described skllls on a
reguiar basis over the span of the course.

€) COURSE CONTENT

The course content is organized into commonly taught units of

study that provide a suggested sequence for the course. These units
comprise the content and conceptual understandings that colleges
and universities typically expect students to master to qualify for
college credit and/or placement. This content is grounded in big ideas,
which are cross-cutting concepts that build conceptual understanding
and spiral throughout the course,

AP Calculus AB and BC Course and Exam Description Course Framework V1 | 12
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AP CALCULUS AB AND BC

Mathematical
Practices

The AP Calculus AB and BC mathematical practices describe what a student
should be able to do while exploring course concapts. The tabla that follows
presents these practices, which students should develop during the AP Calculus
AB and AP Calculus BC courses. These practices are categorized into skills,
which form the basls of the tasks on the AP Exam.

The unit guides later in this publication embed and spiral these skills throughout
the course, providing teachers with ona way to Integrate the skills in the course
content with sufficient repetition to prepare students to transfer those skills
when taking the AP Exam. Course content may be paired with a variety of skills on
the AP Exam.

More detailed information about teaching the mathematical practices can be
found in the Instructional Approaches section of this publication,

AP Calculus AB and BC Cowse and Exam Description Course Framework V1 | 13
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AP CALCULUS AB AND BC

&

Mathematical Practices

Practice 1 Practice 2 Practice 3 Practice 4
Implementing Connecting Justification E1 Communication
Mathematical Representations &1 Juslify reasaning and salutions, and Notation ra
Processes KR Translate mathematical information Use comect notation, language,
Detemine expressions and values froen a single répresantation or across and mathematical conventions ta
using mathematical procedures maltipie reprasentations. communicate resulls or sofutions.
and rules.

= SKILLS

XY Identify the question to
be answered or problem to
be solvad frot assessed).

3 Identify key and relevant
Infarmation to answer a
question or solve a problem
fnot assessad).

3 [dentily an appropriate
mathematical rule or
procedure based on the
classification of a given
expression (eg., Use the
chaln rule to find the
derivative of a composite
functionl

1 Identify an appropriate
mathematical rule or
procedure based on the
relationship between
concepts (2g. rate of
change and accumulation)
or processes (eq.,
differentiation and Its Inversa
process, anti-differentiation)
to solve problems,

K3 Apply appropriate
mathematical rules or
procedures, with and without
technology.

EEd Explain how an
epproximated value relates to
the actual value,

B3 identily common
undertying structures in
problems involving different
contextual siluations.

EX Identify mathematlcal
infarmation from graphical,
numerical, analytical, andfor
verbal representations.

Identify a re-expression
of mathamatical information
presented in a given
represantation.

E Identily how
mathematical characteristics
or properties of functions
are related in differant
reprasantations.

B Describe the
relationships among different
representations of functions
and their derivatives,

EEX Apply technology
to develop claims and
conjectures (not assessed).

Identify an appropriate
mathematical definition,
theorem, or Lest Lo apply.

EXE Confirm whether
hypotheses or conditions
of a selected definition,
theorem, or test have been
satisfied.

EEd Apply an appropriate
mathematical definition,
theorem, or test.

EX3 Provide reasons or
ratlonales for solutions and
conchusions.

EXd Explain the meaning
of mathematical solutions
In context,

EE3 Confirm that solutions

are accurate and appropriate.

R Use precise
mathematical language.

48 |lse appropriate units of
measure,

HE Usoappropriate
mathematical symbols and
notation (eg., Represent a
derivative using f{x), ¥,
ann‘ﬁk

dx

40 Use appropriate
graphing techniques.

WE Apply appropriate
rounding procadures.

AP Calculus AB and BC Course and Exam Description

Course Framework V1 | 14
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AP CALCULUS AB AND BC

Course
Content

Basad on the Understanding by Design® (Wiggins and McTighe) model, this
course framework provides a clear and detailed description of the course
requirements necessary for student success, The framework specifios what
students must know, be able to do, and understand, with a focus on blg Ideas
that encompass core principles, theories, and processes of the discipline, The
framawork also encourages Instruction that prepares students for advanced
coursewaork in mathematics or other fields engaged in modeling change (2.g.
pure sciences, engineering, or economics) and for creating useful, reasonabla
solutions to problems encountered in an ever-changing world.

Big Ideas

The bigideas serve as the foundation of the course and allow students to creata
meaningful connections among concepts. They are often abstract concepts

or themes that become threads that run throughout the course. Revisiting the
big ideas and applying them In a varlety of contexts allows students to develop
deeper conceptual understanding. Below are the big ideas of the course and a
brief description of each.

BIG IDEA 1: CHANGE (CHA)

Using derivatives to describe rates of change of one variable with respect
Lo anothear or using definite integrals to describe the net change in one
variable over an interval of another allows students to understand change
in a variety of contexts. It is critical that students grasp the relationship
between integration and differentiation as exprassed In the Fundamental
Theorem of Calculus—a central idea In AP Calculus.

BIG IDEA 2: LIMITS (LIM)

Baginning with a discrete model and then considering the consequences of
a limiting case allows us to model real-world behavior and to discover and
understand important ideas, definitions, formulas, and theorems in calcubus:
for example, continuity, differentiation, integration, and serles ac osy.

BIG IDEA 3: ANALYSIS OF FUNCTIONS (FUN)

Calculus allows us to analyze the behaviors of functions by relating limits
to differentiation, integration, and infinite series and relating each of these
concepts to the others.

AP Calculus AB and BC Course and Exam Description Course Framewark V.1 | 15
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UNITS

The course content is organized into commoniy
taught units. The units have been arranged ina logical
sequence frequently found In many college courses
and textbooks.

The eight units in AP Calculus AB and ten units in
AP Calculus BC, and their weighting on the multiple-
choice section of the AP Exam, are listed on the
following page.

Pacing recommendations at the unit level and on
the Course at a Glance provide suggestions for how
teachers can teach the required course content
and administer the Personal Progross Checks.

AP Calculus AB and BC Course and Exam Description

The suggested class periods are based on a schedule
Inwhich the class meets five days a weel for

45 minutes each day. While these recommendations
have been made to ald planning, teachers ara of
course free to adjust the pacing based on the needs
of thelr students, alternate schadules (q., block
scheduling), or their school's scademic calendar.

TOPICS

Each unit is broken down into teachable segments
called topics, The topic pages (starting on p. 35)
contain the required content for each topic. Although
most topics can ba taught in one or two class perlods,
teachers should pace the course to sult the needs of
thelr students and schoaol.

Course Framework VA | 18
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Exam Weighting for the Multiple-Choice Section of the AP Exam

Units Exam Weighting (AB) Exam Weighting (BC)
Unit 1: Limits and Continuity 10-12% 4-7%
Unit 2: Differentiation; Definition
and Fundamental Properties 10-12% 4-7%
Unit 3: Differentiation: Composite,
Implicit, and Inverse Functions 9-13% 4-7%
Unit 4: Contextual Applications of
Differentiation 10-15% 6-9%
Unit 5: Analytical Applications of
Differentiation 15-18% 8-11%
Unit 6: Integration and
Accumulation of Change 17-20% 17-20%
Unit 7: Differential Equations 6-12% 6-9%
Unit 8: Applications of Integration 10-15% 6-9%
Unit 9: Parametric Equations, Polar
Coordinates, and Veetor-Valued 11-12%
Functions ec onwy
Unit 10: Infinite Sequences and
Series sc oMLY 17-18%
AP Calculus AB and BC Course and Exam Description Course Framework V1 | 17
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Spiraling the Big Ideas

The following table shows how the big ideas spiral across units.

Big Ideas Unit 1 Unit 2 Unit 3 Unit 4 Unit5
Limits and Differentiation: Differentiation: Contextual Analytical
Continuity Definitionand Composite, Applications  Applications
(@) Fundamental Implicit, of of
— Properties and Inverse Differentiation Differentiation
Functions
Change

Limits

Analysis of

o © © ©o &

AP Calculus AB and BC Cowse and Exam Description Cowse Framework V.1 | 18
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Spiraling the Big Ideas (-on:)

Big Ideas Unit 6 Unit 7 Units Unit9 Unit 10

Integration Differential Applications  Paramelric Infinite
and Equations of Integration Equations, Sequences
(®) Accumulation Polar and Series
— of Change Coordinates, =cowmr
and Vector-
Valued

Functions
BC DMLY

Change

Limits

Analysls of

Functions
[ | (] o ]

AP Calculus AB and BC Course and Exam Description Course Framework V.1 | 19
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SPRINGFIELD PuBLic ScHooLs

Course at
a Glance

Plan

The Course at a Glancea provides
a useful visual organization

of tha AF Calculus AB and

AP Calculus BC curricular
compenents, including:

= Sequence of units, along
with approximate weighting
and suggested pacing.
Please note, pacing is based
on 45-minute class periods,
meeting five days each week
for a full academic year.

= Prograssion of toples within

each unit.

Spiraling of the big ideas

and mathematical practices

across units,

Teach
MATHEMATICAL PRACTICES
Mathemoticel practices spin throughow!
o cotirge,
BN impiserentioy  BEH bostification
Mathematical -
B O =g
‘e and Motatin
EEH connecling
Represenlalions
BIG IDEAS
Big ideas spimel oornes topics oad unite.
[EX Chinge B systs ot
mlJni'I: Furitions
BC ONLY

Tha il abaling ripeesents BT only oondent.

Assess

Assign the Personal Prograss
Checks—either as homework
or In class—for each unit.

Each Personal Progress Check
contains formative multiple-
choice and free-response
questions. The feedback from
the Personal Prograss Checks
shows students the areas where
they nead to focus.

e  Limits and
Continuity

WebLi  10=12%ar A=T%ec

CLASSFERONS ~32=33 ap ~13=14 ec

Differentiation:
uwir  Definition and

Fundar il

Properties
winines  10=-12% an  4=T% ¢

CLASSPERIODE  welJ=T1d an  ~9=10 ec

1.4 Introducing Calculus:
Can Change Occur at

an Instanl?

QY 1.2 Defining Limils and
2 Using Limit Notation

A 1.3 Estimating Limft
2 Values from Graphs
14 Esl:l:maling.' Limit
Values [rom Tables
1.5 Determining Limits
) Using Algebeale
Properties of Limils

B 1.6 Determining Limils
1 Using Algebralc
Manipulation

1.7 Selecting Procedures
for Determining Limits

™ s Determining Limits
3 Using the 8queeze

Theorem
1.8 Connecting Multiple
3 Representations
of Limits

110 Exp?loring Types of
Discontinuities

E 1.1 Defining Continuity

atl a Point

i _11_2 _('.‘_l:l.n.ﬁrming Continuity
1 over an Inlerval

1.13 Remowving
Discontinuities
B 1.14 Connecting Infinite

Limits and Vertical
Asymptotes

E 1.5 Connecting Limits at
Infinity and Horizontal
Asymplotes
1.18 Working with the
Intermediate Value
Theorem (IVT)

Personal Progress Check 1
Multiple-cholce: ~45 questions
Free-response: 3 questions (partial)

2.1 Delining Average and
Instantaneous Rates of
Change at a Point

2.2 Defining the Derivative
of a Function and
Uring Derlvative
Hotation

13 Estimating Derivatives
of a Function at a Point

i 24 Connecting
Differentiability
and Contimuity:

5 Determining When
Derivalives Do and
Do Not Exist

2.8 Applying the Power
Rule

2.6 Derivative Rules:
Constant, Sum,
Difference, and
Constant Multiple

2.7 Detivatives of cos x,
sinx, e’ andln x

2.8 The Product Rule

29 The ﬂunlienl. Ru.l;

210 Finding the Derlvatives
of Tangent, Cotangent,
Becant, andfor
Cosecant Functions

Personal Progress Check 2

Multiple-choice; ~30 quastions
Free-response: 3 questions (partial)

HOTE: Partind vrsiores of e og-£esg0me question b

Wt thiy will encounier oo tha AP Exam,

Fed o preparn for mone comples Full quesBons
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Differentiation:
umit  Composite,
3  Implicit, and
Inverse Functions

LM geq3% s 4=T%ec

cussemoos «10-11 a8 ~B-8 sc

i Contextual
4 Applications of
Differentiation

g 10-15% s B-9%sc

classrimots  ~10=11 a8  ~B=T oc

UNIT j
5 Applications of
Diff Hati

WIPEU e 18% a5 B-11% sc

cuasspeoos  ~15-16 ap ~10-118c

3.1 The Chain Ruls

3.2 Implicit Diferentiation

3.3 Differentlating Inverse
Functions

24 Differentlating
Inverse Trigonometric
Functions

3.8 Belecting Procedures
for Calculating
Derivatives

3.6 Calculating Higher-
Order Derivatives

Personal Progress Check 3

Muttiple-cholce: <15 questions
Free-responsa: 3 quastions
(partlal/full)

4.1 Interpreting the
Meaning of the
Derivative in Context

42 Straight-Line
Motion: Connecting
Position, Velocity, and
Acceleration

4.3 Rates of Change in
Applied Contexts Other
Than Motion

44 Introduction to Related
i

Rates

48 So}_\ri_ng Related Rates
Problems

468 Approximaling Values
of a Function Using
Local Linearity and
Linearization

B 47 Using L'Hospital's Rule
for Determining Limits
A of Indeterminate Forms

Personal Progress Check 4

Muldple-cholee: ~16 questlons
Fraa-response: 3 queslions

8.1 Using the Mean Value
Theorem

52 E:irl.-me Value Theorem,
Global Veersus Local
Extrema, and Critical

) 8.3 Determining Intervals
on Which a Function Is
= Increasing or Decreasing

5.4 Using the First
Derivative Test to
Determine Relative
{Local) Extrema

88 Using the Candidates
Test to Determine
Absolute (Global)
Extrema

5.6 Determining Concavity
of Functions ower Their
Domalns
6.7 Using the Second
Derivative Test to
Determine Extrema

&8 Sketching Graphs of
Functions and Their
Derivatives

Its First Derivative, and

8.8 Connecting a Function,
Its Second Derivative

510 Introduction to y
Optimization Problems

s+ Solving Optimizaion
Problems

) E12 E-:p!uring Behaviors of
Implicit Relations

Personal Progress Check 5

Multiple-chodce: ~35 quastions
Free-response: 3 quastions
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oniy  Integration and
6 Accumulation
of Change
AR 47-20% ax 17-20% s
coasapeols  ~1B=20 as ~16=16 ec

vt Differential
7 Equations

tpd 6=-12% pp G=0%pc

CAEsFRONS  wB=San  ~8=10pc

uwr  Applications
8 of Integration

WeEEAM  40=15% as B-8% kc

ciasspencds  ~19-20 sz ~13-14 sc

) &1 Exploring
) Accumulations of
.ﬂJ Change

I
H 8.2 Approximating Areas

with Rlemann Sums

B 6.3 Rlemann Sums,
Summation Notatlon,
2 and Definite Integral
Hotation

8.4 The Fundamental
Theorem of Calculus
and Accumulation
Functions

8.5 Interpreting
the Behavior of
Accumulation Functions
Involving Area

&5 Applying P;:perllns of
Definite Integrals

8.7 The Fundamental
Theorem of Calculus
and Definite Integrals

8.8 Finding Antiderivatives
and Indefinite
Integrals; Basic Rules
and Notation

59 Iz-ltagrallnn Using
Bubstitution

8.10 Integrating Punctions
Using Long Division
and Completing the
Square

&.11 Integrating l.lui:g
Integration by Parts
BC ONLY

ﬂ 6.2 Using Linear Partial
Fractions ec owy

Integrals ec omy
H 6.14 Selecting Techniques

H £.13 Ewvaluating Improper

for Antidiferentiation

Personal Progress Check 6

Muitiple-cholce:
» ~25 questions (A6}
= ~35 questions [BC)

Free-response: 3 questions

7.1 Modeling Situations
with Differential
Egquations

:r.:_‘u’erlfylnq Solutions for
3

Differential Equations

E 73 Sk:e-t:hi;;[ Slope Fields

m 7.4 Reasoning 'Ua.i..ug' Slope
] Fields

73

7.5 Approximating
Solutions Using Euler's
Method oc onwr

7.6 Finding General
Solutions Using
Separation of Variables

7.7 Finding Particular
Solutions Using
Initial Conditions and
Beparation of Variables

3 '.ir.a Exponential Models
with Differential
Equations

78 Logistic Models with
Differential Equations
B OMLY

Personal Progress Check 7
Muitiple-chofce:

= =15 guestions [AB)

=20 queslions (BC)
Free-responso: 3 questions

8.1 Finding the Average
Value of a Function on
an Interval

8.2 Connecting
Position, Velocity,
and Acceleration
of Functions Using
[nlegrals

8.3 Using Accumulation
Functions and Definite
Integrals in Applied
Contexts

m 2.4 Finding the Area
o Between Curves
J' Expressed as
o Functions of x
85 Finding the Area
Between Curves

Expressed as
Functions of y

8.8 Finding the Area
Between Curves That
Intersect at More Than

Two Points

87 Volumes with Cross
Sectlons: Squares and
Rectangles

8.8 Volumes with Cross
Sections: Triangles and
Semicircles

85 Volume with Disc

Method: Revolving
Arcund the x- or p-Axizs

_B.'Iﬁuium with Disc
Method: Revolving

Around Other Axes

&11 Volume 'wi‘l:h_'l'o'a:it-lﬁ
Method: Revolving
b 2 Around the x- or yAxis

E 812 Volume with Washer
Method: Revolving
Arcund Other Axes
8.13 The Arc Length of a

Smooth, Planar Curve
and Distance Traveled
BC CHLY

Personal Progress Check B

Multiple-cholce: <30 questions
Frea-response: 3 quastions
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weama NIA xe

cuassrEReoos NI as ~10-11 ac

9.1 Defining and
Differentiating
Parametric Equations

8.2 Second Derivatives

of Parametric
Equations

9.3 Finding Arc Lengths
of Curves Qiven
by Parametric
Equations

8.4 Defining and
Differentiating Vector-
Valued Functions

9.5 Integrating Vector-
Valued Functions

9.6 Solving Motion
Problems Using
Parametrie and Vector-
Valued Functions

11-12% oc

9.7 Defining Polar
Coordinates and
Differentiating In
Polar Form

8.8 Find the Area of a Polar
Region or the Area
Bounded by a Single
Polar Curve

9.9 Finding the Area of the
Region Bounded by
Two Polar Curves

Personal Progress Check 9

Multiple-cholce: ~25 questions
Free-response: 3 questions

i MNIA s 17-1B%sc

cassreaons NfAas  ~17-18sc

10.1 Defining Convergent
and Divergent Infinkte
Serles

Y 10.2 Working with
A Geometric Series

10.3 The mth Term Test for
Divergence

10.4 Integral Test for
Convergence

L) 10.8 Harmonic Series and
p-Series

10.8 Comparison Tesls for
Convergence

10.7 Alternating Series 'l‘eat
for Convergence

L) 10.8 Ratio Test for
Convergence

e 108 mmmiuhﬁ_hbmhme
or Conditional
Convergence

10.10 Alternaling Series
Error Bound

) 10.11 Finding Taylor
Folynomial
Approximations
of Functions

H 10.12 Lagrange Error B::m |

M 10,13 Radius nd Interval
; of Convergence of
: Power Series

E; Finding Taylor or
Maclaurin Serles for
a Function

10.15 Reprezenting
Functions as
Power Serles

Personal Progress Check 10

Multple-cholce: ~46 gquestions
Free-response: 3 guestions
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Unit
Guides

Introduction

Designed with extensive input from the community of AP Calculus AB and
AP Calculus BC educators, the unit guides offer teachers helpful guidance
in building students’ skills end knowledge. The suggested saguence was
identified through a thorough analysis of the syllabl of highly effective

AP teachers and the organization of typlcal college textbooks.

This unit structure respacts new AP teachers’ time by providing one
possible sequence they can adopt or modify rather than having to

build from scratch. An additional benefit is that these units enable tha

AP Program to provide interested teachers with formative assessments—
the Personal Progress Checks—that they can asslgn their students at

the end of each unit to gauge prograss toward success on the AP Exam.
However, experienced AP teachers who are satisfied with their current
course organization and exam results should feel no pressure to adopt
these units, which comprise an optional sequence for this course.

AP Calculus AB and BC Course and Exam Description Course Framework V.1 | 25
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REGQUIRED COURSE CONTENT LABELING SYSTEM

BIG IDEA ENDURING LEARNING ESSENTIAL
UNDERSTANDING OBJECTIVE KHOWLEDGE

- [ - [ (o]

Limits Heazoning with defnillions, Intarpret limils expressedin Al can e expeossed
theorems, and properties snadylic notation i i veays, inchoding
ek b issixd bojuestify claims araphicaly, remerically,
about Enits and palylicathy

NOTE: Labols arg used to distinguish each unique element of the requingd coursa content and are used throughout this course and exam
deseription. Additionally, they are used in the AP Question Bank and other resources found in AP Classroom. Enduring understandings
ara labekad sequentiaily sceording o the big idea that they ana related to. Learming objactives ane labeled to corraspond with the enduring
wderstanding thay relata to. Finaly, essential knowledge stalemants are labaled to comespond with the learning obiective they relate o,

Using the Unit Guides
- - UNIT OPENERS
| - —(-iD_u-—- == 4;ur--_=' Developing Understanding provides an overview that
e e BHn B et ang shustos the key content of the unit within
Limits and the scopa of the course,
Continuity _— Theblgideas serve as the foundation of the course and help
f”' develop understanding as thay spiral throughout the course.
. o The essentlal questions are thought-provoking questions that
meus i i i ] motivate studants and Inspire inquiry,
i R L T e _
e M e L ——— Bullding the Mathematical Practices describes specific skills
T """:;_“_ — = within the practices that are appropriate to focus on in that unit,
oo el ol Certain practices have been noted to Indicate areas of emphasis
P i m— for that unit.
| DUt Ppedeg bthe e w l]
e il T et  Preparing for the AP Exam provides helpful tips and common
== T e o BRI student misunderstandings identified from prior exam data.
---ﬂ----_-_-qn--_-_m-: .—"L,-r::-n—rh-n.
Sormmmmm oMo
e p—— e e
:.‘.'-'?__J.ﬂﬂ{.;_.'::-‘.p- sl b i
e Tk e e
. e v
T | mememesisiite
PR AR e PrTTe il
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Using the Unit Guides
g - | The Unit at a Glance table shows the topics, related enduring
- =S— . =i understandings, and suggested skills. The class periods
I pirt, snd fmrficre
—(3)— ) — 5 column has been left blank so that teachers can customize the
UHITAT A OLANCE <~ | time they spend on each topic.
}I = *_,_:::_n-— - 'I:he suggested skills for each topic show possible ways to
Frrr—— By . link the content in that tople to specific AP Calculus AB andlor
et it BC skills. The Individual skills have been thoughtfully chosen

B Ty W E
[

in a way that scaffolds the skills throughout the course. The
questions on the Personal Progress Chacks are based on this

w1 Inshcn Bmmriria T e —
e A

ik T

i ',..h_ = ::‘.. e :' pairing. However, AP Exam questlons can palr the content with
e T e | any of the skills.

B e e e

B L Lot W1 L T

The Sample Instructional Activities page includes optional

:('i")::_.u. e Doty 7 activities that can help teachers e together the content and
g skill for a particular tople.

SAMPLE INSTRUCTIONAL ACTIVITIES
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Using the Unit Guides
[ o TOPIC PAGES
:(T J T = — | —— Thesuggestad skill offers a possible skill to pair with the toplc.
e —roa __— Where possible, avallable resources are provided that might
BE ornarmag " " ¥
= | Defining Limits o help address a particular toplc. Some of these resources may
| ====|andUsing _— have titles that refer to different toples, but those resources ara
Limit Notation listed for varlous unils because they also model strategles that
. st are applicable across multiple topics.
-.I..n.s'_u‘n:._.l "Reqeined Coares © onfient
it g e — Enduring understandings arc the long-term lakeaways related
2o | D S to the big ideas that leave a lasting impression on students.
= e & mmmmenme < ————— Essential knowledge slatements describe the knowledge
[ e | = : required to perform the learning objective.
" T o S
(== - Learning objectives define what a student needs to be able
| "’.:'—1."'" - to dowith content knowledge in order to progress toward the
= enduring understandings.
| e -\-\-"‘"\-\-..
RN | e 7 Exeluslon statements identify topics that may be covered in
ik i e a first-year college calculus course but are not assessed on
the AP Calculus AB or BC Exam. Although these topics are not
assessed, the AP Calculus courses are designed to support
teachaers who wish to introduce these topics to students.
o | BC ONLY
@__ el B i Page elements that have purple shading represent BC only
content. Topics, learning objectives, essential knowledge
E::-: TOPIC 10.2 statemants, and content in the unit openers that apply to AP
ST lé!orklng_wgh k- Caleulus BC only sre shaded and labeled pe okwy. Note that all of
eometric Series Units 9 and 10 apply to AP Calculus BC only.
B
e Farjubed Coraren Cootred
e,
By s o B B e P
RS p i) [
P ot '-.E""'"“_‘.L"_
= — e e
[ o Rt
| ool
| — i il . e s
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AP CALCULUS AB AND BC

UNIT 1

Limits and
Continuity

Ap| APEXAM 10-12% .z
WEIGHTING 4=T7% ..

(o] CLASS ~22=23 :s
) PERODS  w13-14sc
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Remember to go to AP Classroom
to assign students the online
Personal Progress Check for

this unit.

Whether assigned as homewaork or
completed in class, the Parsonal
Progress Check provides each
student with immediate feedback
related to this unit's toplcs

and skills.

Personal Progress Check 1

Multiple-choice: ~45 questions
Free-response: 3 questions
(partial)

AP Calculus AB and BC Course and Exam Dascriplion
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SPRINGFIELD PuBLic ScHooLs

UNIT AP EXAM WEIGHTING
1 CLASS PERIODS

10-12%ap
~22-23 s

4=T7%
~13-14 &c

e

BIGIDEA 1

Change [T}

= Canchange occuratan
instant?

BIGIDEA 2

Limitz

* How does knowing the
value of alimit, or that
a limit does not exist,
help you to make sense
af interesting features
af functions and
their graphs?

BIGIDEA 3
Analysls of
Functions T
* How dowe close
loopholas so that
a conclusion about a
function is always true?

Limits and
Continuity

Developing Understanding

Lirits introduca the subtle distinction between evaluating a function at a point and considering
what valye the function is approaching, if any, as x approaches a point. This distinction allows us
to extend understanding of asymptotes and holes in graphs with formal definftions of continulty:
Consider reviewing rational functions when introducing kimits, rather than beginning the year with
& full review of precalcutus toples. Limits are the foundation for differentiztion (Uinit 2), integration
(Unit 6), and infinfte series (Uinit 10} sc onw. They are the basis forimportant definitions and for
theorems that are used to sobve realistic problems involving change and to justify conclusions.

Building the
Mathematical Practices

Mathematical information may be organized
or presented graphically, numerically,
analytically, or verbally. Mathematicians must
be able to communicate effecthvaly Inall of
theso contexts and transition seamlesshy
from one represantation to another, Limits
lay the groundwork for students’ ongoing
development of skills associated with taking
what is presented in a table, an equation, ora
sentence and transtating that information into
a graph for ice versa). Help students explicitly
practice matching different representations
that show the same information, focusing on
buiilding their comfort kevel with translating
analytical and verbal representations, This
will be Instrumeantal to thedr development

of proficiency in this practice. The use of
araphing calculators to help students explore
thesea connections is strongly encouraged.

Mathematicians also explain reasoning
and justify conclusions using definitions,
theorems, and tasts. A common student
misunderstanding is that they don't need
towrite relevant given information before
drawing the conclusion of a theorem.

AP Calculus AB and BC Course and Exam Description

In Unit 1, students should be given explicit
Instruction and time to practice “connecting
the dots” by first demonstrating that all
conditions or hypotheses have been mat
and then drawlng the canclusion.

Preparing for the AP Exam

This course is a full-year experience building
toward mastery assessed using the AP Exam.
Therefore, it is important to consider both
specific content and skills related to each unit
and to buid a coherent understanding of the
whaole, After studying Unit 1, students should
be prepared to evaluate or estimate limits
presented graphically, numericallty, anahyticaliy,
or verbally. To avold missad opportunities

to eam points on the AP Exam, students
should conslstentiy practice using comect
mathematical notation and presenting set-
ups and appropriately rcunded answers when
using a calculator. Two sections of the exam
do not allow calculator use. Some questions
on tha other two sections require it. From the
first unit onward, emphasize the importance
of ypatheses for theorems. Explore why
each hypothesis is needed in order to ensure
that the conclusion follows. Students should
establish the practice of explicitly verifying that
athecrant's hypotheses are satisflled before
applying the theorem.

Course Framework V1 | 31
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UNIT

UNIT AT A GLANCE

1 Limits and Continuity

£ Class Periods
g ~22-23 CLASS PERIODS (AB)
Topic Suggested Skills ~13-14 CLASSPERIODS [BC)
= 1.1 Introducing Calculus: X Identify mathematical information from
; Can Change Occur at an graphical, numerical, analytical, andfor verbal
(7] Instant? representations.
1.2 Defining Limits and Using EX3 Identify mathematical information from
Limit Notation graphical, numerical, analytical, andfer varbal
representations.
1.3 Estimating Limit Values EX1 Identify mathematical information from
from Graphs graphical, numerical, analytical andfor verbal
representations.
1.4 Estimating Limit Values EX1 Identify mathematical information from
from Tables graphlcal, numerical, analytical, andfor verbal
representations.
1.6 Determining Limits Using & Apply appropriate mathamatical rules or
Algebraic Properties of procedures, with and without technology.
Limits
% 1.6 Determining Limits Using = Identify an appropriate mathematical
g Algebrale Manipulation rule or procedure based on the classification
of a given expression {e.q. Use the chain
rule to find the derivative of a composite
function),
1.7 Selecting Procedures for X3 Identify an appropriate mathematical
Determining Limits rule or procedura based on the classification
of a given expression (e.g., Use the chain
rule to find the derivative of a composite
function).
1.8 Determining Limits Using EX3 Confirm whether hypotheses or
the Squeeze Theorem conditions of a selected definition, theorem,
or test have been salisfied.
1.8 Connecting Multiple B [dentify a re-expression of mathematical
Representations of Limits information presented in a given
reprasentation.
continued on next pagea

AP Calculus AB and BC Course and Exam Description
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%}
¢
ST = : UNIT Y ——
Limits and Continuity 1 /
A
UNIT AT A GLANCE (coni'd) 7
/
Class Periods 7
55 ~22-23 CLASS PERIODS (AB) #
Topic Suggested Skills ~13=-14 CLASS PERIODS (BC)
1.10 Exploring Types of EXl Identify an appropriate mathematical /
Discontinuities definition, theorem, or test to apply.
1.11 Defining Continuity E Confirm whether hypotheses or /
at a Point conditions of a selected definition, theoram,
or tast have been satisfied. yﬂ
y
1.12 Confirming Continuity 3 Apply appropriate mathematical rules or /
“ over an Interval procedures, with and without technology. /
3
= 1.13 Removing Discontinuities B3 Apply appropriate mathematical rules or
procedures, with and without technology. %
1.14 Connecting Infinite Limits  E& Apply an sppropriate mathematical %
and Vertical Asymptotes definition, theorem, or test. /
1.15 Connecting Limits at EXa Identify how mathematical
Infinity and Horizontal characteristics or properties of functlons are
Asymplotes related in different representations,
= 116 Working with the X3 Provide reasons or rationales for
z Intermediate Value solutions or conclusions.
o Theorem (IVT)
(] Go to AP Classroom to assign the Personal Progress Check for Unit 1.
Review the results in class to identify and address any student misunderstandings.
AP Calculus AB and BC Cowse and Exgm Description Course Fromework W1 | 23
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UNIT = —
1 Limits and Continuity

SAMPLE INSTRUCTIONAL ACTIVITIES

The sample activities on this page are optional and are offered to provide possible ways to
incorporate various instructional approaches into the classroom. Teachers do not need to use
these activities or instructional spproaches and ara free to alter or edit them. The examples
below were developed in partnership with teachers from the AP community to share ways
that they approach teaching some of the topics in this unit. Please refer to the Instructional
Approachas section beginning an p, 199 for more examples of activities and stralegies.

Activity Topic Sample Activity

1 1.2 Notation Read Aloud
Begln by writing a limit exprassicn in analytical form (e.q., Lu;] x), and then read the
expression aloud to the class: “The limit of x cubed as x approaches 0 from the lefL®
Do the same for 1-2 additional examples that use a variety of limit notations (e.q., the
symbal for infinkty). Then have students pair up and take turns reading aloud different
limit expresslons to one another.

2 13 Create Representations e
14 Present students with a limit expression in anatytical form !e*g"ﬁ’fs'_s}'
i

and then have them translate that expression Into a variety of representations:
constructing a graph, creating & table of values, and writing il as a verbal expression.
Thean have studants check thelr graphs and tables using technobkogy:

3 1.7 Work Backward
Present students with a set of limit problems. Rather than determining the given limits,
have them make a Bst of the varlous strategias that would be used to determing the limits
[eg., factoring, multiplying by conjugala, and simplify using tigonometric identities), After
confirming thelr istls complata, have students wark in pairs to create and write limit
problems, each requiring one of tha listed strategias. Then have them swap problems
with anather pair of students to complete each other's problems.

4 1.1 Discussion Groups
Give each group of students a piecewise-defined function, a graph paper, and a
list of x-values. Have them graph the function, then discuss whether the function is
continuous or discontinuous at each x-value, and explain why. Ask students to lake
turns recording the group's conclusion for each x-value. If continuous, have students
discuss and show that all three continuity conditions are satisfied. If discontinuous,
have students stabe which condition was not satisfied,

5 1.16 Think Aloud
In small groups, have students discuss the Intermedlate Value Theoram and share
Ideas about real-world applications (e.g. speed of your car and welght of yvour kitten).
Have groups post their ideas on a classroom wall using sticky notes.

AP Calculus AB and BC Course and Exam Description Course Framework V1 | 34
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Limits and Continuity "i"

SUGGESTED SKILL

TOPIC 1.1 s
Introducing Calculus: e

Can Change Occur SR
at an Instant?

Required Course Content

ENDURING UNDERSTANDING

Caleulus allows us to generalize knowledge about motion to diverse problems

Invotving change.

o

LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE

CHA-1A| [eHA-1.A1

Interpret the rate of change Calculus uses limits to understand and model

at an Instant in terms of dynamie change.

average rates of change > P

over Intervals containing (GHAAE]

thatinatant. Because an average rate of change divides
the change in one variable by the change
in another, the average rate of change ks
undefined at a point where the changs in the
Independent variable would be zero.
The limit concept allows us to define
Instantaneous rate of change in terms of
average rates of change.

AP Calculus AB and BC Course and Exam Description Cowse Framewark V1 | 35
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Limits and Continuity

SUGGESTED SHILL TOPIC 1.2

22 Connecting

m | Defining Limits

Identify mathemeatical

& - 2 -
werezre | and Using

'@' | Limit Notation

AMAILABLE RESOURCES Reqllirﬂd Course Content

* Professional
Development > Definite
Integrals: Interpreting

RSEESIN SR ENDURING UNDERSTANDING
= AP Online Teacher
Community m
Discussion > How to Reasoning with definitions, theorems, and properties can be used to justify claims
“say” some of the about limlts.
natation
S =
LEARNING OB.JECTIVE ESSENTIAL KNOWLEDGE
[LM-1.A [Lm-18]
Represent limits analytically Given a function | the limit of f{x) as x
using cormect notation, approaches c¢is a real number RIF () can
P be made arbitrarily close to R by taking x
sufficiently close to ¢ (but not equal to o).

If the limit exists and Is a real number, then
the common natation Is lim f(x)=R.
T

BEXCLUSION STATEMENT
The epsilon-delta definition of @ Nmit s not
azsessed on the AP Colculus AB or BC Exam.
However, teachers may include this lopic in the

course if time permits.
Lm-18 [Lin-1.8.1)
Interpret limits expressed In A limit can be expressed in multiple ways,
analytic notation. including graphically, numerically, and
analytically,
AP Calculus AB and BC Course and Exam Deseription Course Framework V1 | 36
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Limits and Continuity

( UNIT

TOPIC 1.3
Estimating Limit
Values from Graphs

1

SUGOESTED SKILL

$2 Connecting
Reprezentations

(2.8

Identify mathemstical
information from graphical,
numerical, anafytical, andfor
warbal reprasentations.

E

Required Course Content

ENDURING UNDERSTANDING
[TE]

Reasoning with definitions, theorems, and properties can be used to justify claims
about mits.

== e

LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE

LIM-1.C LIM=1.6.1

Estimate limits of functions. The concept of a limit includes one sided limits.

> LIM-1.C.2
Graphical information about a function can be
used to estimate limits,

LIM-1.2.3

Because of issues of scale, graphical
representations of functions may miss
important function behavior.

LIM-1.C.4
Alimit might not exist for some functions

at particular values of x. Some ways that

the limit might not exist are if the function is
unbounded, if the functionis oscillating near
this value, or if the limit from the left does not
equal the limit from the right.

AP Calculus AB and BC Cowrse and Exam Description

ILLUSTRATIVE EXAMPLES
Far LIM-1.C.4:

|

* lim—=e
bl

L] IUanuesnotﬂmist.
IELE

. Ilmsin[l] doas not
T x
exish

1
. Il:‘lrg; does not exist,

AVAILABLE RESOURCES
* AP Calculator Policy

» Classoom Resounce >
AP Calculus Use of
Graphing Calculators

* Professional
Development > Limits:
Approximating Values
and Functions

* Classroom Resounce >
Approximation

Course Framework W1 | 37
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UNIT

1

SUGGESTED SKILL

m Connecting
Representations

28]

Idantify mathematical
information from graphical,
numerical, analytical, andfor
verbal represemtations.

El

Limits and Continuity

TOPIC 1.4
Estimating Limit
Values from Tables

AVAILABLE RESOURCES

= AP Calculator Policy

= Classroom Resowrnce >
AP Caloulus Use of
Graphing Calculators

* Professional
Developmant * Limits:
Approximating Values
and Functions

= (Classroom Resource >

Required Course Content

ENDURING UNDERSTANDING
[LiM-A

Reasoning with definitions, theorems, and properties can be used to justify claims
about limits.

Approximation S
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
um-1el [Lm-1.05]
Estimate limits of functions. MNurmerical information can be used to estimate
limits.
AP Calculus AB and BC Course and Exam Description Course Framewaork V1 | 38
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Limits and Continuity @

TOPIC 1.5 g
Determining Limits Mot

Using Algebraic i

proceduras, with and

Properties of Limits winosicaaony

LAIMIMIMIMIN

N\

Required Course Content

N\

DN

ENDURING UNDERSTANDING

[ LiM-1 7

Reasoning with definitions, theorems, and propertles can be used to justify claims 7

about limits, F/
S - //f

LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE =,

LiM-1.0] [LiM-1.2.4]

Determina the limits > One-sided limits can be determined analytically

of functions using limit or graphically.

thaorams. |I.II|-'| ﬂ!]
Limits of sums, differences. products,

7
.
5/
quotients, and compaosite functions can be %ﬂ
7
/
%/’
.
?

found using limit theorems.
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UNIT =
1 Limits and Continuity
SUGOESTED SKILL
2 Implementing Topic 1 '6
Mathematical - - - -
. Determining Limits
L] -
Identify an appropriale Al b
e Using Algebraic
procedure based on the = -
classification of a given
o Manipulation -
Required Course Content
ILLUSTRATIVE EXAMPLES
* Factoring and dividing
common factors of
e ENDURING UNDERSTANDING
* Multiplying by an
exprassion involving m
the conjugate of a sum Reasoning with definitions, theorems, and properties can be used to justify cleims
or diffarence in order about limits.
o simplify functions
Invohving redicals .
= Using alternate forms of
trigenametrie functions LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
[Lim-1.E] [LIM-1.Ea
Determine the limits of > It may be nacassary or helpful to rearrange
functions using equivalent exprassions into equivalent forms before
exprassions for the function evaluating limits.
or the squeeze theorem.
AP Calculus AB and BC Course and Exam Description Course Framework V1 | 40
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Limits and Continuity @

SUGGESTED SKILL
Toplc 1 '7 23 Implementing
- Mathematical
Selecting Procedures Proceses
[ - - -
for Determining Limits Ly
mathemalical nile or
procedure based on the
classification of & ghiven
expression.
B
This topic is intended to focus on the skill of selacting an appropriate procedurea for n:"“;"':“i:“ln“““
determining limits. Students should be given opportunities to practice when and Dﬁf n::nu-
how to apply all learning objectives relating to determining limits. Ballc:r:g Procadises
for Derivatives
.
.
.
%
%
7
e
AP Calculus AB and BC Course and Exam Description Course Framework V1 | 41 7
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Limits and Continuity

SUGGESTED SKILL
% Justification

3.6}

Confirm whethar
hypotheses or conditions
of 8 eelected definition,
theorem, or test have been
satisfied,

B

TOPIC 1.8
Determining
Limits Using the
Squeeze Theorem

ILLUSTRATIVE EXAMPLES

The squeere theorem
can ba used to show

sin x
lim——=1and
= x

1—cosx _
X

0.

Ty
b

AVAILABLE RESOURCE
= AP Online Teacher

Required Course Content

ENDURING UNDERSTANDING
[LIM-1

Reasoning with definltions, theorems, and properties can be used to Justify claims
about limits.

Community Discussion > T T

Limits Questions LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
[Lim-1.E] [Lim-1E2]
Determine the limits of > The limit of a function may be found by using
functions using equivalent the squeeze theorem.
expressions for the function
or the squeeze theorem.
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Enits and Continuity —_®:

1IN

Toplc 1 9 SUGGESTED SHILL
. 2@ Connecting
c t' M lt - l Representations
onnecting Multiple i
- ldentify a re-expression of
Representations i
prasanted ina given /
of Limits = /
7
AVAILABLE RESOURCES %
This topic is intended to focus on connecting represantations. Students should be = AP Calculator Policy /
given opportunities to practice when and how to apply all learning objectives relating * Classroom /
to limits and translating mathematical information from a single representation or Renstrcy = AP il /
across multiple representations. g::’cﬂ:'fh:zhhg /
» Professional /
Developmeant > Limits:
Approximating Values L
end Functions v
7
g/
#
¥
/
/
7
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Limits and Continuity

SUGGESTED SKILL TOPIC 1.10

23 Justification

s | BXploring Types

mathematical definltion,

e | of Discontinuities

B

AVAILABLE RESOURCES Required Course Content
* AP Calculator Policy
* Classioom Resource >
AP Calculus Use of
Graphing Calculators ENDURING UNDERSTANDING
| LiM-2 ]

Reasoning with definitions, theorems, and properties can ba used to Justify claims
about continuity.

S
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
[Lim-z.8] [Lim-2.8.4|
Justify conclusions about Types of discontinuities include removabla
continuity at a point using the discontinuities, jump discontinuities, and
dafinftion. discontinuities dua to vertical asymplotes.
AP Calculus AB and BC Couwrse and Exam Description Course Framework Vi1 | 44
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( e \—

Limits and Continuity

1

TOPIC 1.11
Defining Continuity
at a Point

SUGGESTED SKILL
8 Justification

3.c

Confirm whether
hypotheses or conditions
of a selectad definition,
theorem, or best have been
satlsfied,

E

Required Course Content

ENDURING UNDERSTANDING

Li-2]

Reasoning with definitlons. theorems. and properties can be used to Justify claims

about continuity.

e

LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE

Lim-2a] (Lm-2.42

Justify conclusions about A function fls continuous at x = ¢ provided that

SOUIRySa pontiaing the fie) exists, lim f(x) exists, and lim f(x)= f(c).
efinition. Tw b

AP Calculus AB and BC Course and Exam Description

AVAILABLE RESOURCE
= AP Online Teacher
Community Disoussion >
Yideo on Continuity

LLHHHHTEEIHEEHEHDEHEHDTj o o i i  n

AN

DO
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UNIT — —
1 Limits and Continuity

SUGGESTED SKILL TOPIC 1.12

?@ Implementing

=" | Confirming Continuity
soohopropise over an Interval

procedures, withand
without technology.

B

AVAILABLE RESDURCE Required Course Content
= AP Qnling Teacher
Community Discussion >
Video on Continuity
ENDURING UNDERSTANDING
[LIM-2
Reasoning with dafinitions, theerems, and properties can be used o justify claims
about continuity.
—_— =
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
[um-28 (L2819
Determine intarvals > Afunction is continuows on an Interval if the
over which a functicn is function is continuous at each point In the
continuous. interval,
LiM-282
Polynomial, rational, power, exponential,
logarithmic, and trigonometric functions are
continuous on all points in their domains.
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N\

UNIT
Limits and Continuity 1
TOPIC 1.13 gi:;l:; -
= Mathematical
Removing —

Discontinuities e

B

AN

Required Course Content AVAILABLE RESOURCE
* The Exam> 2012 Exam,
Mca g 7w
]
ENDURING UNDERSTANDING %
mmn /
2o ; : “
Reasoning with definitions, theorems, and properties can be used to justify claims
about continuity. j///
- %
LEARNING OB.JECTIVE ESSENTIAL KNOWLEDGE Z
LiM-2.c| [Lm-z.ca] 7
Determine valuas of x > If the Amit of a function exists at a discontinuity ?%
or solve for parameters inits graph, thenitis possible to remove the / /!
that make discontinuous discontinuity by defining or redefining the /
functions continuous, if value of the function at that point, so It equals
possible. the valua of the limit of the functicn as x
approaches that point, f/
[Lm-ze.2] / |
In order for a plecewise-defined function to be v
continuous at a boundary to the partition of its ”/
domain, the value of the expression defining /
the function on one slde of the boundary must f/
equal the value of the expression defining the
other side of the boundary, as well a5 the value
of the function at the boundary.
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Limits and Continuity

SUGGESTED SHILL TOPIC 1.14

2L Justification

B | CONnecting Infinite

mathematical definition,

oo ri Limits and Vertical
Asymptotes |

Required Course Content

ENDURING UNDERSTANDING
(Lib=2

Reasoning with definitions, theorems, and properties can be used to justify claims
about continuity

g

LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE

[um-20| Lm-2.04]

Interpret the behavior > The concept of a limit can be extended to

of functions using limits inchude infinite limits.

involving infinity. [Lim-zDa
Asymptotic and unbounded behaviar of
functions can be described and explained
using limits.
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Limits and Continuity @T/_

TOPIC 1.15 svacsron
Connecting Limits at R

Identify how mathematical

Infinity and Horizontal e e

are refated in different

Asymptotes st

.

N\

Required Course Content

ENDURING UNDERSTANDING
/
Reasoning with definltions, thearems, and properties can be used to Justify clalms %///
about continuity. /
TR % i
7
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE ? j
e aos 7
Interpret the behavior > The concept of a limit can be extended to 0
of functions using limits Include limits at Infinity. %
imvolving infinity. LiM-2.04] .
Limits at infinity dascribe end behavior. ?
[LiM-z.0.5] ;/
Relative magnitudes of functions and their /
rates of change can be compared using limits, “

\‘
=

NN\

\\Q\h\\

A

RN
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Limits and Continuity

SUGGESTED SKILL TOPIC 1.16

% Justification

. S— Working with the

rationalkes for solutions or

s Intermediate Value
Theorem (IVT) '

B

AVAILABLE RESOURCES Required Course Content
* Profassional
Development >
Continuity and
Differentabliity:
Establishing ENDURING UNDERSTANDING
Conditions for m
.i..;::::_:‘ o Existence theorems allow us to draw conclusions about a function's behavior on an
interval without I o,
i e interva out precisely locating that behavior,
Why We Use Theoram e =
In Caleulus P
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
[PUK-1.A] [FUH-1.8.1]
Explain the behavior of a > If fis a continuous function on the closed
function on aninterval using Interval [a, ] and d is a number between f(a)
the Intermediate Valua and f{h), then the Intermediate Value Theorem
Theorem. guarantees that there is at least one number ¢
between a and b, such that f{c) = d.
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AP CALCULUS AB AND BC

UNIT 2

Differentiation:
Definition and
Fundamental
Properties

Ap| APEXAM 10-12"% ,¢

WEIGHTING 4=T% ;.

(o] CLASS ""1 3-14 AB
|_/_ PERIODS —9—1 0 BC
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Remember to go to AP Classroom
to assign students the online
Personal Progress Check for

this unit.

Whether assigned as homework or
completed in class, the Parsonal
Progress Check provides each
student with immediate feedback
related to this unit's toplcs

and skills.

Personal Progress Check 2

Multiple-cholce: ~30 questions
Free-rasponse: 3 questions
{partial)
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b 4

BIGIDEA1

Change

* Howcana state
determine the rate
of chenge in kigh
school graduates at
o particwar level of
pubdic investmeant in
education {in greduates
per doltar] hased ona
maodel for the number of
graduatas as a function
of the state’s education
budget?

BIGIDEA 2

Limits IMCQ

* Why do mathematical
properties and nules
for simpdifying and
evaluating limils apply to
differantiation?

BIGIDEA 2

Analysis of

Funetions [T

= Ifyou knesw that the
rate of change in high
school graduates ata
particular kevel of public
imvestment ineducation
{in graduates per dolkar)
Was 8 positive number,
what might that tell you
about the number of
graduates at that level of
imvestment?

AP EXAM WEIGHTING
CLASS PERIODS

3)

10-12%sn
~13=-14 an

4=T*%pc
~9-10 BC

Differentiation:
Definition and
Fundamental

Properties

Developing Understanding

Derivatives aliow us to determine instantaneous rates of change. To develop understanding of

b the definition of the derivative applies limits to average rates of change, create opportunities
for students to explore average rates of change over increasingly small intervals, Graphing
calculator axplorations of how varous operstions affect slopes of tangent Enes help students

to make sense of basic rules and properties of differentiation. Encourage students to apply the
order of operations as they select differentiation rules. Developing differentiation skills will allow
students to model realistic instantaneous rates of change In Unit 4 and to analyze graphs in Unit 5.

Building the
Mathematical Practices
[+ 200

Mathematiclans know that a solution will
only be as good as the procedure used to
fimel it and that the difference between being
correct and incormect can often be traced
toan arithmetic or procedural emror. In other
words, mathematiclans know that the detais
matter, Students often find it difficult to apply
mathematical procedures—including the
rukes of differentiation—uwith precision and
accuracy. For example, students may drop
important notation, such as a parenthesis,

or misapply the product rule by taking the
derivative of each factor separately and

then multiphying those together, The content
of Unit 2 iz a foundational entry point for
practicing the skill of applying mathematical
procedures and learning to self-correct before
common mistakes ocour

This is also an opportunity to revisit and
reinforce the practice of connecting
representations, as students will be seeing
derivatives presented in anahytical, numerical,
graphical, and verbal representations. Students
can practica by extracting information about
the original function, f from a graphical
representation of f. This can help prevent
misunderstandings when examining the graph

AP Calculus AB and BC Course and Exam Description

of a derivative {such as misinterpreting it as the
graph of the orginal function Instead).

Preparing for the AP Exam

Students should practice presenting clear
mathematical structures that connect
their work with definitions or theorams. For
exampla, whan asked to estimate the slope
of the line tangent to a curve at a given
point based on information provided ina
table of values, asin 2013 AP Exam Free-
Response Question 3 Part A, students
must present a difference guotient:

C'(3.5)= C{dj—f{ﬂ _ 12.8:11.1 .
Failure to present this structure will cost
students the polnt they might have eamed,
even with a correct numerical answer,
Similarly, to evaluate the derivative of
f(x)=ulx)-v(x) at x =3, students
should show the product rule structure,
asin f*(3)=u(3)v'(3)+v(3)u'(3), and
import values. Fnally, students should present
mathematical expressions evaluated on

the calculator and uso specified rounding
procedures, typically rounding or truncating to
threae places after the decimal point. it is helpful
toestablish the habit of storing intermediate
calculations in the calculator in order to avold
accumulation of rounding emors.
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SPRINGFIELD PuBLIC ScHooLs

UNIT

UNIT AT A GLANCE

£
g: Topic

2 Differentiation: De?initinn and Fundamental Properties -

Class Periods

~13=14 CLASS PERIODS (AH)
#9=10CLASS PFERIODS (BC)

Suggested Skills

2.1 Defining Average and
Instantaneous Rates of

EE] Identify mathematical information from
graphical, numerical, analytical, andfor verbal

Change at a Point representations.
2.2 Defining the Derivative K3 Identify an appropriate mathematical
of a Functlon and Using rule or procedure based on the relationship
Derivative Notation batween concepts (., rate of change
- and accumulation) or processes (e.g.
< differantiation and its Inverse process,
E anti-differentiation) to sobve problems.
4L Use appropriate mathematical symbols
and notation (e.g. Represant a derivative using
¥ty
fix) ¥, an T ]
2,3 Estimating Derivatives of 3 Apply approprizbe mathematical rules or
a Function at a Polnt procedures, with and without technology.
2.4 Connecting E3 Provide reasons or rationales for solutlons
L Differentiability and and conclusions.
5 Continuity: Determining
When Derivatives Do and
Do Not Exist
2.5 Applying the Power Rule 3 Apply appropriate mathematical rules or
o procedures, with and without technology.
z
B 2.6 Derivative Rules: Constant,  E3 Apply appropriabe mathematical rules or
Sum, Difference, and procedures, with and without technology.
Constant Multiple
z; 2.7 Derlvatives of cos x, 3 Apply appropriate mathematical ules or
o | sin x, et and In x procedures, with and without technology.

AP Calculus AB and BC Course and Exam Description
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?
= : e - UNIT Y — /
Differentiation: Definition and Fundamental Properties 2
UNIT AT A GLANCE (coni'd) ?

/

Class Periods /

5 #1314 CLASS PERIODS (AB)
= Topic Suggested Skills ~9=10CLASS PERIODS (BCH /
2.8 The Product Rule EE3 Apply appropriste mathematical rules or %
procedures, with and without technology. %

e

2,9 The Quotlent Rule X3 Apply appropriate mathematical rules or
& procedures, with and without technology.
= = = /
&  210Finding the Derivatives 3 Identify an appropriate mathematical
of Tangent, Cotangent, rule or procedure based on the relationship
Secant, and/or Cosecant between concepts {eq., rate of change %
Functions and accumulation) or processes (e.g., s
differentiation and its inverse process, ;
anti-differentiation) to solve problems. j/
I Go to AP Classroom to assign the Personal Progress Check for Unit 2. /
Review the results in class to identily and address any student misunderstandings, %

o

%

7

¥

7

/

/

7

7

A

%
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UNIT =
2 Differentiation: Definition and Fundamental Properties

SAMPLE INSTRUCTIONAL ACTIVITIES

The sample activities on this page are optional and are offered to provide possible ways to
Incorporate various instructional approaches into the classroom. Teachers do not need to use
these activities or instructional approachas and arg free to alter or edit them. The examples
below were developed in partnership with teachers from the AP community to share ways
that they approach teaching some of the topics in this unit. Please refar to the Instructional
Approachas section baginning on p. 199 for more examples of activities and strategies.

Activity Topic Sample Activity

1 21 Graph and Switch
22 Prasent studants with twa or three functions and the graph of each function. Have each
2.3 sludent choose a random derivative question and one function. Questions could include:

Find the average rate of change on an interval, Instantaneous rata of change at a paint,
derivative as a function, derivative value at a point, or equations for tangent ornormal
lines at a point. Have students answer thelr question and place their answer onto the
function's graph. Then have students share thelr solutlons with each other to give and
recaive feedback

2 2.4 Match Mine
Create cards containing graph images of functions with various continuous,
discontinuous, differentiable, and nondifferentiable points or intervals. Provida each
student in a palr with the same nine cards. Student A arranges thelr graphsina3x 3
grid, which Is not visiblo to Student B. Student A describes each of thelr graph's positions
using information about continuity and differentiability to describe the graph. Based on the
descriptions, Student B attempts to arrange their cards to match the grid of Student A.

3 25 Error Analysis
286 Assign a function to each student. Ask them to find the function's derivative using ane
2.7 or mofe darivative rules. Allaw them to check thelr answers. Ask half of the class to redo
2.8 their work to inelude an error, thus having the wrong answer. Ash students to record their
29 correct or incorrect work on a card. Mix up the cards and redistribute, having students
2.10 datermine if the answer is carrect orincorrect, If Incorrect, they should explain what error

was made, and find the correct answer.

4 25 Graphle Organizer
2.6 Provide students with colored paper, pens, and markers. Ask tham to create a chart, a
27 foldable card, or other creative method Lo erganize all the derivative rules. For each rule,
28 have them include the mathematical definition, examples, pictures, and helpful hints to
29 understand and remember the rule.
210

5 248 Round Table
29 Provide each student with the same worksheet containing four functions that require

the product nule or quotient rule whan finding the derivative. Then have students sit in
groups of four, Each student determines tha derivative of function No. 1, and then they
pass their papers clockwize to the next student. Each student checks the first problam
and, if necessary, discusses any mislakes with the previous student. Each student now
completes function Mo, 2 on the paper, and the process continues until each student has
their origingl paper back.
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Differentiation: Definition and Fundamental Properties | \U?T/ ===
“
1 epresentations
Defining Average and -
Identify mathematical

Instantaneous Rates T,
of Change at a Point

Required Course Content

IIIIIHIIIHITIH,

ENDURING UNDERSTANDING
B 7
Derivatives allow us to determine rates of change at an Instant by applying limits to /
knowledge about rates of change over intervals. %
~ %
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE 7
[cHA-2.| [cHA-2.81 +h)- fla) 7
Determine average rates The difference guotients ﬂ“—;lﬂ and %
of change using difference B i
qm“nﬁls_ v P M exprass the average rate of éj
x—a
change of a function over an interval, 5///
v,
(CHA-2E [cHA-28.1] /
Represant the derivative of The instantaneous rate of change of a /
afunction as the limit of a function at x =q can be expressed by /
difference quotient. - —
q i ﬂﬁﬂ;f: J@) o, o S()=Fla) ;///
a1 x—g "
provided tha limit exists. These are equivalent %
forms of the definltion of the derivative and are
denoted f“(a).
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UNIT Y

2 Differentiation: Definition and Fundamental Properties
SUGOESTED SKILLS
8% Implementing To pic .
Mathematical - - - -
s Defining the Derivative
- -
ldentify an appropriate f F t d U
«wwwe | of a Function and Using
procedure bazed on the P ™ [
relationship between D t N t t
concepts o processesto erivative Nnotation
soiva problems.
#4 Communication and
Notation .
- Required Course Content
Use appropriate mathematical
symibaols and notation.
@ ENDURING UNDERSTANDING
[CHA-2|
Derivatives allow us to determine rates of change at an instant by applying limits to
AVAILABLE RESOURCES knowledge about rates of change over intervals.
* Professional
Development > Definite A
Integrals: Interpreting
Hotational Expressions LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
« AP Online Teacher [cHA-z8 [chA-283]
s s P Represent the derivative of The derivative of fis the function whose value
a function as the limit of a i
ia{ﬁg:ma ki difference guotient, atxis %imM. provided this limit
axists.
|cHA-z.8.3]
For y = f(x), notations for the derivative
dy .
include —=, ["(x}.and y".
T J(x).and y
[cHA-2.8.4]
The derivativa can be represaented graphically,
numaerlcally, analytically, and verbally.
[cHA-2.G] [eHA-2e.]
Datarmine the equation of a The derivative of a function at a pointis the
line tangant to a curva at a slope of the line tangent to a graph of the
given polnt. function at that point.
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7
7
hjferentiatinn: Definition and Fundamental Properties j UET 7
/
TOPIC 2.3 e b
Estimating Derivatives s

of a Function at a Point bopy opopiate,

proceduras, with and
without technology.

B

N

IS

REquiIEd cuurﬂe C'ﬂﬂtent AVAILABLE RESOURCES

= Classrcom
Resource >
Approximation

ENDURING UNDERSTANDING * Classroom

Resource > Reasoning

m from Tabular Data

Derivatives allow us to determine rates of change at an instant by applying limits to
knowledge about rates of change over intervals.

A\

g
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE %
[cHA-2.0] [cHA-2.0.4| /
Estimate derivatives. The derivative ata point can be estimated from //
> informaticn given in tablas or graphs.
CHA-2.D.2
Technology can be used to calculate or
estimate the value of a derivative of a function ’
atapoint. ;/
%
.
o
5
/'//J
.
#
?*Z
/,
:/ i
o
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UNIT
2 Differentiation: Definition and Fundamental Properties
SUGGESTED SKILL
2 Justification Toplc 2.4
L L] - L L ]
m Connecting Differentiability
rationales for solutions and @ - - -
concusons and Continuity: Determining
L ] -
When Derivatives Do and
-
Do Not Exist
[=)
ILLUSTRATIVE EXAMPLES Required Course Content
For FUN-2ZA.2:
= The left hand and
ight hand limits of th
= Siemisnamese ENDURING UNDERSTANDING
are not equal, as in m
A2)-ratx =0, Recognizing that a function’s derivative may also be a function allows us to develop
* Thatangontiina bz knowledge about the related behaviors of both.
vertical and has no
slope.asin flx)=x - L T
e LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
FUN-2.A) [Fun-z.4]
Explain the relationship If & function is differentiable at a point, thenitis
between differentiability and continuous at that point, In particular, if a point
continuity. > Iz notin the domain of f, then itis not in the
domainof £
FUN-2.A2
A continuous function may fall to be
differentiable al a point inits domain,
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%
7
= T T . UNIT
Differentiation: Definition and Fundamental Properties ( 2 /
SUGGESTED SKILL
TOPIC 2.5 24 Implementing
- Mathematical |
Applying the Procese 0
m 7
Power Rule omes
mathemathcal ules or
procedures, with and
without technology.
5
/
/
Required Course Content AVAILABLE RESOURCE
= Professional
Davelopment >
Selecting Procedures
ENDURING UNDERSTANDING for Derivatives “
Fuics /
Recognizing opportunities to apply derivative rules can simplify differentiation. /
=
¥ 7
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE f/
[FuN-2.2] [FUN-3.A.
Calculate derivatives of Direct application of the definition of the 7
familiar functions. derivative and specific rules can be usad to &
calculate the derivative for functions of the %
form f(x)=x". /
/
/”
;/
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UNIT Y —
2 Differentiation: Definition and Fundamental Properties
SUGGESTED SKILL
85 3 sncalt TOPIC 2.6
Mathematical = -
P Derivative Rules: Constant,
1. .
S Sum, Difference, and
mathematical nides or
cedures, with and -
i Constant Multiple
B
AVAILABLE RESOURCE Required Course Content
* Professional
Development >
3-!|¢¢til.'lg I‘frucadum-s
A ENDURING UNDERSTANDING
Recognizing opportunities to apply derivative rules can simplify diffarantlation.
St
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
[FUN-2A] FUH-3.83|
Calculate derivatives of Sums, differences, and constant multiples
familiar functions. > of functions can be differentiated using
derivative rules.
FUN-3.83
The power rule combined with sum, difference,
and constant multiple properties can be used
to find the derivatives for polynomial functions,
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2 - - . * 3 & - u"'T
Differentiation: Definition and Fundamental Properties 2
Toplc z 7 SUGGESTED SKILL
o 2:'; Implementing
- - Mathematical
Derivatives of cos x Procszes
4 =
- X d l Apply appropriate
Sln x’ e , an n x mathamatical rules or
procedunes, with and
without technology:
Required Course Content
ENDURING UNDERSTANDING
[FUH-3
Recognizing opportunities to apply derivative rules can simplify differentiation.
S —
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
Calculate derivatives of Specific ules can be used to find the
familiar functions. derivatives for sine, cosine, exponential, and
logarithmic functions.
ENDURING UNDERSTANDING
Reasoning with definitions, theorems, and properties can be used to determing
a limit.
e — ey
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
[y ) s
Interpret a limit as a definition Insome cases, recoqgnizing an expression for
of a derivative. tha dafinition of the derivative of a function
whaose derivative Is known offers a strateqy for
determining a limit.
AP Calculus AB and BC Course and Exam Description Course Framework V1 | 83
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UNIT

2 Differentiation: Definition and Fundamental Properties
SUGGESTED SKILL
% Implementing To Plc 2'8
Mathematical Th P d
_ e e Product Rule
Apply appropriate
mathernatical rules or
proceduras, with and
without techaology.
AVAILABLE RESOURCE RE(II.IiI'EC‘ Course Cﬂﬂt&lﬂ
* Professional
Development >
Selacting Frocedures
for Derivative
T ENDURING UNDERSTANDING
(FUN-3 |
Recognizing opportunities to apply derivative rules can simplify differentiation.
_
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
[Fun-2.8| GLELEN
Calculate derivatives of Derivatives of products of differantiable
products and quotients of functions can be found using the product rule.
differantiable functions.
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-Diﬁer;mtiatiun: Definition and_Fundamental Properties

uNIT

SUGGESTED SKILL

AP Calculus AB and BC Course and Exam Description

TOPIC 2.9 86 pckoan
- Mathematical
e Quotient Rule Processs
18]
Apply appropriate
mathematical rules or
procedures, with and
without technology.
Required Course Content AVAILABLE RESOURCES
= Professhonal
Davalopment >
Saelecting Procedures
ENDURING UNDERSTANDING T
= AP Dnlina Teacher
[ Fun-3 | Community
Recognizing opportunities to apply derivative rules can simplify differentiation. Discussion >
Simplifying the
o — Quotient Rule
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
Fun-28| FUN3B.2
Calculate derivatives of Derlvatives of quotients of differentiable
products and quotients of functions can be found using the quotient rule.
differentiable functions.
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SPRINGFIELD PueLic ScHoolLs

Differentiation: Definition and Fundamental Properties

SUGGESTED SKILL
% Implementing Toplc 2'1 u
Mathematical - - - -
i Finding the Derivatives of
1.0}
ety anspprprs Tangent, Cotangent, Secant,
mathematical rule or
dure based on the =
Pkl b and/or Cosecant Functions
CONCEepis or processes to
solve prohlems.
Required Course Content
ENDURING UNDERSTANDING
ETE
Recognizing opportunities to apply derivative rules can simplify differentiation.
_
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
Fu-am) Fuasa)
Calculate derivatives of Rearranging tangent, cotangent, secant, and
preducts and quotients of cosecant functions using [dentities allows
differentiable functions. differentiation using derivative rules.
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AP CALCULUS AB AND BC

UNIT 3

Differentiation:
Composite,
Implicit, and
Inverse Functions

l—‘
Ap| APEXaM 9-13% 1
WEIGHTING 4=T7% s
O CLASS ~] 0—1 1as
[_' = PERIODS "3_9 BC
AF Calculus AB and BC Couwrse and Exam Description Courss Framework V1 | 67
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Remember to go to AP Classroom
to assign students the online
Personal Progress Check for

this unit.

Whether assigned as homework or
completed in class, the Personal
Progress Check provides each
student with immediate feedback
related to this unit's topics

and skills,

Personal Progress Check 3

Multiple-cholce: ~15 questions
Free-response: 3 questions
{partialffull)

AP Calculus AB and BC Course and Exam Description Course Framework V1 | 68
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BIGIDEA 3

Analysis of

Functions

* |f pressura experienced
by adhiver ks a function
of depth and deplh is
a funclion of tme, how
might we find the rate of
change in pressure with
respect to time?

UNIT AP EXAM WEIGHTING 9=13%sp 4=T% pc
3 CLASS PERIODS ~10-11 s ~8=9 pc
\-—l"’, o

Differentiation:
Composite, Implicit,
and Inverse Functions

Developing Understanding

In this unit, students learn how to differentiate composite functions using the chain rule and
apply that understanding to determine derivatives of implicit and inverse functions. Students

need to understand that for composite functions, yis a function of wwhile s a function
of x. Leibniz notation for the chain rule, ﬂ =£.E.aﬂmunts for these relationships,

ax

ax

Units analysis can strengthen the connection, ﬂsln{%- Y AT Saying, “limes the
]

m min

derivative of what's inside,” every time we apply the chaln rule reminds students to avoid a
commaon error. Mastering the chaln rule Is essential to success in all future units.

Building the
Mathematical Practices

B

Identifying composite and implicit functions
is a key differentiation skill. Students must
recognize functions embedded in functions
and be able to decompose composite
functions into thelr "outer” and “inner”
componant functions. Misapplying the chain
rule by forgetting to also differentiate the
“inner” function or misidentifying the “inner”
function are common emors. Provide sample
responsas that demonstrata thase errors to
help students be mindful of them in their own
work. Reinforeing the chain rule structure
sets the stage for Unit 6, when students leam
the inverse of this process.

Students should continue to practice using
comect notation and applylng procedures
accurately. Checking one anather's waork,
reviewing sample responses (with and
without errors), and using technology to
check calculations develop these skills.
Emphasize that taking higher-order
derivatives mirrors famillar differantiation
processes (Le., “function is to first derivative
as first derivative is to second derivative”).

AP Calculus AB and BC Course and Exam Description

Usa questioning techniques such as, "What
does this mean?” to help students develop
amore solid conceptual understanding of
higher-order differentiation.

Preparing for the AP Exam

Mastery of the chain rule and its applications
is essential for success on the AP Exam. The
chain rule will be the target of assessment for
many gquestions and anecessary step along
the way for others. One commaon error is
not recognizing when the chain rule applies,
especially in composite functions such as
sinx, tan (2x — 1), and e In expressions like
E—--;F_. students must recognize that the
—X
c}{am rule applies to y because y depends
on x. When multiple rules apply, students
may struggle with the order of operations.
QOffer mixed practice differentiating genaral
functions using select values provided
in tables and graphs. Focus on products,
quotients, compaositions, and inverses of
functions, especially those with names other
'than_fandg, Connecting graphs, tables, and
algebraic reasoning builds understanding of
differentiation of Inverse functions,

Course Framework V1 | 69
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UNIT

UNIT AT A GLANCE

_E‘
R

Suggested Skills

3 Differentiation: Composite, Implicit, and Inverse Functions

Class Periods

#10-11 CLASS PERIDDS [AE)
~B=9 CLASS PERIODS (BC)

3.1 The Chain Rule

X3 Identify an appropriate mathematical
rube or procedure based on the classification
of a given expression [e.g. Use the chain
rule to find the derivative of a composite
function).

3.2 Implicit Differentiation

3 Apply appropriate mathematical rules or
pracedures, with and without technology.

3.3 Differentiating Inverse
Functions

EE Confirm that solutions are accurate and
appropriate.

FUN-3

3.4 Differentiating Inverse
Trigonometric Punctions

3.5 Selecting Procedures for
Calculating Derivatives

4.6 Calculating Higher-Order
Derivatives

3 Apply appropriate mathematical rules or
procedures, with and without technology.

EE3 Identily an appropriate mathematical
rule ar precedura based on the classification
of a given expression (2.g., Use the chain
rule ta find tha derivative of a composite
function).

3 Apply appropriate mathematical rules
of procedures, with and without technology.

I Go to AP Classroom to assign the Personal Progress Check for Unit 3.

Review the results in class to identify and address any student misunderstandings.

AP Calculus AB and BC Course and Exam Description
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o 3 P T F UNIT
Differentiation: Composite, Implicit, and Inverse Functions 3

SAMPLE INSTRUCTIONAL ACTIVITIES

The sampla activities on this page are optional and are offered to provide possible ways to
Incorporate various instructional approaches into the classroom. Teachers do not need to use
these activities orinstructional approaches and are free to alter or edit them. The examples
below were developed in partnership with teachars from the AP community to share ways
that they approach teaching some of the topics in this unit. Please refer to the Instructional
Approaches section baginning on p. 199 for more examples of activities and strategles.

Activity  Topic Sample Activity

1 a1 Scavenger Hunt
Place a card with a starter question somewhere In the classroom, lor example, “Find
the derivative of f{x)=sin{4x).” Place another card in tha room with the solution to that
card plus another question: "Solution: 4cos{4x). Mext problem: Find the derivative of
Jix)=(sin(x))"" Continue posting solution cards with new problems until the final card
presents a problem whose solution s on the orlginal starter card [note that this solution
should be added to the starter card above).

2 an Work Backward
Provida a chain rule problem with several possible answers. Have students identify
which piece of the original problem contributed its derivative to one of the factors In
the answer they are looking al. For each possible answer, students should say whether
the answer is correcl. They should also identify which piece of the composition was
differentiated incorrectly or skipped, or state which factor of that particular answer did
not come from tha original problem. Students often have trouble knowing when to stop
differentiating when learning ¢* or trigonemetric functions, so make sure you include
thesa types of problems.

3 3.2 Round Tabla
In groups of four, each student has an identical paper with four different problems on It
Students complete the first problem on their paper and then pass the paper clockwise
to another member in their group. That student checks the first problem and then
completes the second problem on the paper. Students rolate again and the process
continues until each student has their own paper back.

4 3.4 Quiz-Quiz-Trade
Give students a card containing a question and have them write the answer on the
back. Students then circulate around the room and find a partner. One student quizzes
the other by showing only the side of the card with the guastion on it, and then they
reverse roles, They swap cards, find a new partner, quiz each other, and the process
continues.

/
%
7%
.
%
.
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UNIT

3 Differentiation: Composite, Implicit, and Inverse Functions
SUGGESTED SKILL
4 Implementing Toplc 3'1
Mathematical -
Process The Chain Rule
1.c
Identify an appropriate
miathemalical rule or
procedure based on the
classification of a ghven
expression
Required Course Content
AVAILABLE RESOURCE
* Professional
Development > ENDURING UNDERSTANDING
Selecting Procedures
for Derivatives m
Recognizing opportunities to apply derivative rules can simplify differentiation.
b ¥l
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
[FUN-ag) [FuN-3.ca]
Calculate derivatives Tha chaln rule provides a way to differentiate
of compositions of composite functions,
differentiable functions.
AP Caleulus AB and BC Course and Exam Description Course Framework V1 | 72
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.Diﬁerentiatiuu: Composite, Implicit, and Inverse Functions

Toplc 3.2 SUGGESTED SKILL

"
#8 Implementing
Mathematical

Implicit Differentiation e

LIMIMIMNMIIIN

Required Course Content

LA

ENDURING UNDERSTANDING
Fu-3)

Recognizing opportunities to apply derivative rules can simplify differentiation.

oy
P
i
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE %
Funan) Fuan /
Calculate derivatives of The chain rulais the basis for implicit /
Implicitly defined functions. differentiation. b
AP Calculus AB and BC Couwse and Exam Description Cowrse Framework V1 | 73
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Differentiation: Composite, Implicit, and Inverse Functions

SUGGESTED SKILL
&3 Justification TOPIC 3.3
= Dift tiati
Confirm that sohstions are l eren la lng
accurate and appropriate. I F t o
Required Course Content
ENDURING UNDERSTANDING
Recognizing opportunities to apply derivative rules can simplify diffarantlation.
S
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
[FUN-2.€] [Fun-32.1]
Calculste derivatives The chain rule and definition of aninvarse
of inverse and Inverse function can be used to find the derivative of an
trigonomatric functions, inverse function, provided the derivative exists,
AP Calculus AB and BC Course and Exam Description Cowse Framework Y1 | 74
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Differentiation: Composite, Implicit, and Inverse Functions u§T
SUGGESTED SHILL
TOPIC 3-4 $4 Implementing

Mathematical

Differentiating —

- - E
Inverse Trigonometric e B

procedures, with and

Functions Wt

S

e

S \&_

Required Course Content

AN

ENDURING UNDERSTANDING
[Fun-a |
Recognizing opportunities to apply derivative nules can simplify differentiation,
S T
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
FUN-3E [FUN-3E2|
Calculate derivatives ) The chain rule applied with the definition /
of inverse and inverse of an Inverse function, or the formula for /
trigonometric functions. the derivative of an inverse function, can o0
be used to find the derivatives of inverse ”//
trigonometric functions.
e
/ /g
7
i” o
2
b
o/
%’
7
s
%
o
AP Calculus AB and BC Course and Exam Description Couwrse Framework V1 | 76 %
Return ta Table of Cantents 4 (f:!




SPRINGFIELD PuBLIC ScHooLS

ENGAGING STUDENTS = FOSTERING ACHIEVEMENT » CULTIVATING 2151 CENTURY GLOBAL SKILLS

UNIT

- Differentiation: Composite, Implicit, and Inverse Functions

3

SUOGESTED SKILL

% Implementing
Mathematical
Frocesses

1.6
ldentify an approprisle
mathematical rule or
procedure based on the
classification of a given

EXpression

TOPIC 3.5

Selecting Procedures
for Calculating
Derivatives

AVAILABLE RESOURCE
* Professlonal
Development >
Selecting Procedures
for Derivatives

This topic is intended to focus on the skill of selecting an appropriate procedura for
calculating derivatives, Students should be given opportunities to practice when and
how to apply all learning objectives relating to calculating derivatives.

AP Caleulus AB and BC Course and Exam Description Course Framework V.1 | 76
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Differentiation: Composite, Implicit, and Inverse Functions

SUGGESTED SKILL

TOPIC 3.6 2% Implementing
Calculating Higher - P
Order Derivatives i IR

without technology.

N

|

Required Course Content

ENDURING UNDERSTANDING

=

Recognizing opportunities to apply derivative rules can simplify differentiation.

—_——

LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE

FUN-2¥| [Fun-a£a]

Determine higher order > Differantiating f* produces the second

derivatives of a function. derivative [, provided the derivative of f*
exlsls; rapeating this process produces higher-
order derivatives of f,
[FuN-3F2

variety of notations. For y = f{x), notations for
i

the second derivative include l—{.j‘""{x}, and
¥". Higher-order derivatives can be denoted

ix—*_r or fTx).

!
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AP CALCULUS AB AND BC

UNIT 4

Contextual
Applications of
Differentiation

[
AP AP EXAM 10=-15% ;s
WEIGHTING 6=9%
o) CLASS ~10=11 as
[ _J] PERIODS @=T7 cc
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Remember to go to AP Classroom
to assign students the online
Personal Progress Check for

this unit.

Whether assigned as homework or
completed in class, the Personal
Progress Check provides each
studant with immediate feedback
related to this unit's topics

and skills.

Personal Progress Check 4

Multiple-choice: ~15 questions
Free-response: 3 questions

AP Calculus AB and BC CGowse and Exam Description Cowrse Framework V1 | 80
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SPRINGFIELD PuBLIC ScHooLs

BIG IDEA 1

Change I

* How are problems
about position, velocity,
and acceleration of
a particie in motion
over ime structurally
similar to problems
about the volume of a
rising balloon over an
intenval of heights, the
population of London
owver the 14th cenfury,
or the metabolismn of a
dosze of medicine over
time?

BIGIDEA 2

Limits T

= Since certain
indeterminate forms
seem to actualky
approach a limit, how
canwe determing that
limét, provided it exists?

AP EXAMWEIGHTING
CLASS PERIODS

10-15% e
~10-11 as

6-9%pc
~B6=7 BC

Contextual

Applications of
Differentiation

Developing Understanding

Linit 4 begins by developing understanding of sverage and instantaneous rates of chanaain
problems involving motion. The unit then identifies differentiation as a common underlying structure
onwhich to buld understanding of change in a variety of contexts. Students' understanding of units
of measure often reinforces their understanding of contexdusl applications of differentiation. In
probilems invohing related rates, identifying the independent variable commeon to related functions
may help students to comectly apply the chain rule. When applying differentiation to determine limits
of certain indaterminate forms using L'Hospital's nule, students must show that the rule applies.

Building the
Mathematical Practices
(roflielzalar]

Students will begin apphying concepts from
Units 2 and 3 to scenarios encountered in the
workd, Students often strupgle to translate
these verbal scenarios into the mathematical
procedures necessary to answer the question.
To solve these problems, students will need
explicit Instruction and intentional practice
Identifying key information, determining
which procedure applies to the scenario
presented (e, that “rates of change” Indicale
differentiation), stating what Is changing and
how, using cormact units, and explaining what
thelr answer maans in the context of the
scenario. Provide scenarios with different
contexts but similar procedures so students
begin to recognize and apply the reasoning
behind those problem-sohing decisions, rather
than grasping at rules haphazardly,

Students must also be able bo exqlain how an
approdmated value relates to the value it's
intended to approvdmate. Students may not
understand wihny they would use a tangent line
approdmation [Le, linearization) rather than
simply evalusting a function. Expose themto
scenarios whene an exact function value can'tbe
calculated, and then ask them to determine
whether a particular approsdmation is an
overestimate or an underestimate of the function

AP Calculus AB and BC Course and Exam Description

Preparing for the AP Exam

With contextual problems, emphasize caraful
reading for language such as, “find the rate of
change.” This will help students undarstand
the underlying structure of the problem,
answer the question asked, and interpret
solutions in context, Students should not
use words like “velocity™ when they mean the
rate of change inincome, for example, even
though the underlying structure is the same,

Emphasize that students must verify that
lim f{x)=limg({x)=0for that both

approach infinity) as a necessary first step
before applying L'Hospital's Rule to determine

lim ﬂ{'—”—% Students should understand that
X-nd x’ x

L]
E or = are appropriate labels for indeterminate
L=

foarms but do not represent values inan
equation Therefore, it is incomect to write

f(x)_o0
lim——"=—, for exampls. Nobe that
ag(x) 0

lim f{x
!n;:}r’rﬂ ?‘-I"‘ﬂ'ﬁhm lim g(x)=0. Also
glx) limg(x) ==
emphasize that the conclusion of L'Hospital's
rule features the ratio of the derivatives of
the numerator and denominator, respectivaly,
rather than the derivative of the ratio.

Course Framework V1 | 81
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Contextual Applications of Differentiation

UNIT AT A GLANCE

i Topic

(Class Periods

~10-11 CLASS FERIODS (AE]
#~B=T CLASS PERIODS(BC]

Suggested Skills

4.1 Interpreting the Meaning
of the Derivative in Context

3 1dentify an appropriate mathematical
rule or procedura based on the relationship
batwesn concepts (e.g. rate of change

and accurnulation) or processes (eg.
differentiation and its inverse process,
anti-differentiation] to sohwe problems.

4.2 Straight-Line Motion:;
Connecting Position,
Velocity, and Acceleration

3 Apply appropriate mathematical rules or
procedures, with and withouwt technology.

3 4.3 Rates of Change in Applied  EXY Identify common underlying structures
= Contexts Other Than in problems invohving different contextusl
o Motion situations.
4.4 Introduction to Related 3 Apply appropriate mathematical rules or
Rates procadures, with and without technology
4.5 Solving Related Rates EX3 Explain the meaning of mathematical
Problems solutions in context.
4.6 Approximating Values of EEd Explain how an approximated value
a Punction Using Local relatas to the actual value.
Linearity and Linearization
+ 4.7 Using L'Hospital’s Rule EXa Apply an appropriate mathematical
= for Determining Limits of dafinition, theoram, or test.
b Indeterminate Forma

(&) Go to AP Classroom to assign the Personal Progress Check for Unit 4,
Review the results in class to identify and address any student misunderstandings.

AP Calculus AB and BC Course and Exam Descriplion
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UNIT
Contextual Applications of Differentiation (

SAMPLE INSTRUCTIONAL ACTIVITIES

The sample activities on this page are optional and are offered to provide possible ways to
incorporate various Instructional approaches into the classroom. Teachers do not need to use
thesa activitlas or instructional approaches and are free to alter or adit them. The examples
below were developed in partnarship with teachers from the AP community to share ways
that they approach teaching some of the topics In this unit. Please refer to the Instructional
Approaches section beginning on p. 1949 for more examples of activities and strategies.

Activity  Topic Sample Activity

1 41 Quichwrite
Divide students into groups and give each group a context (outdoors, In a
supermarket. In biology, in the government, at home, etc). Students then write fora
few minutes, listing things that are changing in that particular context.

2 4.2 Create Representations
Provide verbal descriptions of a roller coaster ride: at time 0, velocity is 0 but about to
become positive; at time 2, velocity is positive and Increasing; at ime 5, velocity s 0
and decreasing. etc. Have students graph position [from start), velocity, accaleration,
spuad, and then draw arrows at each point depicting whether thelr body would lean
forward, backward, or not at all,

3 4.4 Marking the Text
Have students read through a problam and highlight/underline the given quantities
and directions ina problem, stating whather that information always applies or applies
anly at an instant.

4 4.5 Round Table

Give students different related rates problems and a paper divided into five sections,
titled as folowing:

= Draw a picture

= Equation

= Derivative

= Spacific information used

= Interpretation

Students first draw a plcture of the situation and pass the papers clockwise. Students
then critique the work in the previous section, complete the next section, and pass the
papers agaln until all sections are completed.

5 4.6 Scavenger Hunt
A starter question s posted in the room, for example, “Approximate the
valua...." Have students work through the problem to find the value and then look
for that value at the top of another card posted in the room, Students then solve the
problem on that card, for example, “Write the equation of the tangent line... " and
look for that selution on a third card, ete. The solution to the last problem will be on the
slarter card.

AP Calculus AB and BC Course and Exam Description Course Framework V.1 | 83
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Contextual @Pplicatinns of Differentiation

SUGGESTED SKILL

% Implementing
Mathematical
Frocesses

1.0

kdentify an approgeiate
mathematical rule or procedure
based on the relationship
betwesn concepts or
processes to sohe problems.

B

TOPIC 4.1

Interpreting the
Meaning of the
Derivative in Context

AVAILABLE RESOURCE
* Professional
Development =
Interpreting Context
for Definite Integrals

Required Course Content

ENDURING UNDERSTANDING

Derivatives allow us to solve real-world problems involving rates of change.

v

LEARNING OBJECTIVE
e

Interpret the meaning of a
derivative In context.

AP Calculus AB and BC Course and Exam Description

ESSENTIAL KNOWLEDGE

The derivative of a function can be interpreted
as the instantaneocus rate of change with
respect toits independent vanable.

CHA-3A.Z

The derivative can be used to express
information about rates of change in applied
contexls.

The unit for £{x) is the unit for fdivided by the
unit for x.

Course Framework V1 | 84
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" . - = UNIT
Contextual Applications of Differentiation (@

TOPIC 4.2 B
Straight-Line Motion: e

DN

Connecting Position, e

procedures, with and

Velocity, and Acceleration |

Required Course Content

ENDURING UNDERSTANDING
[CHA3 |

Derivatives allow us to solve real-world prablems involving rates of change.

A0

DN

St
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE

‘cHA-28 CHA-3.B.1 /
Calculate rates of change in The derivative can be used to solve rectilinear 7
applied contexts. motion problems involving position, speed,

velocity, and acceleration.

W

\

NN

o

ey

DN

e

N\

N\
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: UNIT
A 4 ) Contextual Applications of Differentiation
%‘“’:;::’j,’:’; TOPIC 4.3

m | Rates of Change in

Identify commaon underfying

meeee | Applied Contexts
Other Than Motion

Required Course Content

ENDURING UNDERSTANDING
[CHA-3 |
Derivativas allow us to solve real-world problems involving rates of change.
M
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
lcha-ac! [cHA-3.61]
Interpret rates of change in The derivative can ba used to solve problems
applied contexts. Involving rates of change in applied contexts.
AP Calculus AB and BC Gouwrse and Exam Description Course Framework V1 | 86
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7
/
- " z g UNIT
Contextual Applications of Differentiation 4
SUGGESTED SHILL %
Toplc 4.4 22 Implementing ///
Introduction to prceses
Processes
j/
Related Rates Aoveerpies
mathematical rules or
procedures, with and
without technalogy. %’
B %
Required C 5 /
equired Course Content AVAILABLE RESOURCES
= Professional &
Davelopment > Related /
Rates: Analyzing /
ENDURING UNDERSTANDING e %
* AP Oniline Teacher
G e 7
Derivatives allow us to solve real-world problems involving rates of change, Disgussion > Related / /
Rates In FRQ {/f
o
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE /
[cHA-3.0] [GHA-3.0.4 %
Calculate related rates in The chain rule is the basis for differentiating /
applied contexts. varlables in a related rates problem with £
> raspect to the same independent variable. //
[cHA-2p.2] /
Other differentiation rules, such as the %
product rule and the quotient rule, may also y
be necessary to differentiate all variables with “/
respect to the same independent variable. /
é
)
%
%
7
%
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— [ UNIT 3
4 ~ Contextual Applications of Differentiation
SUGGESTED SKILL
92 Justification Toplc 4'5
~ Solving Related
[Expdain tha meaning of o v:ng e a e
mathematical sollions
In context.
Rates Problems
AVAILABLE RESOURCES Required Course Content
* Professional
Development > Related
Rates: Analyzing
Problems in Contaxt
¢ AP D ENDURING UNDERSTANDING
Community EE
Discussion > Related Derivatives allow us to solve real-world problems involving rates of change.,
Rates in FRQ
S
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
[cHA-3.¢] [eHa-aEa]
Interpret ralated rates in The derivative can be used to solve related
applied contexts. rates problems; that s, finding a rate at which
one quantity is changing by relating it to other
quantities whosa rates of change are known.
AP Calewlus AB and BC Couwrse and Exam Description Couwrse Framework V1 | 88
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%

Contextual Applications of Differentiation ( uar %
SUGGESTED SHILL /

Top’c 4'6. . % Implementing //

Approximating Values of Rociis %

a Function Using Local oo
approcdmal e relates o

to the actual value,

Linearity and Linearization

o

Required Course Content

N\

Y,

ENDURING UNDERSTANDING %/
onas) 7
Derivatives allow us to sobve real-world problems Invobving rates of change.

e =T
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
GHA-3F| [eHA-3 £
Approximate avalueona The tangent line is the graph of a locally linear
curve using the equation of a approximation of tha function near the paint of
tangent line. > tangency.

behavior near the point of tangency may
determine whether a tangent line value is
an underestimate or an overestimate of the
corresponding function value.

%
7
Course Framawork W1 | Ba
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UNIT -

4 Contextual Applications of Differentiation
SUOOESTED SKILL
84 Justification To Plc 4'7
- Using L’Hospital’s Rule
Apply an appropriate p
mathematical defintion - ™ L3 L]
S for Det Limit
oY vetlermining L1mits
of Indeterminate Forms
AMAILABLE RESOURCES R'E'EIUirEd Course Content
= AP Online Teacher
Commumnity
Discussion >
L'Hospital's Rule
e el ENDURING UNDERSTANDING
Community L1kt
Discussion > Posslble L'Hospital's Rule allows us to determine the limits of some Indeterminate forms.
Inconsistent Language
= The Exam > 20718 Chief o T
Reader R
ko LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
+ The Exam > 2018 [Lm-2.A] LiM-4.8.1]
3:;9'*:5 ::rd Determine limits of functions When the ratio of two functions tends to &
LAy, i oo . : 2
FRQ #5(d) :':::::m“nmdmmmm > or —in the limit, such forms are said to 2
¢ E‘B I?mﬁq:l:ﬂ:la be indeterminate.
COring elines,
FRQ #5(d) E EXCLUSION STATEMENT
There are many other indeterminate forms, such
0§ e —eoo, for example, but these will not be
assezsed on elther the AP Colewlus AB or BC
Exam. Howeper, teachers may include theze
topdes, if time permits,
LIM-4.A.2]
Limnits of the indeterminate fm'rnsE or = may
ﬂ Lol
be evaluated using L'Hospital's Rule.
AP Calculus AB and BC Course and Exam Description Cowse Framework V1 | 90
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AP CALCULUS AB AND BC

UNIT 5

Analytical
Applications of
Differentiation

AP AP EXAM 15=18% sz
WEIGHTING 8-11% nc

O CLASS ~15=16 1=
. I PERIODS  wq0=11 sc

AP Calculus AB and BC Course and Exam Description Course Framework V1 | 91
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Remember to go to AP Classroom
to assign students the online
Personal Progress Check for

this unit.

Whether assigned as homework or
completed in class, the Personal
Progress Check provides each
student with immeadiate feedback
related to this unit's topics

and skills.

Personal Progress Check 5

Multiple-cholce: ~35 questions
Free-response: 3 questions

AF Calculus AB and BC Course and Exam Description Course Framework V1 | 92
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8-11% ¢
~10-11 &c

15-18%an
~15-16 as

AP EXAMWEIGHTING
CLASS PERIQDS

( I.IET
Analytical
Applications of

Differentiation

¢+ Developing Understanding

BIGIDEA 3 In this unit, tha superficial details of contextusl applications of differentiation are stripped away
Analysls of to focus on abstract structures and formal conclusions. Reasoning with definitions and theorems
Functions [T establishes that answers and conclusions are more than conjectures; they have been analytically

determined. As when students showed supporting work for answers in previous units, students
will learn to present justifications for thelr conclusions about the behavior of functions over
certainintervals or the locations of extremsa values or points of inflection. The unit concludes

= Howmight the Mean
Valkse Theorem be used

1.

to justify a conclusion

that you were speeding this study of differentiation by applying abstract reasoning shills to justify solutions for realistic /

atsome point ona optimization problems. 7;///'

cef lain slrglch ol “

higtowary, even without Buﬂdmg the graphs on a calculator. Model calculus-basad /

knowing the exact time ; & justifications {ie., reazoning based on analysis

youwere speading? Mathematical Practices of a derivative) both in discussion and in " %/
« What additional ief2o]ie]as] wriling. Give students repeated opporturities

information Is Included The underlying processes of finding critical 1@ W“’“’E writing and revising their own /%

i & sound mathematical points and extrema are the foundation justifications based on teacher feedback and }////

argument about for the justifications students will writein ~ feedbackfromtheirpeers. 7

optimization that a this unit. Students should use calculators %

simple description of to graph a function and its derivatives Preparing for the AP Exam

an equivalent answer
lacks?

to explore the related features of thesea
graphs and confirm the results of their
calculations.

Students often struggle with misinterpreting
the characteristics of the graph of a
derivative as though they are characteristics
of the original function. Or, they use
nonspecific language that conflates different
functions (e.g. it rather than °f"). To prevent
ongoing misconceptions, hold students
accountable for extreme precision by having
them practice matching graphs of functions
to their derivativas and requiring them to
explain their reasons to a peer,

Students also tend to rely on insufficient
evidence or descriptions in their justifications,
stating, for example, that “the graph of f
isincreasing becausa it's going up.” This
happens especlally when examining derivative

AP Calculus AB and BC Course and Exam Description

Sound reasoning must be accompanied by
clear communication on the AP Exam. It may
b helpful for students to use the language
in the question as a starting point. Suppose
aquestionasks, "Does g have arelative
minimum, a8 relative maximum, or neither at

x =107 Justify your answer.” A studant who
writes, “F has nefther a relative maximum nor
a ralative minimum at x =10, because.. ..
has begunwell, Similarly, given a graph of the
derhlaﬁve.f‘,nfafwmliun It

itis safer and easier for students tomake
arguments about f based directly on the
graph of the derivative, asin, * [ is concave
upona < x < b bacause the graph of is
increasing on a < x < b.* Students should
ahwaysreferto f, fand f* byname, rather
than by Tit” or “the function,” which may leave
the reader unsure of their intended meaning.

Coursa Framework V1 | 93
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UNIT
5 Analytical Applications of Differentiation

UNIT AT A GLANCE

Class Periods
f - ~156-16 CLASS PERIODS [A8)
Topic Suggested Skills ~10-11 CLASS PERIODS (BC)
5.1 Using the Mean Value Theorem X3 Provide reasons or rationsles for solutions '
and canclusions.
-
x
5.2Extreme Value Theorem, Global EX3 Provide reasons or rationales for solutions
Versus Local Extrema, and and conclusions.
Critical Points
5.3 Determining Intervals on B3 Describe the relationships amanyg differant
Which a Function is Increasing representations of functions and their derivatives.
or Decreasing
5.4 Using the First Derivative Test EIX Apply an appropriate mathematical
to Determine Relative (Local)  definition, theorem, or test.
Exfrema
5.5 Using the Candldates Test to 3 Apply appropriate mathematical rules or
Determine Absolute (Global) procedures, with and without technology.
Extrema
5.6 Determining Concavity of EX1 Descrive the relationships among different
Functions over Their Domains  representations of functions and their dervatives,
6.7 Using the Second Derivative EX3 Apply an appropriate mathematical
; Test to Determine Extrema definition, theorem, or lest,
& 6.8 8ketching Graphs of Functions EX Identify how mathematical characteristics
and Their Derivatives or properties of functions are related In diffarent
rapresentations.
5.9 Connecting a Function, Its EX Identify how mathematical characteristics
First Derivative, and Its Second or propertles of functions are related in different
Derivative representations.
6.10 Introduction to BN Identify common underiying structures in
Optimization Problems problems invalving different contaxtual situations.
5.11 Solving Optimization Problems EEX3 Explain the meaning of mathematical
solutions in contesxt.
5.12 Exploring Behaviors of Impliclt B3 Apply appropriate mathematical rules or
Relations procedures, with and without technology.
EX3 Provide reasons or rationales for
solutions and conclusions.
(& Go to AP Classroom to assign the Personal Progress Check for Unil 5.
Review the results in class to identify and address any student misunderstandings.
AP Calculus AB and BC Couwrse and Exam Description Course Framework V1 | 94
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S UNIT

Analytical Applications of Differentiation 5

SAMPLE INSTRUCTIONAL ACTIVITIES

Thea sample activities on this page are optional and are offered to provide possible ways to
incorporate various instructional epproaches into the classroom. Teachers do not nead to use
these activities or instructional approaches and are free to alter or edit them. The examples
belowwere developed in partnership with teachers from the AP community to share ways
that they approach teaching some of the topics in this unit. Please refer to the Instructional
Approaches section beginning on p. 193 for more examples of activitios and strategias.

Activity Topic Suggested Activity

1 63 Critique Reasoning
Arrange students in groups of four to six. provide them with a function's derivative
feg. g'(x) =5x+13), and ask them to determine if g(x) is increasing or decreasing at
a speciiic »-value, for example, x =-3 Ask students to share the reasoning for their
conclusion with classmates in thelr group. Members of the group can then provide

feedback and suggestions.
2 54 Think-Palr-8hara
5.7 Pravide students with 2 graph of f* and & graph of /. Azk them to Identify relathve

extrema and practice writing justifications for relative extrema using the first or second
derivative test. Once they've written thelr Justification, ask them to palr with a partner
and share their justifications. Students can then discuss similarities or differencas in
their justification wording.

3 5.5 Create aPlan
Provide students with a function represented analytically on a closed interval. Ask them
to discuss and write x»-values that are viable candidates for absolute extrema. Once
they have established the viable candidates, ask them to design & method for analyzing
the behavior of the function’s graph at the candidates and for identifying the extrema.

4 5.8 Predict and Conflrm
6.9 Provide students with the graph of a differentiable function, for example,
fix)=x"—-4x" 44x+1, but do not provide the rule for the function. Ask students
to skatch a graph of the derivative of the function. Once students are done, reveal
the rule for f{x). Ask students to calculate f{x), and use technology to graph (%) and
compare it to their sketched graph.,

AP Calculus AB and BC Course and Exam Description Course Framework V1 | 95
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UNIT

5 Analytical Applications of Differentiation
SUGGESTED SKILL
24 Justification TOPIC 5.1
- Using the M
Provide reasons or s lng e e an
ralionabas for solutions
and conchusions. l Th
Value eorem
(i Required Course Content
* Clasgroom
Resource > Why
'Wa Use Theoram in
Calculus
« AP Online Teacher ENDURING UNDERSTANDING
Commumity Discussion > m
Mean Value Exist
-;h.:nm 2 == 4 Existence theorems allow us to draw conclusions about a function’s behavior on an
« Professional interval withoul precisely locating that behavior.
Development =
Continuity and S
e LEARNING OBJECTIVE | ESSENTIALKNOWLEDGE
Gundil!um for {@i‘ mi
ﬁhﬂl":::]‘;“ and Justify conclusions about If a function fis continuous over the interval
functions by applying the [a, b] and differentiable over the interval
Mean Value Thaoram over > {a, ), then the Mean Value Theorem
aninterval. guaranteas a point within that open interval
where the instantaneous rate of change equals
the average rate of change over the interval.
AP Calculus AB and BC Coursse and Exam Description Couwrse Framework V1 | 98
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Analytical Applications of Differentiation

TOPIC 5.2
Extreme Value Theorem,
Global Versus Local Extrema,
and Critical Points

SUGGESTED SKILL
4 Justification

Provide reasons or
ralionahes for solulions and
conchisions.

Required Course Content

ENDURING UNDERSTANDING
(FUH-1

Existence theorams allow us to draw conclusions about a function's behavior on an
interval without precisely locating that behavior,

_
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE

[Fub-1.c) [FuR-164]

Justify conclusions about If a function fis continuous over the interval
functions by applying the (a, b), then the Extreme Value Theorem
Extreme Value Theorem. > guaranteas that fhas at least one minimum

value and at least one maxdmum value on [a, b).

[FuM-122)

A point on a function where the first derivative
equals zero or fails to exist is a critical polnt of
the function.

[FUN-1.C.3

All local (relative) extrema occur at critical
points of a function, though not all critical
points are local extrema,

AP Calculus AB and BC Couwrse and Exam Description

AVAILABLE RESOURCES
= Classroom
Resource > Why
We Lise Theorem in
Caleulus

Prafassional
Davelopment >
Conthnuity and
Differentiabliity:
Establishing
Conditions for
Dafinitions and
Theorems

Frofessional
Development >
Justifying Properties
and Behaviors of
Functions

= CHassroom

Resource > Extrema
On the Role of Sign
Charts in AP Calculus
Exams

Course Framework M1 | 87
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uNIT

5 Analytical Applications of Differentiation
SUGGESTED SKILL
S TOPIC 5.3
Represenfations D - -
b etermining Intervals
Describe the relationships ™ .
= hich a Function I
e on Which a Function Is
functions and their - @
derivativas, I D
& ncreasing or vecreasing
MR ARERECOUGE Required Course Content
Commentary on the
Instructions for the
Free Response Section
:::h“-“’ Calculus ENDURING UNDERSTANDING
MS
* On the Role of Sign
Charts in AP Calculus Afunction's derlvative can be used to understand some behaviors of the function.
Exams
S
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
[FUH-4.2] [FuN-4.A.1]
Justify conclusions about The first denvative of a function can provide
the behavior of a function information about the function and its graph,
based on the behavior of its including intervals where the function is
darivatives. increasing or decreasing.
AP Calculus AB and BC Course and Exam Description Cowse Framework V1 | 98
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UNIT

Analytical Applications of Differentiation

TOPIC 5.4
Using the First Derivative

SUGGESTED SHILL
% Justification

Apply an appropriate
mathematical definition,

Test to Determine Relative thoorem.or st
(Local) Extrema

O
Required Course Content AVAILABLE RESOURCE

ENDURING UNDERSTANDING

[FUli-4

A function's derivative can be used to understand some behaviors of the function.
S =

LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE

[FUN-4.8]

Justify conclusions sbout The first derivative of a function can determine

the behavior of a function the locatlon of relative (local) extrema of the

based on the behavior of its function.

derivalives,

AP Calculus AB and BC Course and Exam Description

Commentary on the
Instructions for the
Free Response Section
of the AP Calculus
Exams

= On the Robe of Sign
Charts in AP Calculus
Exams

Course Framework V1 | 99
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UNIT
5 J Analytical Applications of Differentiation
SUGGESTED SHILL
23 Implementing Toplc 5'5
Mathematical - o
o Using the Candidates Test
1€ .
o S to Determine Absolute
mathamatical rules or
procedures, with and
ey (Global) Extrema
=
AVAILABLE RESOURCE .
e Required Course Content
Commentary on the
Instruictions for the
Free Response Section
E::ha AP Calculus ENDURING UNDERSTANDING
[ypk
» On the Role of Sign
Charts in AP Calculus Afunction's derivative can be used to understand some behaviors of the function.
Exams o~
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
[FuN-2.4] [Fun-s.8:]
Justify conclusions about Absolute {global) extrema of a function ona
the behavior of a function closed interval can only occur at critical points
bazed on the behavior of its or at endpoints.
derivatives.
AP Calculus AB and BC Couwrse and Exam Description Course Framework V1 | 100
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N\

Analytical Applications of Differentiation

TOPIC 5.6 g %
Determining Concavity |« "

of Functions over i e

functions and their
darivatives.

Their Domains - -

3 \\\\\\

N

DA

Required Course Content AVAILABLE RESOURCE
* AP Online Teacher
Community i
Discussion > Secand y |
Derivathve Test ¥y
ENDURING UNDERSTANDING Wording and Justitying %
m Concavity Intervals /
A function's derivative can be used to understand some behaviors of the function.
by S
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
FUN-%.A| FUN-4.A.4
Justify conclusions about The graph of a function Is concave up (down)
the behavior of a function on an opan interval if the function's derivative
based on the behavior of its > iz increasing (decreasing) on that interval,
darivatives. FUN-4.AS5)
The second derivative of a function provides
information about the function and its graph,
including intervals of upward or downward
concavity.
FUN-4.A.5
The second derivative of a function may be
usead to locate points of inflection for the graph
of the original function,
f//
//
b
@
j,%
s,
//
%
.
o
& /
AP Calculus AB and BC Course and Exam Descriplion Course Framework V1 | 107 7
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uNIT )

SUGGESTED SKILL TOPIC 5.7

&% Justification

e | USING the Second

mathematical definition,

Derivative Test to
Determine Extrema

Analytical Applications of Differentiation

B

e e Required Course Content
Commentary an the
Instructions for the
Free Response Section
of the AP Calculus ENDURING UNDERSTANDING
Exams
* On the Role of Sign
Charts in AP Caleulus A function's derivative can be used to understand some behaviors of the function.
Exams —
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
[FUM-2.8/ [Fun-s.a7
Justify conclusions about The second derivative of a function may
the behavior of a function determing whether a critical point is the
based on the behavior of its > location of a relative (local) maximum or
derivatives. minimurm.
[FUN-2.A8

When a continuous function has only one
critical point on an interval on its domain and
the critical point comresponds to a relative
{local) extremum of the function on the Interval,
then that critical point also corresponds ta the
absolute (global) extremum of the function on
the interval,

AP Calculus AB and BC Cowse and Exam Description Course Framework V1 | 102
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Analytical Applications of Differentiation R “g'
TOPIC 5.8 ;%H::E::::;ﬁ:
i Representations
Sketching Graphs -
Identify how mathematical

of Functions and se——

are related indiffarent

Their Derivatives —

Required Course Content

ENDURING UNDERSTANDING
(FUN-4 |

Afunction's derivative can be used to understand some behaviors of the function.

S
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
FUN-8.A FUR-4.88]

Justify conclusions about Key features of functions and their derivatives
the behavior of a function > can be identified and related to their graphical,

N\

R

)

S

based on the behavior of its numerical, and analytical representations.

derbvatives. mﬂ?]
Graphlcal, numerical, and analytical information

\
-

DN\

from f"and [“ can be used to predict and
explain the behavior of f.

33

N

AN

N
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Analytical Applications of Differentiation

SUGGESTED SKILL
s TOPIC 5.9
Representations - ]

= Connecting a Function,

Identify how mathematical - - -

craactensice Its First Derivative, and

propertics of functions

are related in different 3 -1

i Its Second Derivative

B
AVAILABLE RESOURCE 1
sy Required Course Content
Devélopment =
Justifying Proparties
and Behaviors of
Functions ENDURING UNDERSTANDING
[FUN-4}
A function's derivative can be used to understand some behaviors of the function,
- e

LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
[FUN-4. [FUR-4.A31)
Justify conclusions about > Key features of the graphs of f, f, and [ are
the behavior of a function related to one another.

based on the behavior of

its derbvatives.

AP Calculus AB and BC Course and Exam Description

Course Framework V1 | 104
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SPRINGFIELD PusLic ScHooLs

ﬁnalyﬁcal Applications of Differentiation

UNIT

5

TOPIC 5.10

Introduction to
Optimization Problems

Required Course Content

ENDURING UNDERSTANDING

{Funa4 |

Afunction’s derivative can be used to understand some behaviors of the function.
S .

LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE

[FuN-48| [FUN-2.8.1|

Calculate minimum and The derivative can be used to solve

maximurm values in applied > optimization problems; that is, finding a

contexts or analysis of minimum or maximum value of a function ona

functions. given interval.

AP Calculus AB and BC Course and Exam Descriplion

SUGGESTED SKILL

& Connecting
Representations

(2.4

Idantify common
underlying structures in
problems involving different
contextial situations.

Course Framework V1 | 106
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SPRINGFIELD PusLic ScHools

SUGGESTED SKILL
2@ Justification

Explain the meaning of
mathematical solutions
incontexl.

Analytical Applications of Differentiation

TOPIC 5.11
Solving Optimization
Problems

Required Course Content

ENDURING UNDERSTANDING
A function’s derivative can be used to understand some behaviors of the function.
e
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
[FUH-ac| [FUN-a.1]
Interpret minimum and Minimum and maximum values of a function
maximum values calculated take on specific meanings in applied contexts.
in applied contexts.
AP Caleulus AB and BC Course and Exam Description Course Framework V1 | 106
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Analytical Applications of Differentiation

SUGGESTED SKILLS
Toplc 5-1 2 24 Implementing
- - Mathematical
xploring Behaviors Processes
- - - m
of Implicit Relations e
mathematical rules or
procedunes, with and
without technology:
O% Justification
2.6
Frovida reasons or
¥ rationales for solutions and
Required Course Content s i
ENDURING UNDERSTANDING 7
run 7
Afunction's derivative can be used to understand some behaviors of the function, %
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE 7
FUN-4.D [FUN-4D.1 /
Determine critical points of A point on an Implicit relation where the first /%
implicit ralations. derivative equals zero or does not existisa “ i
E critical point of the function. //;//
r
FUN-4.E |FUN-45.1 ‘//
Justify conclusions about Applications of derivatives can be extended to 7/
the behavior of an Implicitly Implicitly defined functions.
defined function bazed on R ”/
evidence from its dervatives. ;/
Second derivatives Involving implicit /
o
,//5

differentiation may be relations of x, y, and Ey
i

DI

o

AP Calculus AB and BC Course and Exam Description Course Framework V.1 | 107
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AP CALCULUS AB AND BC

UNIT 6

Integration and
Accumulation
of Change

F

Ap| APEXAM 17=20% ss
WEIGHTING  7=20% &c

(o) CLASS ~18=20 ss
|_/_ PERIODS n15—16 BC

AP Calculus AB and BC Couwrse and Exam Description Course Framework V.1 | 109
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|

Remember to go to AP Classroom
to assign students the online
Personal Progress Check for

this unit.

Whether assigned as homework or
completed in class, the Parsonal
Progress Check provides each
student with immediate feedback
related to this unit's toplics

and skills,

Personal Progress Check 6

Multiple-choice:
~25 guestions (AB)
~35 questions (BC)
Free-response: 3 questions

AP Calculus AB and BC Course and Exam Description Course Framework M1 | 110
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SPRINGFIELD PusLic ScHooLs

AP EXAM WEIGHTING
CLASS PERIODS

17-20% sn
~18=-20 s

17-20% gc
~15-16 &C

BIGIDEA 1
Change IO

= Given information about

Integration and
Accumulation

of Change

Developing Understanding

This unit establishes the relationship between differentiation and integration using the
Fundamental Theorem of Calculus. Students begin by exploring the contextual meaning of areas
of certaln regions bounded by rate functions. Integration determines accumutation of changs

oy
N

N

AR

N

DA

N

b %
SR

AN

DI

arats of population over an interval, just as differentiation determines instantaneous rate of change at a point. z,//
growth over time. how Students should understand that integration is a fmiting caze of a sum of products (areas) in the 7//
canwe determing how same way that differentiation is a limiting case of a quotient of differences (skopes). Future units /
much the population will apply the idea of accumulation of change to a variaty of realistic and geometric applications. /4
changed over a given //{/J
ntenalofme? Building the Preparing for the APExam /)
BIG IDEA 2 Mathematical Practices Students shauld be careful applying %/;’
Limits [T EIEE the ¢hain ruls, both when differentiating %
= |f compounding mare Students often struggle with the relationship _furlnliur_la defined by integrals and when f/
oftenincreases the between differentiation and integration. They integrating using w-substitution. Students
amountinen ccount think that integration is simply differentiation | need to recogniza integrands that are ;f'
with a given rate of I foverse onder. H e, by iyt il facmrs ofa r;hain ru!e derivative and should |
return and term, why of integration correctly, students must think !:urf':chce u_!-suhstrtuhun un!}ithe _prac:ess i/’/
doesn't compounding more strategically, taking into consideration is lrltemallzed.ﬁhjdents will additionally /
continuwously result in an how the “pleces* fit together. Students need to recognize integrands that suggest /
infinite sccount balance, strategies such as Integration by parts

all other things belng
equal?

will need explicit guidance for choosing
an appropriate antidifferentiation strategy
that's based on the underlying pattems in

or partlal fractions and should use mixed
practice in preparation for the exam Bc oLy,

S350
SN

different categories of Integrands {eg., using  When using a calculator to evaluate

BIGIDEA 3 u-substitution when they recognize that a definite integral in a free-responsea ///J

Analysls of the Integrand is a factor of the derivative of question, students should present the f/;//

Funetions [T a composite function or using integration expresslon for the definite integral,

* Howisintegrating to by parts for anintegrand, udy, thatisrelated  Including endpoints of integration, and an /
I'rndamazs meMtac o to & term in the derivative of the product uy appropriately placed differential. When /
differantiating to find BT OHLY). evaluating an integral without a calculatar, %
slopes? Students also struggle with relating a students should present an appropriate f

symbolic limit of a Riemann sumto thatfmit 21 uaervative; they should include a /
constant of Integration with indefinite

expressad as a definite integral, because of
the complexity of the expressions. To help
students feel more comiortable working with
these expressions, use explicit strategies,
such as halping students to break complex
exprassions into familiar components, or
matching expressions for a definite integral

with the limit of a Riemann sum, and vice versa.

AP Calculus AB and BC Course and Exam Descripion

Intagrals. As always, studants should be
caraful about parentheses usage and
should avoid writing strings of equal slgns
equating expressions that are not equal.
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SPRINGFIELD PuBLic ScHooLs

UNIT

UNIT AT A GLANCE

G Integration and Accumulation of Changé_

E Class Periods
h *~18=-20 CLASS PERIODS (AH)
= Topie Suggested Skills ~15=16 CLASSPERIODS [BC)
3 6.1 Exploring Accumulations s \lze appropriate units of measure.
% of Change
6.2 Approximating Areas EE3 Explain how an epproximated value
with Riemann Sums relates to the actual value,
2
= | 6.2 Riemann Sums, EE identify a re-expression of mathematical
Summation Notation, and information presented in a given
Definite Integral Notatlon reprasentation.
6.4 The Fundamental X Identify an appropriate mathematical
Theorem of Calculus and rule or procedure based on the relaticnship
Accumulation Punctlons betwean concepts (2.g. rate of change
and accumulation) or processes (2.,
i differentiation and its inverse process,
E anti-differentiation] to solve problems.
6.5 Interpreting the Behavior B Identify how mathematical
of Accumulation characleristics or properties of functions are
Functions Involving Area related in different representations.
6.6 Applying Properties of =1 Appty an appropriate mathamatical
Definite Integrals definition, theorem, or test.
6.7 The Pundamental EXX Apply an appropriate mathematical
Theorem of Calculus and definition, theorem, or test.
Definite Integrals
= 6.8 Finding Antiderivatives WE Use appropriate mathematical symbols
E and Indefinite Integrals: and notation (2.9, Represent a derivative
Basic Rules and Notation d)
wusing f*(x), »', and —‘FL
dx
6.8 Integrating Using 3 Apply appropriate mathematical rules or
Substitution pracedures, with and without technology.
8.10 Integrating Functions X3 Apply appropriate mathematical rules or
Using Long Division and procadures, with and without technology.
Completing the Square
continued on next paga

AP Calculus AB and BC Cowse and Exam Description
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= , UNIT
Integration and Accumulation of Change
UNIT AT A GLANCE (cont'd)
£ 4
g Class Periods
: : ~18~20 CL ASS FERIODS (AB)
g Topic Suggested Skills ~16-16 cLASS PERIODS (BC)
6.11 Integrating Using 3 Apply appropriate mathematical rules or
Integration by Parts procedures, with and without technology:
i BC OHLY
=z
E -
6.12 Integrating Using Linear 3 Apply appropriate mathematical rules
Partial Fractions ec onwy or procedures, with and without technology.
; 6.12 Evaluating Improper B3 Apply appropriate mathematical rulas or
5 Integrals sc oy procedures, with and without technology:
6,14 Selecting Techniques for X3 Identify an appropriate mathematical
@ Antidifferentiation rule or procedure based on the classification
of a given expression (eg, Use the chaln
rule to find the derivative of a composite
function).
&= CGo to AP Classroom to assign the Personal Progress Check for Unit 6.
Review the results in class to identify and address any student misunderstandings,
AP Calculus AB and BC Couwrse and Exam Description Course Framework W1 | 113
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Integration and Accumulation of Change

Y e S |
&

SAMPLE INSTRUCTIONAL ACTIVITIES

The sample activities on this page are optional and are offered to provide possible ways to
incorporate various instructional approaches into the classroom. Teachers do not need to use
theze activities or Instructional approaches and are free to alter or edit them. The examples
below were developed in partnership with teachers from the AP commiunity to share ways
that they approach teaching some of the topics in this unit. Please refer to the Instructional
Approaches section beginning cn p. 199 for more examples of activities and strategies.

Activity  Topic  Sample Activity

1 6.3 Quickwrite
Present the class with several examples of definite integrals set equal to Riemann sums

s 3 1
insummation notation, for example, I{x’ +5kx= Iim}:(z)[(—z{nzi] +5]
1.3 = n

Ask students to take five minutes to identify and write about all common elements
between the two expressions and why they think the two expressions are equivalent.
After finishing the five minutes, ask students to share their obsarvations with the class.

2 6.9 Look For a Pattern
Present students with several indefinite integrals and proposed, yet incorrect,

antiderivativas, for mamph,f{5x+ 2 dx = %{51-4-2]” 4, Ask them to check the

antiderivatives by differentiating each and comparing to the ocriginal integrands.

As students see that each antiderivative is incorrect, ask them to identify a pattern
within the errors. Identifying this pattern will establish the foundation for integrating
uging substitution.

3 6.10 0Odd One Qut
To help students select a strategy, form groups of four, presenting each student an
Indefinite integral whose integrand is rational. For each group, include ong integrand
that requires long division or completing the square. Ask students to decide if their
example fits with the group. Identifying the odd one out will help students connect
Integrand form to the appropriale strategy.

AP Calculus AB and BC Course and Exam Degcription Course Framework V1 | 114
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[ UNIT

Integration and Accumulation of Chang_e

SUGGESTED SKILL

1HLIMNIIIHN

et & Communication
Exploring Accumulations | ™"

N

MAAIMIIHHITTITITHnaa

of Change S

Required Course Content

ENDURING UNDERSTANDING

Definite integrals allow us to solve problems invalving the accumulation of change
over an interval.

_

LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE

[GHA-4.A] [GHA-4.A.1

Interpret the meaning of The area of the region between the graph of a
areas associated with the rate of change function and the x axis gives the
graph of a rate of change > accumulation of change.

in context. [CHA-4.A2]

In some cases, accumulation of change can be
evaluated by using geomatry

leHaanal

If & rate of change is positive [negative) over
an interval, then the accumulated change Is
positive (negative),

[CHA-4.A4]

The unit for the area of a region defined

by rate of change Is the unit for the rate )
of change multiplled by the unit for the /
independant variable. /
§
/
)/
%
.
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UNIT

6 Integration and Accumulation of Change
SUCGESTED SKILL
24 Implementing To Plc 6'2
Mathematical - -
o Approximating Areas
@ -
Explain how an
e | With Riemann Sums
ta the actual value.
AVAILABLE RESOURCE Required Course Content
* Classroom Resource »
Reasoning from
Teabular Dats
ENDURING UNDERSTANDING
[Lib-5 |
Dafinite Integrals can be approximated using geometric and numerical methods.
= =
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
[Lm-5.4] LM-5..1]
Approximate a definita Definite integrals can be approximated for
integral using geomatric and functions that are represented graphically,
numerical mathods. > numerically, analytically, and varbally.
[Lim-5.a2|
Definite integrals can be approximated using
a left Rlemann sum, a right Riemann sum, a
midpoint Rlemann sum, or a trapezoidal sum;
approximations can be computed using either
unifarm or nenuniform partitions.
LiM-5.A3
Definite Integrals can be approximated using
numerical methods, with or without technology.
[LIM-B.A4|
Depending on the behavior of a function, it
may be possible to determine whether an
approximation for a definita integral is an
underestimate or overestimate for the value of
the definite integral,
AP Calculus AB and BC Course and Exam Description Course Framework %1 | 116
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( UNIT

SUGGESTED SKILL

Toplc 6.3 4 Connecting
Rlemann sums’ = Representations

Identify a re-expression of

Summation Notation, and | r=z:io
Definite Integral Notation |

Integration and Accumulation of Change

Required Course Content AVAILABLE RESOURCES
* Professional
Development >
Definite Integrals:
ENDURING UNDERSTANDING e
Expressions
= » AP Onfine Teacher
Definite integrals can be approximated using geometric and numerical methods. Community
Discusgsion > How to
—— o "Say" Some of the
LEARNING OBJECTIV o
BJECTIVE ESSENTIAL KNOWLEDGE ¢ At
Interpret the limiting caze The limit of an approximating Riemann sum can :'.‘E:.:ussliun :h:ﬂ"'.“
of the Riemann sum az a beinterpreted as a definlte Integral, L _—
= < & Rlemann Sum
definite integral. >

[LiM-s.82|

A Rlemann sum, which requires a partition of
an Interval I, is the sum of products, each of
which Is the value of the function at a polnt in
a subinterval multiplied by the length of that
subinterval of the partition.

LiM-5.€) LM-5.2.]
Represent the limiting case The definite Integral of a continuous f::ncﬂun
ofthe Rismann sumasa Jover the interval [a, b], dencted I:-:.rj Sx)dx,

definite integral.
is the limit of Rlemann sums as the widths

of the subintervals approach 0. That s,
] n E
I. JlxMx= i Zf':x, JAx, where n s

mardy a0 -y
the number of subintervals, Ax, is the width
of the ith subinterval, and x; Iz a value inthe

ith subinterval.

o

N\

\\.
A

a

[um-BE2

A definite integral can ba translated into
the limit of a related Riemann sum, and the
limit of a Riemann sum can be written asa
definite integral.

\

NN

%

N
k\
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UNIT = —
6 Integration and Accumulation of Change
SUCGESTED SKILL
B it TOPIC 6.4
Mathematical
o The Fundamental
- h f Cal d
oy Theorem of Calculus an
miathematical nide or procedure - -
s Aefri
masesio | Aecumulation Functions
processes to solve problems.
Required Course Content
ILLUSTRATIVE EXAMPLES
For FUN-5.A.1:
flxd=[ e dr. ENDURING UNDERSTANDING
A:.mp:::r:;.::f:uuncﬁ | Fub-s |
Desvsli '>The The Fundamental Theorem of Calculus connects differentiation and integration.
Fundamemntal Theorem -
of Calculus
* Classroom Resource = LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
Functions Defined by [FUR-5.] FuN-5AA]
Integrals A [
Represant accumulation The definite integral can be used to define new
functions using definite functions,
ntegrals. FUN-8.A2
If fis a continuous function on an interval
containing &, then %[_fﬂr]d!]:ﬂx}. where
X isin the interval.
AP Caleulus AB and BC Course and Exam Description Course Framework V1 | 118
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Integration and Accumulation of Change (@

SUGOESTED SKILL

TOPIC 6.5 s
Interpreting the Behavior | ="

Identify how mathematical

of Accumulation amcmsor

are ralatedin different

Functions Involving Area | =

Required Course Content
ENDURING UNDERSTANDING
 FURN-S
The Fundamental Theorem of Calculus connects differentiation and integration.
b = =
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
FUN-S.A [FUN-5.A.3]
Reprasent accumulation Graphical, numerlcal, analytical, and verbal
functions using definite representations of a function fprovide
Integrals. information about the function g defined as
)= [ fidr.
AP Calculus AB and BC Cowse and Exam Description Course Framework V1 | 119
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— | WUNIT

SUGGESTED SKILL

8% hustihoitin TOPIC 6.6
memee | APPlying Properties
of Definite Integrals

Integration and Accumulation of Change

theorem, or tast.

Required Course Content

ENDURING UNDERSTANDING
(FuK-|

Recognizing opportunities to apply knowledge of geometry and mathematical rules
can simplify integration.

_
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE

GTEXY [Fu-6.A4

Calculate a definite integral In some cases, a definite integral can ba
uglng areas and properties of evaluated by using geometry and the
definite integrals. conneclion between the definita integral and

AP Calculus AB and BC Cowrse and Exam Descriplion

area,

FUNH-E.A2

Properties of definita integrals include the
integral of a constant times a function, the
integral of tha sum of two functions, reversal
of limits of Integration, and the integral of a
function over adjacent intervals.

[FuN-8.A3]

The definition of the definite integral may be
extended to functions with removable or jump
diseontinuities.

Course Framework V1 | 120
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= = = = UNIT )
Integration and Accumulation of Change @

Lol
%
%
%
.
SUGGESTED SKILL
TOPIC 6.7 g /
The Fundamental W
Theorem of Calculus /
.
and Definite Integrals " C/;
&
Required Course Content AVAILABLE RESOURCE
* Professlonal
Davelopment > The
Fundamental Theosrerm
ENDURING UNDERSTANDING R
mm . . 2
cognizing opportunities to apply knowledge of geometry and mathematical rules %
can simplify integration. %
- 7
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE ;
s s 7
Evaluate definite integrals An antiderivative of a function fis a function g //
analytically using tho whose derivativeis f “
Fundamental Thacrem of > FuN-88.3] p/
Eeloles If a function  fis continuous on aninterval %
containing a, the function defined by ﬁ
Flx)= I S(t)ddt Is an antiderivative of ffor x 7
in the interval. f/
[FUK-65.3) ; {
If fis continuous on the interval [a, B] and Fis an /
antiderivative of fthen | f(x)dx = F(b)~ F(a) ;///i
7
f’%’;
o
/
i
7
%?
7
7
7
%
N —
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SUGGESTED SKILL TOPIG 6.8

24 Communication

« | Finding Antiderivatives

Use appropriate

mme= | and Indefinite Integrals:
Basic Rules and Notation

Required Course Content

ENDURING UNDERSTANDING

Recognizing opportunities to apply knowledge of geometry and mathematical rules
can simplify Integration.

= s
LEARNING OB.JECTIVE ESSENTIAL KNOWLEDGE
[Fun-6.c| [Fun-se.1]
Determine antiderivatives ¥ ;
GF fiotions o I STt Jf{x]dx ks an indefinite integral of the Ijuncﬂun
integrals, using knowledge > fand can be expressed as _ff{x};ir =F(x)+C,
of derivatives. where F'(x)= f{x)and Cis any constant.
[FuN-6.C.2]
Differentiation rules provide the foundation for
finding antiderivatives.
[Fun-s.c.3|

Many functions do not have closed-form
antiderivatives.

AP Calculus AB and BC Course and Exam Description Coures Framework VM1 | 122
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Integratit.:m and Accumulation of Change ugT

MMM

SUGGESTED SKILL
TOPIC 6.9 Mamasss
Mathematical

Integrating Using —

Substitution oo

procedunes, with and
without technology:

B

TN

Required Course Content AVAILABLE RESOURCES

* Prafessional
Development =
Applying Procedures
for Integration by

ENDURING UNDERSTANDING o ory

m = AP Online Teacher
Recoanizing opportunities to apply knowledge of geomatry and mathematical rules Commusnity

can simplify integration. Discussion >
U-Substitution with

Improper Integrals

S
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
[FuN-8.0) [FUN-80.1)
For integrands Substitution of variables is a technigue for
requiring substitution > finding antiderivatives.
or rearrangements into FUN-8.0.2'
equivalent forms: SN0 A L z
For a definite integral, substitution of variables
(a) Determina indefinite requires correspending changes to the limits of
integrals. integration.
(k) Evaluste definite
integrals,
?
"/
7
f///
AP Calculus AB and BC Course and Exam Description Course Framework M1 | 123 /
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— UNIT

SUGGESTED SKILL

% Implementing
Mathematical
Processes

1.2 ]

Apply appropriate
mathematical rules or
procaduras, with and
wilhiout technobomgy.

Integration and Accumulation of E!hange

TOPIC 6.10

Integrating Functions
Using Long Division and
Completing the Square

can simplify integration.

el

LEARNING OBJECTIVE

FUN-£.D

Forintegrands
requiring substitution
or rearrangements into
equivalent forms:

>

(a) Determine indefinite
integrals.

integrals.

AF Calculus AB and BC Course and Exam Description

(b} Evaluate definita |

Required Course Content

ENDURING UNDERSTANDING

Recognizing opportunities to apply knowledge of geometry and mathematical rules

ESSENTIAL KNOWLEDGE

FUH-5.0.3
Techniques for finding antiderivatives Include
rearrangements into equivalent forms, such as
long division and completing the square.

Course Framawork V1 | 124
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%}’
o S
Integration and Accumulation of Ehange (@T/:
TOPIC 6.11 58 e
- o athematica
Integrating Using =

Integration by Lol

procedures, wilh and

Parts BC ONLY without technology.

MMM

N

Required Course Content

ENDURING UNDERSTANDING
[FuR:s|

Recognizing opportunities to apply knowledge of geometry and mathematical rules
can simplify integration.

NN

e — . 7
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
FUM-&E FUM-B.E.1
Forintegrands requiring Integration by parts is a technique for finding 7
integration by parts: antlderivatives. ec omy

(a) Determine indefinite >

integrals, se onwy

() Evaluate definite
integrals. sc onwy

NN

\
=

AN
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UNIT =
6 ] Integration and Accumulation of Change
SUGGESTED SKILL
4 Implementing TOPIC 6.12
Mathematical I - ] L L]
Processes ntegrating Using Linear
1.E] ° .
A El iate
weese | Partial Fractions Bc onLy
procedures, with and
without technology.
Required Course Content
ENDURING UNDERSTANDING
[FUN-& |
Recognizing opportunities to apply knowledge of geometry and mathematical rules
can simplify integration.
T =
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
FUN-B.F FUH-6.F.1
For integrands requiring Somae rational functions can be decomposed
integration by linear partial Into sums of ratios of linear, nonrepeating
fractions: > factors to which basic integration technigues
{a) Datarmine indefinite canbe applied. sc oy
integrals. ec omy
[t} Evaluate definite
integrals. ve onLy
AP Calcuius AB and BC Couwrse and Exam Description Course Framework V1 | 126
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Integration and Accumulation of Change @—

SUGGESTED SKILL
TOPIC 6-13 22 Implementing
Mathematical

Evaluating Improper Pacss

[ 1.E
Integrals Bc onLY Avoe

procedures, with and
without tachnalkogy.

B

LMIIIIIIIIN

Required Course Content

7
AVAILABLE RESOURCE %
* AP Online Teacher o
Community
i i
ENDURING UNDERSTANDING U-Substitution with 7
Improper Integrals ;/
The use of limits allows us to show that the areas of unbounded regions may %
be finite, 4
i
bt
LEARNING OBJECTIVE ESSENTIALKNOWLEDGE
LiM-5.4 LM-5.A1 ///.-'
Evaluate an improper integral Animproper integral is anintegral that haz one / {

DN

IAMIIIIIIIHHh .

or daterming that the integral or both Bmits Infinite or has an integrand that
diverges. sc ony |> iz unbounded in the interval of integration.
BE OHLY

LIM-E.A.2

Improper integrals can be determined using
limits of definite integrals. ec omwy

AP Calculus AB and BC Course and Exam Description Course Framework W1 | 127
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- UNIT
B 5 Integration and Accumulation of Change
SUGGESTED SKILL
S TOPIC 6.14
Muthematical - .
Prcases Selecting Techniques
m - - » -
wwemwe | fOY Antidifferentiation
procedure based on e
classification of a given
eprassion.
This topic iz intended to focus on the skill of selecting an appropriate procedure for
antidifferentiation. Students should be given opportunities to practice when and how
to apply all learning objectives relating to antidifferentiation.
AP Calculus AB and BC Gourse and Exam Description Course Framework V1 | 128
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AP CALCULUS AB AND BC

UNIT 7

Differential
Equations

‘ﬂ‘Pll APEXAM 6-12% 1s
WEIGHTING s_g% BC

o) CLASS ~8=9 n
|—/ I PERIODS ~9=10 uc
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Remember to go to AP Classroom
to assign students the online
Personal Progress Check for

this unit.

Whether assigned as homework or
completed in class, the Personal
Progress Check provides each
student with iImmediate feedback
related to this unit's topics

and skills.

Personal Progress Check 7

Multiple-choice:
~15 questions (AB)
~20 questions (BC)
Free-response: 3 questions

AP Calculus AB and BC Course and Exam Description Course Framework VM1 | 130
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€3

BIGIDEA 3

Analysis of

Functions [T

= How canwe derive a
maodel for the number of
comparters, G infected
by avinus, given a
meadel for how fast the
computers are being
lnl’eclnd.%ata

particular ime?

AP EXAMWEIGHTING
CGLASS PERIODS

~8=9 ag

6-9%gc
~9=10 &Bc

6-12% s

Differential

Equations

Developing Understanding

In this unit, students will learn to set up and solve separable differential equations, Slope fields
can be used to represent selution curves to a differantlal equation and build understanding
that thera are infinltely many general solutions to a differential equation, varying only by

a constant of integration. Students can locate a unigue solution relevant to a particular
situation, provided they can locate a point on the solution curve. By writing and solving
differential equations leading to models for exponential growth and decay and logistic growth
BC onLY, students build understanding of topics introduced In Algebra |l and other courses.

Building the
Mathematical Practices
3 B e

In this unit, students will translate
mathematical Infoermation from one
represantation to another by matching
equations and slope fields, rewriting verbal
statements as differential equations, and
sketching slope fields that mateh their
symbolic representations. Provide students
with explicit guidance on how to select

an appropriate graphing technigue. As
sludents practice Euler's method, encourage
them to transfer skills using tangent

line approximations, rather than simply
memorizing an algorithm ec ony.

Because the problems in this unit model real-
world scenarios, help students to develop
proficiency in transfarring the mathematical
procedures they'va leamed in “x's and y's" to
equivalent emdronments with variable names
other than x, y, and f. Using differentiation

to confirm that solutions to differential
equations are accurate and appropriate also
helps students to develop an understanding
of what it means to say thal an equation is a
solution to a differential equation,

AP Calculus AB and BC Cowse and Exam Description

Preparing for the AP Exam

Students should practice setling up and
solving contextual guestions invalving
separable differential equations until the
solution strategy becomes routine: separate
variables, antidifferentiate both sides of the
equation and add a constant of integration,
use initial conditions to determine the
constant of integration, and rearrange

tha resulting expression to completa the
solution. Fallure to separate varlables or
amitting the constant of Integration severaly
limits the number of points a student can
earn on the AP Exam. A common error

in antidifferentiation is to assume that all
differential equations involving fractions
have logarithmic solutions, presumably
because some do.

Students should learn to recognize the
forms of differential equations resulting in
exponential and logistic ee enwy models.
These may be used or interpreted without
performing the derivation. Students should
also be reminded that differential equations
give us information about the derivative and
may be used directly to find information
about a slope or rate of change.
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UNIT

—\ 7

Differential Equations

UNIT AT A GLANCE

|

Suggested Skills

Class Periods

»~B8=9 CLASS PERIODS [AB)
»~8=10 CLASS PERIODS (BC)

7.1 Modeling Situations with B3 |dentify a re-expression of mathematical
Differential Equations infoermation presented In a given
representation,
7.2 Verifying Solutions for EXA Confirm that solutions are accurate and
Differential Equations appropriate.

7.3 Sketching Slope Fields

E™3 Identify a re-expression of mathamatical
information presented in & given
representation.

7.4 Reasoning Using Slope
Fields

4o Use appropriate graphing technigues.

7.5 Approximating Solutlons
Using Euler's Methaod
BC ONLY

FUN-7

3 Apply appropriata mathematical rules or
procedures, with and without technology.

7.6 Finding General Solutions
Using Separation of
Varlables

3 Apply appropriate mathematical rules or
procedures, with and without technolagy.

7.7 Finding Particular
Solutions Using Initial
Conditions and Separation
of Varlables

EE3 Apply appropriate mathematical rules or
procaedures, with and without technology.

7.8 Exponentlal Models with
Differential Equations

EXA Confirm that solutions are accurate and
appropriate.

7.9 Logistic Models with
Differential Equations
BC ODHLY

EXd Explain the meaning of mathematical
solutions In conteaxt.

I Go to AP Classroom to assign the Personal Progress Check for Unit 7.

Review the results in class to identify and address any student misunderstandings.

AP Calculus AB and BC Couwrse and Exam Description
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o

. T UNIT
Differential Equations 7

SAMPLE INSTRUCTIONAL ACTIVITIES

The sample activities on this page are optional and are offered to provide possible ways to
incorporate various instructional approaches into the classroom. Teachers do not need to use
these activities or instructional approaches and are free to alter or edit them. The examplas
below were developed In partnership with teachers from the AP commumnity to share ways
that they approach teaching some of the topics in this unit. Please refer to the Instructional
Approaches section beginning on p. 198 for more examples of activities and strategies.

Activity Topic Sample Activity

1 73 Match Mine
Give sludent pairs a blank 3 x 3 game board and nine graphs of stope flelds, each on
a soparate card. Some should be in terms of X only, some in terms of y only, and some
In terme of X and y. Be sure to include at least one trigonometric funclion. Student A
arranges the graphs on the grid without showing Student B and then describes the
arrangemant sa Student B can try to match it on thair own board.,

2 7.6 Numbered Heads Together
Have gach student complete the same problem individually (.., ¥ =2x",

—J'J=_1.v:I +1, or 3pdy = (x4 1)dx). Make sure to use a variety of notation in whatever

problem you pick. Then have students compare answers and procedures within
groups. Students fix any mistakes until they all agree on the same answer.

k| 7.7 Collaborative Poster
7.8 Assign each student a role within their group:
* Separating the varlables
* Integrating both sides
* Finding

* Writing the final particular solution

Then distribute a free-respense question to each group and have them work on their
assigned rales to solve the problem together. Examples inchide the folowing:

2002 Form B #5({b} (not transcendental)
2011 #5(c) (transcendental)
2012 #5(c) {transcendental)
2014 #6(c) (transcendental)

AAAAAEAEHAAEAEAEAEEIE I I IR H NI

@ & & =

o

N\
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UNIT T

—A\ 7

Differential Equations

SUGGESTED SKILL

e ]
2& Connecting
Represenfations

Identify a re-expression of
mathematical information

presented ina given
representation

B

TOPIC 7.1

Modeling Situations
with Differential
Equations

AVAILABLE RESOURCE Required Course Content
* Classroom Resource »
Differential Equations
ENDURING UNDERSTANDING
Solving differential equations allows us to determine functions and develop models.
T
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
[Fun-7.8| [Fut-7.A4]
Interpret verbal statements Differential equations relata a function of
of problems as differential an Independent variable and the function's
equations involving a derivatives.
derivative expression.
AP Calculus AB and BC Course and Exam Description Course Framework V1 | 134
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( UNIT

7

TOP'C 7.2 SUGGESTED SKILL

% Justificalion

Verifying Solutions for | E........
Differential Equations o

Differential Equaﬂuns

\;‘\\(‘\\R\ii\\\ N

E

LM

Required Course Content AVAILABLE RESOURCE

» Classroom Resouwrce >
Differential Equations

ENDURING UNDERSTANDING
[FUN-7
Solving differential equations allows us to determine functions and develop models.
bl == |
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
[FUK-7.8 [FUN-7.8.1|
Verlfy solutions Lo differential Derivatives can be used to verify that a
equations, function Is a solutlon ta a given differential
> equation.
[FuN-7B.2)
There may be infinitely many general solutions //
to a differential equation. z//
7
/
£,
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UNIT
7 Differential Equations
SUGGESTED SKILL
% et TOPIC 7.3
Represenfotions Sk t h - SI L] l
o etching Slope Fields
Identify a re-expression of
mathematical information
presented ina given
representation,
AVAILABLE RESOURCES Required Course Content
» Classroom Resocurce =
Slope Fields
* Classroom Resowrce >
Differential Equations ENDURING UNDERSTANDING
Solving differential equations allows us to determine functions and develop models.
™
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
[FuN-T.C/ [FUN-7.0.]
Estimate solutions to A slope field is a graphical representation of a
differential equations. differential equation on a finite set of peints in
> the plane.
[PUH-7.0.2]
Slope fields provide information about the
behavior of solutions to first-order differential
equations.
AP Calculus AB and BC Cowse and Exam Descriplion Course Framework V1 | 136
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7

DI

Differential Equations ";T
TOPIC 7.4 %E‘::E::::nﬁm
3 - and Notation
Reasoning Using -
Usa appropriate graphing

Slope Fields —
B

y
i
y
iy
Z
%
REQ'I.III'ECI Course Content AVAILABLE RESOURCES /
* Clagsroom Resource >
Slope Fields /
= Classroom Resowrce =
ENDURING UNDERSTANDING Differential Equations /
[FiH-7 |
Solving differential equations allows us to determine functions and develop models.
oy
e ?
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
FUN-7.6| [FUN-7.0.3] 7
Estimate solutions to Solutions to differential equations are functions /
differential equations. or families of functions. /
%
/
7
5;
//
.
e
b,
5
e
7
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] Differential Equations

SUGGESTED SKILL TOPIG 7-5

¥ Impfemenf_ingi - .
Proceses Approximating

m - [ ] -

e | Solutions Using

procedures, with and

~= | Euler’s Method Bc onLy

AVAILABLE RESOURCES Re fﬂlil"Ed Course Content
= Classroom Resource >
Approximetion
* Claggroom Resource =
Differential Equations ENDURING UNDERSTANDING
ETE
Solving differential equations allows us to determine functions and develop modals,
M
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
[FuN-T.C) [FUR-7.0.4
Estimate solutions to Euler's method provides a procedure for
differential equations. approximating a solution to a differential equation
or a point ona solution cunve. ec oLy
AP Calculus AB and BC Couwrse and Exam Description Course Framework V1 | 138
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Differential Equations a

SUGGESTED SHILL

Toplc 7.6 % Implementing
Finding General R
Solutions Using kol

Separation of Variables s =

Required Course Content AVAILABLE RESOURCE
= Classroom Resource »
Differential Equations

ENDURING UNDERSTANDING
[FUH:T
Solving differential equations allows us to determine functions and develop modals.
S T =
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
FUN-7.D| [FUN-T.D]
Determine general solutions Some differential equations can be solved by
Lo differential equations. saparation of variables.
|PuN-7.0.2
Antidifferantiation can be used to find general
solutions to differential equations.

AP Calculus AB and BC Course and Exam Description Course Framework V.1 | 139
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Differential Equations

SUGGESTED SKILL TOPIC 7.7

23 Implementing

e Finding Particular Solutions
- I Using Initial Conditions and

mathematical rules or

i ey Separation of Variables
8

AVAILABLE RESOURCE RE'-'IUifEd Course Content

* Classroom Resource >
Differential Equations

ENDURING UNDERSTANDING

[FUK-T

Solving differential equations allows us to determine functions and develop models.

S 1

LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE

[FuN-7.E] [FUH-7.EA]

Datarmine particular A general solutlon may describe infinitely mamy

solutions to differentizl solutions to a differential equation. There is

equations, > only one particular solution passing through a
given point.
[Fun-72|
The function F defined by F(x)=y, +J: Sir)dt
is a particular solution to the differantial
equation 2 = f(x) satisfying Fa)= y,.
[FuN-7.E3]

I Solutions to differentlal equations may be
subject to domain restrictions.
AP Caleulus AB and BC Course and Exam Description Course Framework V1 | 140
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Differential Equations U;T
TOPIC 7.8 i
Exponential Models with | Z.........

Differential Equations

Required Course Content

ENDURING UNDERSTANDING

Solving differential equations allows us to determine functions and develop maodels.
e

LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE

FUH-2.F] [FuN-7.51]

Interpret the meaning of a Specific applications of finding general and

variables in context. include motion along a line and exponentlal
arowth and decay.

[FUN-T.F2)

The model for exponential growth and decay
that arizes from the statement “The rate of
change of a quantity [s proportional to the size

differential equation and its P particular solutions to differential equations

of the quantity” is%:ky,

|FUN-7.0 FUN-T.G.1|

Determine general and The exponential growth and dacay model,
particular solutions dy o

for problems involving - ky. vith Initial candition y =, when # =0,
differential equations i e

i AR has solutions of the form y= ye".

AP Calculus AB and BC Cowse and Exarn Description

accwate and appropriate.
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Differential Equations

SUGGESTED SKILL TOPIC 7.9

23 Justification

B | LLOGIStic Models

mathematical echutions in

ot with Differential
Equations Bc onLY

Required Course Content

ENDURING UNDERSTANDING

[FUN-7 |

Solving differential equations allows us to determine functions and develop models,
T

LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE

FUH-T.H FUH-T.H.1

Interpretl the meaning of The model for logistic growth that arises from

context. ec omy is jointiy proportional Lo the size of the quantity
and the difference between the quantity and tha

o
camying capacitfls-a-‘,;::k}{a—y}.ncnuw
FUN-7.H.2
The logistic differential equation and initial
conditions can ba Interpreted without solving
the differential equation. sc omuy

FUN-T.H.3
Tha limiting value (carrying capacity)

of a logistic differential equation as the
independent variable approaches infinity can
be determined using the loglstic growth model
and initial conditions. Be ouly

FUM-7.H.4
The value of the dependent varizble in a
logistic differential equation at the polnt when
itis changing fastest can be determined using
the logistic growth model and initial conditions.
BC OHLY

tha logistic growth model in P the statement “The rate of change of a quantity

AP Calculus AB and BC Course and Exam Description Course Frameawork V1 | 142
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AP CALCULUS AB AND BC

UNIT 8

Applications
of Integration

;: AP EXAM 10-15% 15

WEIGHTING 6=9% ..
(o] CLASS ~19=20 :s
|_/_ PERIODS ~13=14 uc

AP Calculus AB and BC Course and Exam Description Courss Framework V1 | 143
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Remember to go to AP Classroom
to assign students the online
Personal Progress Check for

this unit,

Whether assigned as homework or
completed in class, the Personal
Progress Check provides each
student with immadiate feedback
related to this unit's toples

and skills.

Personal Progress Check 8

Multiple-choice: ~30 questions
Free-response: 3 questions

AP Calculus AB and BC Course and Exam Description Course Framework V1 | 144
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UNIT AP EXAM WEIGHTING

CLASS PERIODS

10-15% s
~19=20 ar

6=9% pc
~13-14 &c

BIGIDEA 1

Change 1

= How s finding the
nurmbar of visitors to
o MUEsaUm OYer an
interval of time based
an information about
the rale of entry siméar
Lo findirng the area of a
region between a curve
and the c-axis?

S

Applications of

Integration

Developing Understanding

In this unit, studants will learn how to find the average value of a function, model particle motion
and net change, and determine areas, volumes, and lengths ec oy defined by the graphs of
functions. Emphasis should be placed on developing an understanding of integration that can
be transferred across these and many other applications. Understanding that the area, volume,
and length sc onwy problems studied in this unit are limiting cases of Riamann sums of rectangle
areas, prism volumes, or segment lengths ec omy saves students from memorizing a long list of
seemingly unrelated formulas and develops meaningful understanding of integration.

Building the

Mathematical Practices
l1ofac]ac i

Asin Unit 4, students will need to practice
interpreting verbal scenarios, extracting
relevant mathematical information, selecting
an appropriate procedure, and then applying
that procedure correctly and interpreting
their solution in the context of the problem,
MNow that students have been exposed

to application problems involving both
differentiation and antidifferentiation, some
may struggle to determine which procedure
is applicable. Walk students through different
types of scenarios and explain the underlying
reasons why some situations call for

differentiation while others call for Integration,

This unit also involves geometric applications
of integration. When using the disc and
washer mathods, focusing on orientation
(Le, horizontal or vertical) will help students
determine whether the “thickness" iz with
respect to x or y. Students should practice
solving variations on these calculus-basad
geometry problems until they can decide
which variabla to Integrate with respect
towithout prompting. Relating graphical
rapresantalions to symbolic representations,
guch as Riemann sums and definite integrals,

AP Calculus AB and BC Courge and Exam Description

develops these skills and helps students to
master the content.

Preparing for the AP Exam

Onithe AP Exam, students need to ldentify
relevant information conveyed Invarious
representations. Key words, such as
“accumulation” or *net change,” help to identify
mathematical structures and comesponding
solution strategies, Some students confuse
the average value and the average rate of
change of a function on an interval To alleviate
confusion, first provide students with average
value problems accompanied by relevant
araphs and guide them to an understanding of
why an average value may be less than, equal
to, or greater than the midpoint of the range.
Then review average rate of change problems
from Unit 2 and present students with free-
response questions that will allow them to
practice distinguishing between average value
and average rate of change problems.

In free-response questions, continue

to require students to show supporting
work by presenting a correct expression
using appropriate notation and the
mathematical structures of solutions, asin

v=r[[(£(x)-3) ~(g(x)-3) Ja,

for example.

Course Framework V1 | 145
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3 UNIT

8 Applications of Integration

UNIT AT A GLANCE

Class Periods
i ~19-20 CLASS PERIODS (AB)
Topic Suggested Skills ~13-14 CLASS PERIODS [BC)
8.1 Finding the Average X Apply appropriate mathematical rules or
Value of a Function on an procedures, with and without technaology.
Interval
8.2 Connecting Position, X Identily an appropriate mathematical ule
Velocity, and Acceleration of procedure based on the relationship between
I of Functions Using concepls (ag, rate of change and accumulation)
= Integrals of processas (eg., differentiation and its inverse
process, anti-differentiation) to solve problems.,
8.3 Using Accumulation EX Apphy an appropriate mathematical
Functions and Definite definition, theorem, or test.
Integrals in Applied
Contexts
8.4 Finding the Area Between &€ lse appropriate mathematical symbols
Curves Expressed as and notation {e.g. Represent a derivative using
Functions of x dy
x), ¥, and =),
Fixhy =
8.5 Finding the Area Between 3 Apply appropriate mathematical rules or
Curves Expressed as procedures, with and without technology.
Functions of y
8.6 Finding the Area Between EE Identify mathematical Information from
Curves That Intersect at graphical, numerical, analytical, andfor verbal
w More Than Two Points representations.
o
5
8.7 Volumes with Cross EXa Apply an appropriate mathematical
Sectlons: Squares and definition, theorem, or test.
Rectangles
8.8 Volumes with Cross EXd Apply an appropriate mathematical
Sections: Triangles and definition, thearem, or test,
Semicircles
8.9 Volume with Disc EX Apply an appropriate mathematical
Method: Revolving Around  definition, theorem, or test.
the x- or y-Axis
conlinued on next page

AP Calculus AB and BC Course and Exam Description
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Applications of Integration

UNIT AT A GLANCE (cont'd)

Class Periods
~19=20 CLASS PERIODS (Ag]
g Topic Suggested Skills ~13~14 CLASS PERIODS [BC)
8.10 Volume with Disc X1 Identify how mathemalical characteristics
Method: Revolving or properties of functions are related in
Around Other Axes different representations.
w  8.11 Volume with Washer WE Apply appropriate rounding procedures.
< Method: Revolving
& Around the x- or y-Axis
8.12 Volume with Washer EXA Idantify how mathematical characteristics
Method; Revolving or preperties of functions are related In
Around Other Axes diffarent representations.
o 813 The Arc Lengthofa EX] Apply an appropriate mathematical
- Smaooth, Planar Curve definition, thearem, or test.
z and Distance Traveled
BC ONLY
@ Go lo AP Classroom to assign the Personal Progress Check for Unit 8.
Review the results in class to identify and address any student misunderstandings.
AP Calculus AB and BC Cowrse and Exam Description Course Framowork V1 | 147

Raluin to Table of Contents

AARMHHIHHHHHTHHTHiaa

MAMMHHHTINN

e

MMTNN

DML

N

MM




SPRINGFIELD PusLICc ScHooLs
ENGAGING STUDENTS » FOSTERING ACHIEVEMENT » CULTIVATING 211 CENTURY GLOBAL SKILLS

- UNIT -
8 Applications of Integration

SAMPLE INSTRUCTIONAL ACTIVITIES

The sample activities on this page are optional and are offered to provide possible ways to
incorporate variows instructionsl approaches into the classroom. Teachers do not need to use
these activities or instructional approaches and are free to alter or edit them. The exemples
below were developed In partnership with teachers from the AP community to share ways
that they approach teaching some of the topics in this unit. Please refer to the Instructional
Approaches section beginning on p. 199 for more examples of activities and strategies.

Activity Tople Sample Activity

1 8.1 Scavenger Hunt
Post around the room 8-10 problem cards, each of which also Includes a solution to
@ previous protdem. Inchude average value problems with tables and functions; also
include tables that have values from 0 to 16, for example, but where the average value is
avily an the interval from 0 to 12 Card 1 could say: Find the average value of f{x) = sin(x)
on the interval [0, 1], A second card would have the answer to trnmard{z] along with

I

a naw question: Find the average value of f{x) = 32" ~ 3 on [1, 3]. A third card would
have that answer (10) and so on. The answer to the last card goes on top of the
first card,

2 8.6 Round Tabla
In growps of four, each student has an identical paper with the sama free-response
question (g, 2015 AB #2{a)), along with four labeled boxes represanting steps in tha
problem:
= |dentify all points of intersection.

= Satup the integral(s).
= Integrate by hand.
* Integrate using a calculator.

Have students complete the first step on thelr paper, and then pass the paper
clockwise to another member in their group. That student checks the first step and
then completes the second step on the paper. Students rotate again and the process
continues until each student has their own paper back.

3 89 Quiz-Quiz-Trade
8.10 Create cards with problems revolving around the x- or y-axis and others revelving
811 around ather axes (2.4, y=xor y=13]. Give each studant & card and have tham write
812 their answer on the back. Students quiz a partner about their own card then switch

cards and repeat the process with a new parlner.

For the first round, concentrate on just setting up the integrals (e.g., 2009 AB Form B
#4(c), 2010 AB/BC #4(b), 2011 AB #3(c). and 2013 AB #5{b)).

In the secend reund, studenls can usa their calculators to find the valume (eg., 2001
AB #1(c), 2006 AB/BC #1(b), 2007 AB/EC #1(b), and 2008 AB Form B #1[b)).

AP Calculus AB and BC Cowse and Exam Description Course Framawork V1 | 148
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. i i UNIT
Applications of Integration B
TOPIC 8.1 SUGGESTED SKILL
= 92 Implementing
- — Mathematical
Finding the Average Procese
o 1€}
Value of a Function Aoy o
mathematical rubss or
proceduras, with and
on an Interval e
[E
Required Course Content AVAILABLE RESOURCE
= Professional
Development >
Imberpreting Context
ENDURING UNDERSTANDING T —
| CHA-4 |
Definite integrals allow us to solve problems Involving the accumulation of change
over an intarval.
L
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
|cHA-48] lena-ama)
Determine the average The average value of a continuwous function
;:[;.::ﬂzr;g;;{:n M Jover aninterval [o, b) is ﬁ f Jlx)dx.
E/ |
é
Z
7
4/,
7,
.
s
7
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Applications of Integration

SUGGESTED SKILL
88 Implementing Toplc 3'2
Mathematical - .y .
. Connecting Position,
- L
et oe| VEI d Accel f
e e | VE10CILY, @n celeration o
basad on the refationship & -
e | Fum Using Integral
processes to sobve problems. Ctlons Slng ntegr s
Required Course Content
AVAILABLE RESOURCE
= Classroom Resource >
Motion
ENDURING UNDERSTANDING
[CHA |
Definita Integrals allow us to solve problems invabving the accumulation of change
avar an interval.
T
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
(CHAc] CHA4.C.1)
Determine values for For a particle in rectilinear motion over an
positions and rates of change interval of time, the dafinite Integral of velocity
using definite integrals > represents the particle’s displacement over
in problems involving the interval of time, and the definite integral of
rectilinear moticn. speed represents tha particle's total distance
traveled over the interval of tima.
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* UNIT Y —
Applications of Integration 8

TOPIC 8.3 PR
Using Accumulation - AR

mathematical dafinition,

Functions and Definite oo

0 LN

v
i
. . 7
Integrals in Applied Contexts 7
B 7
7
Required Course Content AVAILABLE RESOURCE f//i
= Professional //
Development > §
Interpreting Context /
ENDURING UNDERSTANDING TT— N /
Definite integrals allow us to solve problems involving the accumulation of change v/
over an interval. %‘.
=T e < I %
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE 7/
GhAc4 (A4 7
Interpret the meaning Afunction defined as an integral represents an ,f%
of a definite integral in aceumulation of a rate of change. w
accumulation problems. > CHEERS] ’ /
The definita integral of the rate of change of a 7
quantity over an interval gives the net change /
of that quantity over that interval, /{//
[cHA-4E] |cHA-4EA| %J
Determine net change using The definite integral can be used to express //
definite integrals in applied information about accumulation and net %
contexts. change in many applied contaxts. /
7
2
%
2
.
7
¥ 7
%’
o
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. UET Applications of Integration B
% commmnicain | TOPIC 8.4

and Notalion - -
- Finding the Area Between

w | Curves Expressed
as Functions of x

Required Course Content

ENDURING UNDERSTANDING
{CHA:S |

Definite integrals allow us to solve problems involving the accumulation of change in
area or volume over an interval.

5
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
cHA-5.4] [cHa-s.a1]
Calculate areas in the plang Areas of regions in the plane can ba calculated
using the definite integral. with definite integrals.
AP Caleulus AB snd BC Course and Exam Description Course Framawork V1 | 152
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\\\\\_

—
o

N\

T T e UNIT
Applications of Integration @

- s
Finding the Area Between | =

Curves Expressed rorpte

procedues, with and

as Functions of y oo

Required Course Content

AN

N

ENDURING UNDERSTANDING

o

[ CHA-S | Z
Definite integrals allow us to solve problems imvolving the accumulation of changein %’i
area or volume aver an interval, y///

s
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE

CHA-5.A| [cHA-B.A2|

Calculate areas in the plang Areas of regions in the plane can be caleulated
using the definite integral. using functions of efthar x or y.

N

\

LM
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_ Applications of Integration B

SUGOESTED SKILL
S8 i TOPIC 8.6
Representations ™ -
i Finding the Area Between
kentify mathematical
information from graphical,
numerical, analytical, andior C I “ Th t I t t t
werbal representations. u es a n ersec a-
More Than Two Points
Required Course Content
ENDURING UNDERSTANDING
[CHAss |
Definite Integrals allow us to solve problems Involving the accumulation of changa In
area or volume over an interval.
= o
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
[cHA-EA] [cHA-5AE
Calculate areas In the plane > Areas of certain regions in the plane may be
using the definite Integral, calculated using a sum of two or more definite
integrals or by evaluating a definite integral
of the absolute value of the difference of
two functions.
AP Calculus AB and BC Course and Exam Description Cowse Framework V1 | 154
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Applications of Integration ; “§T
SUGGESTED SHILL
Toplc 8.7 % Justification

Volumes with . S

malhemalical definition,

Cross Sections: Squares | ™=«
and Rectangles

N

Required Course Content

MMM

ENDURING UNDERSTANDING 7
B 7
Definite integrals allow us to solve problems involving the accumulation of changein 2/4‘
area or volume over an interval. /

NN

7
7

s
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE

CHA-5.8) [cHA-5.8.1]

e el
Calculate volumes of solids > Volumes of solids with square and rectangular
with known cross sections cross sections can be found using
using definite integrals. definite integrals and the area formulas for
these shapes.
AP Calculus AB and BC Course and Exam Description Course Framework V1 | 155
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= UNIT
8 Applications of Integration
B TOPIC 8.8
e | VOlUMes with Cross

= Sections: Triangles

5 and Semicircles

ILLUSTRATIVE EXAMPLES Required Course Content

¢ Nustralive cxamples of
other cross sections in
CHA-5.8.3;

. ;;h““ﬂ'“mﬂ of a funnel ENDURING UNDERSTANDING

058 Cross sections

are circles can be found m
using the area formula Definite integrals allow us to solve problems involving the accumulation of change in
ek & ol nd] tlalindie area or volume over an interval,
Integrals (see 2016 AB
Exam FRQ #5(b]). —— -

* * The volume of a solid
whose cross sectional LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
anga 5 defined usinga T i !l:?lm:'
functioncanbafound | 2~ S e e
using the known area Calculate volumes of solids Vaolumes of solids with triangular cross
function and a definite with known cross sections seclions can be found using definite Integrals
integral [ses 2003 AB using definite integrals. > and the area formulas for these shapos.

Exam FRQ #4(c)), CHASES

Volumes of solids with semicircular and othar
geometrically defined cross sections canbe
fiound using definite Integrals and the area
formulas for these shapes.

AP Calculus AB and BC Course and Exam Description Course Framework V1 | 166
Raturn to Table of Contents




1 SPRINGFIELD PusLIc ScHooLs
ENGAGING STUDENTS * FOSTERING ACHIEVEMENT ¢ CULTIVATING 21st CENTURY GLOBAL SKILLS
» . a UNIT —
Applications of Integration 8

TOPIC 8.9 % Justfcation
Volume with Disc - S—

Method: Revolving e o
Around the x- or y-Axis

o~

o

Required Course Content

ENDURING UNDERSTANDING
cHAS

Definite integrals allow us to solve problems invalving the accumulation of change in
area or volume over an interval,

R
DN

—
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE

CHA-5.C| [CHA-5.C.1|

Calculate volumes of solids Volumes of solids of revolution around the

of revolution using definite X- or y-axis may be found by using definite
integrals, integrals with the disc method.

W

DN

DI

DN

\

DN

S

AP Calculus AB and BC Course and Exam Description Course Framework V1 | 167
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; uaT _Applicat_i_qns of Integration
ILL
6 orciains TOPIC 8.10
Representations ™ s
o Volume with Disc
Identify how mathematical

e | Method: Revolving
Around Other Axes

Required Course Content

ENDURING UNDERSTANDING
[CHA:S

Definite integrals allow us to solve problams Involving the accumulation of change in
area or volume over an interval.

S =
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
CHA-S.C. [cHa-s.ca]
Calculate volumes of solids Volumes of sollds of revolution around any
of revolution using definite herzontal or vertical line in the plane may
integrals. be found by using definite integrals with the
disc mathad.
AP Calculus AB and BC Course and Exam Description Cowrse Framework M1 | 188
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Applications of Integration @D:

Toplc 8-1 1 %ﬂﬁl:::n?:n?;mn
Volume with Washer g

Apply appropriate rounding

Method: Revolving .
Around the x- or y-Axis

\\\&\\\%\Q\\\\\\‘\ M.

Required Course Content /
o
ENDURING UNDERSTANDING %
[CHAS | 7,
Dafinita Integrals alow us to solve problems Involving the accumulation of change in //
area or volume over an interval. /‘/4
i
$ = %
7
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE 7 //
Calculate volumes of solids > Violumaes of solids of revolution around the x- or %
of revelution using definite y-axis whosa cross sections are ring shaped /
integrals. may be found using definite integrals with the //
washer method. %
0
o
%
AP Calculus AB and BC Course and Exam Description Cowrsa Framework V1 | 158
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UNIT ——— .
8 Applications of Integration

SUGGESTED SKILL TOPIC 8.12

% Connecting

m | Volume with Washer

dentify how mathematical

immesss | Method: Revolving

:ﬂwm Around Other Axes

AVAILABLE RESOURCE Required Course Content

* Classroom Resource >
Volumes af Salids of
Revolution

ENDURING UNDERSTANDING
[CHAS|

Definite integrals allow us to solve problems involving the accumulation of change in
area or volume ovar an interval,

T
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
Calculate volumes of zolids Violumes of solids of revolution around any
of revolution using definite harizontal or vertical line whose cross sections
Integrals. are ring shaped may be found using definite
integrals with the washar mathod.
AP Calculus AB and BC Course and Exam Description Course Framework V1 | 160
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Applications of Integration | 8

UNIT

TOPIC 8.13

SUGGESTED SHKILL
33 Justification

The Arc Length of a - -

mathematical definition,

Smooth, Planar Curve and | ==

Distance Traveled Bc onLY

Required Course Content
ENDURING UNDERSTANDING
E
Definite integrals allow us to solve problems Involving the accumulation of change in
Iength over an interval,
T
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
CHA-5.A] [cHA-6.A1

Determine the length of a
curve in the plane defined
by a function, using a
definite inteagral. sc oxwr

The length of a planar curve defined
by & function can be calculated using a
definite integral. sc ony

AP Caleulus AB and BC Course and Exam Descriplion Course Framework V1 | 161
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AP CALCULUS AB AND BC

UNIT 9 Bc onLY

Parametric
Equations, Polar
Coordinates, and
Vector-Valued
Functions

h 1
. AP EXAM
AP WEIGHTING 11-12% s oy

(o] CLASS e
l_/_. PERIODS 10-11

AP Calculus ABand BC Cowse and Exam Description Course Framework M1 | 163
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Remember to go to AP Classroom
to assign students the online
Personal Progress Check for

this unit.

Whether assigned as homework or
completed in class, the Personal
Progress Check provides each
student with immediate feedback
related to this unit's topics

and skills,

Personal Progress Check 9

Multiple-cholce: ~25 questions
Free-rasponse: 3 guestions

AP Caleulus AB and BC Course and Exam Description Course Framework W1 | 164
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]

BIGIDEA 1

Charige

= Hew canwa model
motion not constrained
to a Bnear path?

BIGIDEA 3

Analysis of

Functions

* How does the chain
rule help us Lo analyze
graphs definad using
paramatric eguations or
polar functions?

AP EXAMWEIGHTING
CLASS PERIODS

~11=12%pc
~10-11 Bc

Parametric Equations,
Polar Coordinates, and
Vector-Valued Functions

Developing Understanding

In this unit, students will bulld on thelr understanding of straight-line motion to solve problems in
which particles are moving along curves in the plane. Students will define parametric equations
and vector-valued functions to describe planar motion and apply caleulus to solve motion
problems Students will leam that polar equations are a special case of paremetric equations and
will apply calculus to analyze graphs and determing lengths and areas. This unit should be treated
as an opportunity to reinforce past leaming and transfer knowledge and stlls to new situations,
rather than as a new st of facts or strategies to memorize.

Building the
Mathematical Practices

As students transition to parametric and
viector-valued functions, theyll need to
practice previowsly leamed concepts and
skills to reinforce the new procedues and
representations they're learning in Unit 9.

As with particle motion on a line, students
learning to handle motion in the plana will need
to practice interpreting which procedureis
needed for different scenarios {differentiation
or integration) and sohing for speed, velocity,
distance traveled, or initlal position.

Reinforce the importance of precise
notation, particularty regarding the variable
of differentiation, as well as cormect
application of the chain rule. Leibniz notation
helps students to remember how to find

the dertvative of y with respect to.x for
coordinates defined using the parameter ;

dy

A ﬂ=ﬂﬂ okl it

de  dx  dr dy’ df
dt

Since — dy Is in terms of I, students must be
dx dy

particularly careful when determining e
X

Similarhy, using definite integrals to reprasent
lengths and areas defined by polar curvesis

AP Calculus AB and BC Course and Exam Description

based on the same principles as calculating
lengths and areas defined by the graphs

of more familiar functions (e, the imit of a
Riemann sum). Students will need to practice
with trigonometric idantities, radian measures
and formulas for arc kength and area of a
sector to relnforce practice with associated

calculus topics.
Preparing for the AP Exam

While students need more experience shifting
mindsets from rectanguiar to polar coordinate
systems, errors in arithmetic, algebra,
trigonometry, and procedures such as the
chaln rule are often even more problematic.
Provide opportunities for students to
reinforce famiar skills and concepts as they
practice new technigues in preparation for

the AP Exam. As with analysis of graphs, sign
charts can be useful tools for Identifying
answers to questions about the direction

of motion or whether speed Is Increasing or
decreasing. for example. To earn points for
justification, howeaver, students must connect
their work to a relevant definition or theorem,
as in tha Scoring Guidelines for 2017 ABS.
Continue to emphasize accounting for initial
values, as In past units, as well as precise
communication and notational fluency. Paying
attention to subscripts in problems invohving
maore than one particle is essential to clear
communication

Course Framework V1 | 185
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UNIT

UNIT AT A GLANCE

§
0o

Suggested Skills

9 Parametric E&uatim_:s. Polar Coordinates, and Vector-Valued Functions

Class Periods

~10-11 CLASS PERIODS

9.1 Defining and
Differentiating Parametric
Equations

EX Identify how mathematical
characteristics or properties of functions are
related in different representations.

CHA-3

9.2 Second Derivatives of
Parametric Equations

3 Apply appropriate mathematical rules or
procedures, with and without technology.

9.3 Finding Arc Lengths
of Curves Given by
Parametric Equations

CHA-G

EEJ Identify an appropriate mathematical
rule or procedure based on the relationship
batween concepts (2.9, rate of change
and accumulation) or processas (e.g.,
differentiation and its Inverse process,
anli-differentiation) to solve problems.

9.4 Defining and
Differentiating
Vector-Valued Functions

CHA-3

EE1 Identify an appropriate mathematical
rule or procedura based on the relationship
between concepts (2.g, rate of change

and accumulation) or processes (e.q.,
differentiation and its inverse process,
anti-differantiation) to solve problems.

9.5 Integrating Vector-
Valued Functions

3 Apply appropriate mathematical rules or
procedures, with and without technology.

FUN-8

9.6 Solving Motlon Problems
Using Parametric and
Vector-Valued Punctions

5 Apply appropriate mathematical rules or
procedures, with and without technology.

9.7 Defining Polar Coordinates
and Differentiating in
Polar Form

FUN-3

EX Identify how mathematical
characteristics or properties of functions are
related in different representations.

9.8 Find the Area of a Polar
Region or the Area Bounded
by a Single Polar Curve

EX] Apply an appropriate mathematical
definition, theoram, or tast,

CHA-5

8.9 Finding the Area of the
Region Bounded by Two
Polar Curves

EX Apply an appropriate mathematical
definition, theoram, or lest.

Go to AP Classroom Lo assign the Personal Progress Check for Unit 9.

ks Review the results in class to identify and address any student misunderstandings.

AP Calculus AB and BC Cowrse and Exam Description
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UNIT

Parametric Equations, Polar Coordinates, and Vector-Valued Functions ( 9

SAMPLE INSTRUCTIONAL ACTIVITIES

The sample activities on this page are optional and are offered to provide possible ways to
incorporate various instructional approaches into the classroom. Teachers do notneed to use
these activities or instructional approaches and are free to alter or edit them. The examplas
below were developed In partnership with teachers from the AP community to share ways
that they approach teaching some of the topics in this unit. Please refer to the Instructional
Approaches section beginning on p. 199 for more examples of activities and strategies.

Activity Topie  Sample Activity

1 9.2 Humbered Heads Together
Organize the class into grovps of four and give each student a number, Give the
class one set of parametric equations and have students indrvidualty find the second
derivative. When all students ina group heave finished, havie them stand up to discuss
their answers, make any necessary corections, and then sit back down. Choose a
group and call a specific student number 5o that the student can share the answer with

the class.
2 2.5 Scavenger Hunt
9.6 Create cards contalning a paramatric initial valua question and the answer to a different

question, Students can starl al any question, mowving around the room to make a full
circuit of all questions cnce complete. Focus on giving students an initial value and
asking for one or both eompenent values at a different - or x-value (e.g., A1 =21,

¥(6)=rcos{t), and position|s (2, 1) al { = & Find position ntr:%.].

3 9.8 Create Representations
Ghe students polar equations of various types: circle, Bmagon with inner loop, cardiold,
dimpled imagon, rose curve, or lemniscates, Have students create a table of values,
shatch the graph of the curve using rectangular coordinates, and sketch tha graph of
the curve using polar coordinates. Preface this acthity by modeling the steps with one
furection on large paper, using wiki sticks to show the y-values as helghts becoming the
r-values as radii

4 8.8 Paraphrasing
Giva students a proof which derives the polar area formuta, Ask them to restate the
meaning and derivation of this formuta in their own words, Have them also compare
and contrast this formula to the integration used to find areas under functions in the
Cartesian coordinate system.

5 2.9 Stand Up, Hand Up, Pair Up
Ghva each palr of students a polar area quasticn to solve. Once they have completed
both reles obtalning only the integral setup, have them use a calculator to find the
nuemeric solution and confirm with you bafors standing up to switch pairs.

AP Calculus AB and BC Course and Exam Description Course Framework V1 | 187
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UNIT

Parametric Equations, Polar Coordinates, and Vector-Valued Functions

SUGGESTED SKILL TOPIC 9.1

2% Connecting

- Defining and

==a: | Differentiating Parametric

S Equations

AVAILABLE RESOURCES Required Course Content
» Classroom [esounce >
Vectors
» External Resource >
Davidson Next ENDURING UNDERSTANDING
| GHAS |
Derivatives allow us to solve real-waorld problems involving rates of change.
M

LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE

lcHA-3) [eHA-20.4)

Calculate derivatives of Methods for calculating derivatives of

parametric functions. real-valued functions can be extended to

B OHLY > parametric functions. ec oxwy
[cHA-36.2]
For a curve defined parametrically, the value
of '%ata point on the curva is the slope of
the line tangent to the curve at that point. i—f..
the slope of the line tangent to a curve defined
using parametric equations, can be determined
by dividing ‘f_}'hyﬂ provided X doez not

dt =~ di ot
equal zero. e oHLY
AP Calculus AB and BC Course and Exam Description Course Framework V)1 | 168
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05k AEAAEAEAAAAEEBEEFEBERBRE TP T

Parametric Equations, Polar Coordinates, and Vector-Valued mmcmT@

SUGGESTED SKILL

TO PIC 9.2 #& Implementing
- - Mathematical
Second Derivatives of Procses
- - 1.}
Parametric Equations Aot s
mathematical nules or
procedures, with and
without technalogy.
B]
Required Course Content AVAILABLE RESOURCES
* Classroom Resource >
Vectors
= External Resource >
ENDURING UNDERSTANDING Davidson Next
Derivatives allow us to solve real-world problems Involving rates of change.
Jes B
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
CHA-3.6] leHa-3.0.3]
g::;ﬁmgm:;ﬁ:ﬁf > % can be calculated by dividing %(:x—f]
DG OHLY Az
by —. be oMLY
ot

AP Calculus AB and BC Course snd Exam Description Course Framework V1 | 169
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@ Pacunelric Ex etric Equations, Polar Coordinates, and Vector-Valued Functions

SUGGESTED SKILL TOPIC 9.3

3@ Imp]‘emert!_ing& = %
_m=" | Finding Arc Lengths
saeeeee | Of Curves Given by

procedure basad on the

.. | Parametric Equations

sobve prohlems.

=

Required Course Content

AVAILABLE RESOURGES
= (lassroom Resounce >

Vectars ENDURING UNDERSTANDING
* External Resource >
Davidson Mext m

Definite integrals allow us to solva problems involving the accumulation of change in
length over an interval.

LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE

lcHA-6.8 |eHA-6.8.1)
Determina the length of a Thelength of a parametrically defined curva
cunve in the plane defined by can be calculated using a definite integral.
parametric functions, using a B ONLY
definite Integral,
BE OHLY
AP Calculus AB and BC Cowrse and Exam Description Course Framework V1 | 170
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Parametric Equations, Polar Coordinates, and Vector-Valued Functions @:

TOPIC 9.4
Defining and Differentiating
Vector-Valued Functions

Required Course Content

ENDURING UNDERSTANDING
[ CHAa
Derivatives allow us to solve real-world problems involving rates of change.
T
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
CHAIH] [cHA-aH.1|
Calculate derivatives of Mathods for calculating derivatives of real-

vector-valued functions. valued functions can be extendad to vector-
BE DHLY valued functions. ec onvy

AP Calculus AB and BC Course and Exam Description

SUGGESTED SKILL

2@ Implementing
Mathematical

FProcesses
1.0

Identify an appropriate
mathematical rule or
procedure based on the
relationship bebween
concepls or processas to
sobve probiems.

B

AVAILABLE RESOURCES

= Classroom Resource >
Vectors

= External Resource »
Davidson Next

Course Framework V.1 | 171
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@ Parametric Equations, Polar Coordinates, and Vector-Valued Functions

SUGGESTED SKILL TOPIC 9.5

% Imp!ement_fn;} 2
Prcass Integrating Vector-

1.6} -

fopy sopromrite Valued Functions

procedures, with and
without technology.

B

AVAILABLE RESOURCES Required Course Content
= Classmoom Resource »
Vectors
= External Resource =
Davidson Next ENDURING UNDERSTANDING
Fun-E |

Solving an initial value problem allows us to determine an exprassion for the position
of a particle moving In the plane.

Vo
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
FUK-B.A| [FuN-B.8.1]
Detarmine a particular Mathods for calculating integrals of real-valuad
solutlon given a rate vector functions can be extended to parametric or
and Initial conditions. vector-valued functions. se onwy
BC OHLY
AP Calculus AB and BC Course and Exam Description Course Framework VM1 | 172
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Parametric Equations, Polar Coordinates, and Vector-Valued Functions |

UNIT

TOPIC 9.6
Solving Motion Problems
Using Parametric and
Vector-Valued Functions

SUCGESTED SKILL

?3 Implementing
Mathematical
FProrcezsses

m|m
Apply appropriate

mathematical rules or
procedures, with and
without tachnology.

B

Required Course Content

ENDURING UNDERSTANDING
(FUH:5|

Solving an Inftal value problem allows us to determine an expression for the positicn
of a particle moving in the plane.

_
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
FUN-88] [FuN-88.1]
Determine values for > Derivatives can be used to determine velocity,
positions and rates of change speed, and acceleration for a particle moving
in problems involving planar along a curve in the plane definad using
mation. ec onwy parametric or vector-valued functions.

BC DHLY

[FUN-88.3]

For a particle in planar motion over an intenval
of time, the definite integral of the velocity
vector represents the particle’s displacement
{nat change in position) over the interval

of time, from which we might determine

its position. Tha definite integral of speed
represents the particle's total distance traveled
over the interval of time. sc onwy

AP Calculus AB and BC Cowrse and Exam Description

AVAILABLE RESOURCES
* Classroom Resource =
Vectors
» External Rasource =
Davidson Next
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UNIT -
§ 9 Parametric Equations, Polar Coordinates, and Vector-Valued Functions
SUGGESTED SKILL
98 Connecting TOPIC 9.7
Representations - - -
o Defining Polar Coordinates and
Identify how mathematical = s s >
romebsiies Differentiating in Polar Form
properties of functions
are related in different
representations.
AVAILABLE RESOURCE Required Course Content
* External Resource >
Davidson Next
ENDURING UNDERSTANDING
[FUR-3 |
Recognizing opportunities to apply derivative rules can simplify differentiation.
S ==
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
[Fun-3.0 [FUN-3.0.1
Calculate derivatives of Mathods for calculating derivatives of real-
functions written in polar valued functions can be extended to functions
coordinates. Be only > in polar coordinates. sc onwy
[Fun-20.2
For a curve given by a polar aquation r=f(f),
derivatives af r, x, and y with respect to 8 and
first and second derivatives of y with respect to
X can provide information about the curve.
BC OHLY
AP Calculus AB and BC Course and Exam Description Course Framework V1 | 174
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PaTametric Equations, Polar Coordinates, and Vector-Valued Functions 9

SUGGESTED SHILL
TOPIC 9.8 24 Justification
.
Find the Area of a Polar m
: mothemotica dofiition
Region or the Area Bounded v, ek
w
by a Single Polar Curve
E
Required Course Content AVAILABLE RESOURCE
= External Resource »
Davidson Next
ENDURING UNDERSTANDING
| CHAS |
Definite integrals allow us to solve problems involving the accumulation of change in
area or volume over an interval.
T
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
[cHA-8.0) lcHA-5.0.9)
Caloulate areas of regions The concept of calculating areas In rectangular
defined by polar curves using coordinates can be extendad to polar
definite integrals. se onwy coordinates. se oMy
AP Calculus AB and BC Course and Exam Description Course Framework V.1 | 175
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UNIT

Parametric Equations, Polar Coordinates, and ‘F.Fector-Valued_Pﬁtm_ction_s

SUGGESTED SKILL ' TOPIC 9.9

4 Justification

@ . | FiNAing the Area of

mathematical definition,

S the Region Bounded

. by Two Polar Curves

AVAILABLE RESOURCE Required Course Content
= External Resource =
Davidson Next
ENDURING UNDERSTANDING
[CHAS

Definite integrals allow us to solve problems involving the accumulation of change in
area or volume over an interval.

g
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
[cHA-5.0] [cHA-5.02|
Calculate areas of regions Areas of regions bounded by polar curves can
defined by polar curves using be calculated with definite integrals. ec onwy

definite Integrals, ec omy

AP Calculus AB and BC Course and Exam Description Course Framework M1 | 176
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AP CALCULUS AB AND BC

UNIT 10 BC ONLY

Infinite
Sequences
and Series

]  APEXam “
AP WEIGHTING 17-18% sconvy

o) CLASS
| eerops ~17-18

AP Calculus AB and BC Gourse end Exam Description Courss Framework W1 | 177
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Remember to go to AP Classroom
to assign students the online
Personal Progress Check for

this unit.

Whether assigned as homework or
completed in class, the Personal
Progress Check provides each
student with immediate feedback
related to this unit's topics

and skills,

Personal Progress Check 10

Multiple-cholce: ~45 questions
Free-response: 3 guestions

AP Calculus AB and BC Course and Exam Description Course Framework V.1 | 178
Riturn to Table of Contents




SPRINGFIELD PuBLic ScHooLS

ENGAGING STUDENTS » FOSTERING ACHIEVEMENT » CULTIVATING 21 CENTURY GLOBAL SKILLS

17-18%5c
~17-18 &c

AP EXAMWEIGHTING
CLASS PERIODS

)

BIG IDEA 1

Limits

* How can the sum of
Infinitedy many discreta
Lerms b a finite value or
represent a continuous
function?

e I

Infinite Sequences
and Series

Developing Understanding

In this unit, students need to understand that a sum of Infinitely many terms may converge toa
finite value, They can develop intuition by exploring graphs, tablkes, and symbolic expressions for
series that converge and diverge and for Taylor palynomials. Students should build connections

to past leamning, such as how evaluating Improper integrals relates to the integral test or how
using Emiting cases of power saries to represent confinuous functions relates to differentiation
and intagration. Students who rely solely on memorizing a long Est of tests and procedures
typlcalty find little success achieving a lasting conceptual understanding of series.

Building the
Mathematical Practices

(1efarjac]an]

In Unit 10, students will need to devalop
proficiency with complax series notation
and the ability Lo communicate their
reasoning. Emphasize appropriate use

of notation, precision of language, and
establishing conditions for using a particular
test. Remind students that a sound
justification relies upon both mathematical
evidence and reasons why that evidence
supporls the conclusion.

Additionally, students will need to practice
determining which application s appropriate
for different scenarios (for example, using
the definitions of harmonic or p-series to
classify certain infinite series) and then
applying associated procedures accurataly.
Students will also need to practice using
Taylor polynomials to approximate the value
of a function, chooging and implementing
an appropriate method to bound the

error invoived in the approximation, and
effectively communicating supporting work.

Connecting representations s an
important skill to develop In this unit. For
example, students will need to identify
infinite power series to represent functions
presented symbolically or move between
graphic and symbolic representations of an
interval of convergence.

AP Calculus AB and BC Course and Exam Description

Preparing for the AP Exam

Students are more lkely to demonstrate

an incomplete understanding of series

or o struggle with communicating their
understanding of it compared to other
topics. Continue to model and expect carrect
notation and language to present solutions,
explaln reasoning. and justify conclusions.
For example, using the ratio test to finda
radius of convergence, or operating on

a known series to create another serles,
requires proficlent, well-presented algebra.
Applying a comergence test requires explicit
varification that all necessary conditions

are met. Determining that a given number

is an error bound requires calculating an
appropriate value and communicating that
the value Is lass than the given number.

Intentional focus on the recurrent theme of
using limiting cases to move from discrate
approximations to analytic calculations and
determinations Is one way to help students
to finish the year with a strong performance
on the AP Exam and to come away with
anenduring, meaningful understanding of
caloulus,

Course Framework M1 | 179
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Infinite Sequences and Series

UNIT AT A GLANCE

£
.E E Class Periods
@5 Topic Suggested Skills ~17-18 CLASS PERIODS
10.1 Defining Convergent and EX Apply anappropriate mathematical i
Divergent Infinite Series definition, theorem, or test.
10.2 Working with Geometric EX Apply an appropriate mathematical
Serles definition, theorem, or test.

10.2 The nth Term Test

E& Apply an appropriate mathematical

for Divergence definition, theorem, or test.
10.4 Integral Test for E= Apply an appropriate mathematical
COI!WEI.'QE]'.I.EE definition, theorem, or test.

10.5 Harmonic Series
and p-Series

EXT Identify an appropriate mathematical
dafinition, theorem, or test to applhy.

LIM-7

10.6 Comparison Tests
for Convergence

EX1 Apply an appropriate mathematical
dafinition, thearem, or tast.

10.7 Alternating Series Test for

EXX Apply anappropriata mathematical

Convergence definltion, theorem, or test.
10.8 Ratlo Test for EX&1 Apply an appropriate mathamatical
Convergence definition, thearem, or test.
10,8 Determining Absolute or E&1 Apply an appropriate mathematical
Conditional Convergence definition, theorem, or test.
10.10 Alternating Serles X3 Apply apprapriste mathematical rules or
Error Bound procedures, with and without technology.

AP Calculus AB and BC Course and Exam Description

conlinued on next page
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Infinite Sequences and Series

UNIT AT A GLANCE (cont'd)

=
o
,E E Class Periods
-
S5 Topic Suggested Skills «17=18 CLASS PERIDDS
10.11 Finding Taylor EE] Apply an appropriate mathematical
Polynomial definition, theoram, or test.
Approximations E3 Identify a re-expression of mathematical
of Punctions information presented Ina ghven
representation,
10.12 Lagrange Error Bound EEd Explain how an approximated value
relates to the actual value,
; 10.13 Radius and Interval EX3 Identify a re-exprassion of mathematical
=] of Convergence of Information presented in a given
Power Series reprasantation,

10.14 Finding Taylor or
Maclaurin Series
for a Function

B3 (dentify a re-axprassion of mathematical
Information presented in a given
representation.

10.15 Representing Functions
as Power Series

EEd Apply an appropriate mathamatical
definition, thecrem, or lesl

) Go to AP Classroom to assign the Personal Progress Check for Unit 10.
Review the results in class to identify and address any student misundermstandings.

AP Calculus AB and BC Cowrse and Exam Description

Course Framework V.1
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—f uNIT = =
1 o Infinite Sequences and Series

SAMPLE INSTRUCTIONAL ACTIVITIES

The sample activities on this page are optional and are offered to provide possible ways to
Incorporate various instructional approaches Into the classroom. Teachers do not nead to use
these activities or instructional approaches and are free to slter or edit them. The examples
below were developed in partnership with teachers from the AP community to share ways
that they approach teaching some of the topics in this unit. Please refer to the Instructional
Approaches section beginning on p. 199 for more examples of activities and strategies.

Activity Topic  Sample Activity

1 10.1 Predict and Confirm
Demonstrate a geometric series, the harmonic series, and the alternating series by
distributing pieces of a donul, pizza, or licorice. Ask the class to predict how much
the student{s) will eventually raceive in total. For instance, ghve three students each
one-fourth, then ene-fourth of the remaining fourth, and so on. Students should guess
that since the remaining part Is approaching zero, each student will eventually receive
one-third,
For alternating harmanic series, give one student a whole plece, then take away %, then
give ¥, then take away %4, and so forth.

2 10,2 Graphic Organizer
10.3 Put students in groups with poster paper and have them organize and explain all the
10.4 series tests using pictures, text, lowcharts, cartoons, or other drawings. Have them
:g‘: include each test’s conditions and how to choose which test to apply.
10.7
10.8

3 10.13 Odd One Qut

Begin by modeling an example, such as three lmages that are pleces of fumiture and one
image of a houseplant, explaining that the houseplant is the “odd one out” becauseit's not
like the other images. Then distribute a sot of saries such that all of the series, except one,
have something in common, For example, all of the series except one could have the same
type of interval of convergence (open, closed, open at left or right endpoint), Or they could
comsarge only at the series’ center or they could converge for all real numbers. Then have
sludents decide which seres In the set ks the "odd one out.”

4 10.15 Collaborative Poster

Lise this stralegy for groups to create their own free-response questions. Give each
1

group of four students a basic series, such as sin (x), cos (x), e% or T Ask the

X
first bwo members to chaose 8 manipulation of the series and show work to complete
the task. Ask the final two members to waltch slently and confirm the first two steps.
Then the final two members choose further actions to perform on the new series (ie,
differentiate, integrate, and find Interval of convergence).

AP Calculus AB and BC Course and Exam Description Course Framework W1 | 182
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Infinite Sequences and Series

TOPIC 10.1

Defining Convergent
and Divergent
Infinite Series

@,

SUGGESTED SKILL
9% Justification

Apply an appropriate
mathematical definition,
theorem, or test.

E

Required Course Content

ENDURING UNDERSTANDING
=
Applying limits may allow us to determine the finite sum of infinitely many terms.
S ;
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
LIM-T.A| LIM-T.A.1|
Detarmineg whether a series The nth partial sum is defined as the sum of the
converges or diverges. ﬁ first 1 termes of a series. Be oxy

BC OHLY

An infinite serles of numbers convergesto a
real number § {or has sum 5), if and only if tha
limit of Itz sequence of partial sums exists and
equals 5. ec oMy

AP Calculus AB and BC Course and Exam Description

AVAILABLE RESOURCES
= (Cdassroom Resowrce >
Infinite Series

» Externsl Resource »
Davidson Mext
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= UNIT

1 o B Infinite Sequences and Series
SUGGESTED SKILL
8 ittitico TOPIC 10.2
- Worki ith
Apply an approgriate or lng WI
mathematical definition, e -
heorem, or tast.
Geometric Series
AVAILABLE RESOURCES Required Course Content
* Classroem Resournce =
Infinite Series
= External Resource >
Davidson Next ENDURING UNDERSTANDING
Libe:7 |
Applying limits may allow us to determine tha finite sum of infinitely many terms.
S
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
ExXy [Lm-7..3]
Determine whether a series A geometric series [s a series with a constant
converges or diverges. ratio between successive lerms. ec oxwy
B OHLY > LinT.A4)
If @ is a real number and r is a real number
such that |r| <1, then the geometric series
— a
Em" =—— _Be OHLY
l i I-r
AP Calculus AB and BC Course and Exam Descriplion Cowse Framework V1 | 184
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e i UNIT
Infinite Sequences and Series @

SUGGESTED SKILL
TOPIC 1 0'3 9% Justification
The nth Term Test i
Apply an appropriate
- mathematical definitkan,
for Divergence ot
Required Course Content AVAILABLE RESOURCES
* Classroom Resource »
Infinite Series
= External Resowce >

ENDURING UNDERSTANDING Davidson Next

L7 |

Applying limits may allow us to determine the finite sum of infinitely many terms.

e

LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE

LIM-T.A| LIM-T.A.5

Determine whether a series The nith term test is a test for divergence of a

converges or diverges. serles. ac ony

BC OMLY
AP Caleulus ABand BC Couwrse and Exam Description Course Framework W1 | 185
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Infinite Sequences and Series

SUGGESTED SKILL TOPIC 10.4

4 Justification

m e | INtegral Test for

mathematical definition,

thiaram, or test, Conve rg‘ence

B

AVAILABLE RESOURCES Required Course Content
s Classroom Resource »
Infinite Series
= External Resource =
Davidson Hext ENDURING UNDERSTANDING
| LiM-T |
Applying limits may allow us to determine tha finfte sum of infinitely many terms.
Ce Mo =
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
e Xy [Lm-7.88
Determing whether a series The integral test is a method to determing
converges or diverges, whether a series converges or diverges.
BE DMLY BC OMLY
AP Calculus AB and BC Course and Exam Description Course Framework W1 | 186
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Infinite Sequences and Series — :iﬂa
SUGGESTED SKILL
Toplc 1 .5 23 Justification

Harmonic Series - R

mathematical definitian,

and p-Series e

B

Required Course Content AVAILABLE RESOURCES
* Classroom Resouwrca >
Infinite Series
* External Resource >
ENDURING UNDERSTANDING Davidson Next
[LiM-7 |
Applying limits may allow us to determine the finita sum of Infinitaly many terms.
A
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
LIM-7.A] [Lm-7.A7
Determine whather a sarles > In addition to geometric series, commaon series
converges or diverges. of numbers include the harmonic serles, tha
B OMLY altemating harmonic series, and p-series.
BG OHLY
AP Caleulus AB and BC Course and Exam Description Course Framework V1 | 187
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Infinite Sequences and Series

SUGGESTED SKILL
23 Justification TOPIC 10.6
-
5o C Test
Apply an appropriate omp arlson es S
mathematical definition,
thaorem, or test.
for Convergence
AVAILABLE RESOURCES Re q‘uired Course Content
* Classroom Resourca >
Infinite Serles
» External Resource =
Davldson Next ENDURING UNDERSTANDING
=3
Applying limits may allow us to determine the finite sum of infinitely many terms,
e
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
um-7.a] [Lin-7.08]
Determine whether a series The comparison test is a method to determine
converges or diverges. whether a series convernes or diverges.
BC OMLY > BC DHLY
[Lim-7.85
The limit comparison test Is a mathod to
determine whether a series converges or
diverges. ec oNwy
AP Calculus AB and BC Cowse and Exam Description Course Framework V1 | 188
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. g UNIT
Infinite Sequences and Series 1 o
Toplc 1 o 7 SUGGESTED SKILL

[ |
% Justification
[ ] L]

Alternating Series m
Apply an appropriate
mathematical definition,

Test for Convergence Paion it

Required Course Content AVAILABLE RESOURCES

= Classroom Resource >
Infinite Series
= The Exam >
ENDURING UNDERSTANDING Commentary on the
Instructions for the
. : Free Response Section
Applying limits may allow us to determine the finite sum of infinitely many terms. of the AP Calculus
Exams
T : = « External Resource >
LEARNING OBJECTIVE | ESSENTIALKNOWLEDGE T
LiM-7.A] [Lm-7.A.10
Determing whather a series The alternating series test is a mathod to
converges or diverges, determine whether an alternating series
BC OMLY CONVErges. ec oMLY
AP Caleulus AB and BC Course and Exam Descriplion Course Framework V1 | 189
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Infinite Sequences and Series

T ——— TOPIC 10.8

% Justification

- - Ratio Test for

mathematical definition,

S Convergence

E

AVAILABLE RESOURCES Required Course Content
* Classmoom Resounce >
Infinite Series
= External Resource >
Davidson Next ENDURING UNDERSTANDING
[ LI-7
Applying limits may allow us to determine the finite sum of infinitely many terms.
e

LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE

[Lim-7.4] [Lim-7.8.91)

Determine whether a serles The ratio test is a mathod to determine

converges or divarges. whether a series of numbers converges or

BC OHLY diverges. ec oswy
B EXCLUSION STATEMENT
The nth term test for divergence, and
the integral test, comparison feat, limit
comparizon tesl, allermating series test, and
ratio test for convergence are assessed on the
AP Caleulug BC Exam. Other methods are not
assessed on the exam. However, teachers may
inclide additional methods in the course, if
fime permits.

AP Calculus AB and BC Couwse and Exam Description Courss Framework V1 | 190
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UNIT
Infinite Sequences and Series ( 1 0

TOPIC 10.9 agalmiri
Determining Absolute — -

mathematical definition,

or Conditional revenores
Convergence

Bl

Required Course Content AVAILABLE RESOURCES
» Classroom Resounce >
Infinite Series

* External Resowrce >

ENDURING UNDERSTANDING Davidson Next
[ Lii-7 |
Applylng limits may allow us to determine the finite sum of Infinitely many terms.
e
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
[Lm-7.8] [Lm-7.842]
Determine whather a saries > A series may be absolutely convargent,
converges or diverges. conditionally convergent, or divergent.
BE OHLY B OHLY
|LIM-T.A.13
If a serles converges absolutely, thenit
CONVEIQes, Bc oNwy
UM-7.AT0

If a series converges absolutely, then any
series obtalned fram it by regrouping or
rearranging the terms has the same value.
BC ONLY
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UNIT -
| 1 o Infinite Sequences and Series

SUGGESTED SKILL TOPIC 10.10

% Implementing

e | Alternating Series
1.2
maese | Eyyor Bound

procedwes, with and
without technology,

E

AVAILAELE RESOURCES Required Course Content
* Chssroom Resource >
Infinite Series
= External Resource =
Davidson Hext ENDURING UNDERSTANDING
Lik-7 |
Applying limits may allow us to determine the finite sum of infinitely many terms.
EE N
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
[um-18 LiM-7.81
Approximate the sum of a If an alternating series converges by tha
SEries. ne oNLY alternating series test, then the alternating
series arror bound can be used to bound how
far a partial sum is from the value of tha infinite
SETIES. BC OHLY
AP Calculus AB and BC Course and Exam Description Courss Framework V1 | 192
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: T T = UNIT
Infinite Sequences and Series 1 o
-rop l 1 SUGGESTED SKILLS

C10.11 93 Justification
- [ ] L
Finding Taylor Polynomial =
= . Apply an sppropriate
- mathematical dafinition,
Approximations of Functions theorom.orest.
#8 Connecting
Reprezentations
2.c]
Identify a re-expression of
mathematical information
presented in a given
Required Course Content reprasentation.
ENDURING UNDERSTANDING
[ AVAILABLE RESOURCES
Power serias allow us to represent associated functions on an appropriate interval. * Classmom Resource >
Infinite Series
— * External Resownce =
Davidson Next
LEARNING OBJECTIVE | ESSENTIALKNOWLEDGE i
LIM-8.4| [LIM-8.A.1
Represent a functionata > The coefficient of the nth degree termina
point as a Taylor polynomial. Taylor polynomial for a function feentered at
BE OHLY _fH { a}
X=aig Z_\ 7 aconwy
H!
| Lin-B.A2
In many cases, as the degree of a Taylor
polynomial increases, the nth degres
polynomial will approach the original function
over some interval. se ony
LIM-8.8| {um-88.1]
Approximate function Taylor polynomials for a function fcentered
values using a Taylor at x = g ¢can be used to approvdmate function
polynomial. ec oy valuas ﬂfj'near.x = (1. BC ONLY
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Infinite Sequences and Series

SUGGESTED SKILL TOPIC 10.12

% Implementing
Mathematical

_ Lagrange Error Bound

Explalin how an
approdmated value relates
ta the actual value.

B

AVAILABLE RESOURCES Required Course Content
= (lassroom Resource >
Infinite Series
= Classmoom Resource >
Approximation ENDURING UNDERSTANDING
= External Resource »
Davidson Next m
Power saries allow us to represent associated functions on an appropriate interval.
b E
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
LM-8.c| [um-aca
Determine the error bound The Lagrange error bound can be used to
associated with a Taylor determine a maximum Interval for the error of a
polynomial approximation. > Taylor polynomial approximation to a function.
BC OHLY BC ONHLY
[Lin-sca)

In some situations, the alternating series errar
bound can be used to bound the emor of a
Taylor polynomial approximation to the value of
afunction. ec eny

AP Calculus AB and BC Cowse and Exam Description Course Framawork V1 | 104
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— - - UNI
Infinite Sequences and Series 1 01'

TOPIC 10.13 sy
Radlus and Intewal - Representations

Ichintify a re-axpression of

of Convergence of e

Power Series 'E”:"““

?
Required Course Content AVAILABLE RESOURCES %
* Classroom Resource > /
Infinite Series ’
= External Resource >
ENDURING UNDERSTANDING Davidson Mext /
(3 .
Power series allow us to represent associated functions on an appropriate interval. %
B
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
LIM-5.0) LM-8.0.1) %
Determine the radius of > A power series s a series of the form %
convargence and interval N ol i e
of convergence for a power Eﬂ"{" RyutelanEs Lo peielibyis; /
gerfes.ac omy {ﬂ,}lsa sequence of real numbers, and riz a
real number. ne oMLY
[LIM-8.0.2) %
If a power series converges, it efther converges /
at a single point or has aninterval of comvergence,
BC ONLY
LM-8.0.3) /
The ratlo test can be used to determine the /
radius of convergence of a power Series, Be oNLy /
[LiM-8.0.4] /
The radius of convergence of a power series can
be used to identify an open interval on which
the serles converges. butit Is necessary to test
both endpoints of the Interval to determine the /
interval of convergence. ec oxwy /
[Lm-208
If a power series has a positive radius of
convergence, then the power series is the
Taylor series of the function to whichit /
converges over the open interval. ec omwy /
|LIM-B.D.6
The radius of convergence of a power series
cbtained by term-by-term differentiation or term-
by-term Integration ks the same as the radius of
comvergence of the original power series. sc oMLy /
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Infinite Sequences and Series

SUGGESTED SKILL TOPIC 10.14

% Connecting

m I-'inding TEIY!OI' or

Identify a re-expression of

e | N claurin Series

mgm”“ for a Function

AVAILABLE RESOURCES Re quired Course Content
* Classroom Resource >
Infinite Series
= AP Online Teacher
Community Discussion > ENDURING UNDERSTANDING
Question on Taylor
FPolynomials m
* External Resource > Power series allow us to represent associated functions on an appropriate interval.
Davidson Next
b
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
LiM-2.€] [LiM-a.£1]
Represent a functionas a > ATaylor polynomial for f{x) is a partial sum of
Taylor seres or a Maclaurin the Taylor serles for f(x). sc onwy

series. ec oMLy

umar [LiM-8.R1 i
Interpret Taylor series and The Maclaurin series for —— is a geometric
Maclaurin series. sc onwy SErias. BG oNLy 1—-x

[LUM-eFz

The Maclaurin serles for sin x, cos x, and e*
providas the foundation for constructing the
Maclaurin series for other functions, ec omy
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= : 1 unNIT
Infinite Sequences and Series 1 0
SUGGESTED SKILL
Toplc 1 0-1 5 " % Justification
Representing ~ ——

mathematical definition,

Functions as et e

Power Series 5

Required Course Content AVAILABLE RESOURCES
» Classroom Resource »
Infinite Serles
* External Resource »
ENDURING UNDERSTANDING Davidson Next
[LiM-3
Power serles allow us to represent assoclated functions on an appropriate interval,
P
LEARNING OBJECTIVE ESSENTIAL KNOWLEDGE
umagl [TETT)

Represent a given function as > Using a known serles, a power series for a given
8 POWET SEMES. BC oMLY function can be derived using operations such
as term-by-term differentiation or term-by-
term Integration, and by various methods (eg.,
algebraic processes, substitutions, or using
properties of geometric series). pe oMLy
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Selecting and
Using Course Materials

Textbooks

While College Board provides examples of textbooks ta help determine whether
atextis consldered appropriate in meating the AP Caleulus Course Audit currcular
requirement, teachers select textbooks locally. AP Central has a list of taxthook
examples that meet the resource requirements.

Graphing Calculators and Other Technologies

in AP Calculus

The use of a graphing caleulator is considered an integral part of the AP Calculus
courses, and It Is required on some portions of the exams. Professional mathematlics
organizations such as the National Councll of Teachers of Mathematics (NCTM), the
Mathematical Association of America (MAA), and the National Academy of Sclences
(NAS) Board on Mathematical Sclences and Their Applications have strongly
endorsed the use of calculators in mathematics instruction and testing.

Graphing calculators are valuable tools for achleving multiple components of

the mathematical practices, including using technology to develop conjectures,
connecting concepts to thelr visual representations, solving problems, and critically
interpreting and accurately reporting information. The AP Calculus courses also
support the use of other technologies that are avallable to students and encourage
teachers to incorporate technolegy into instruction in a variety of ways as a means of
facilitating discovery and reflection.

Appropriate examples of graphing calculator use in AP Calcuius Include but certainly
are not limited toc

= Zooming to reveal local linearity

= Constructing a table of values to conjecture a limit

* Developing a visual representation of Riemann sums approaching a definite
integral

* Graphing Taylor polynomials to understand intervals of convergence for Taylor
series

* Drawing a slope field and investigating how the choice of initial condition affects
the solution to a differential equation

Online Tools and Resources

In addition to the resources offered through a teacher's choice of textbook, many
useful educational resources exist online—and are often free. Below are a few
examples of these types of resources. This Is nol a comprehensive list, noris ltan
endorsement of any of these resources. Teachers can sample different resources to
find which ones can most banefit students.

* Classpad (Casio)

* Desmos

AP Calculus AB and BC Course and Exam Description Instructionsl Approaches VM1 | 201
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* Geogebra

* Hewlett Packard Educational Resources
= Math Open Referance

* Texas Instruments Education

* Tlin Focus: AP Calculus

* Visual Caleulus

* Wolfram Math World

Professional Organizations

Professional organizations also serve as excellent resources for best practices and
professional development opportunities. Following is a list of prominent organizations
that serve the math education communities.

Mathematical Association of America

maa.org

The MAA is the world's largest community of mathematicians, students, and
enthusiasts. The organization's mission is to advance the understanding of
mathematics and its impact on our world.

Hatlonal Math and Science Initiative (NMSI)

nms.org

NMSlis a nonprofit organization whose mission is to improve student performance in
the subjects of sclence, technology, engineering, and math (STEM) in the United States.
They employ experienced AP teachers to train students and teachers in the

STEM courses.

Natlonal Council of Teachers of Mathematics (NCTM)

nctm.org

Founded in 1920, NCTM Is the world's largest mathematics education organization,
advocating for high-guality mathematics teaching and leaming for all students.
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Instructional Strategies

The AP Calculus coursa framework outlines the concepts and skills students must master in order to ba succassiul
on the AP Exam. In crder o address thoss concepts and skills effectively, It halps to Incorporate a variety of
instructional approaches and best practices into daily lessons and activities. The following table presents strategies
that can help students apply their understanding of course concepts.

Strategy Definition Purpose Example
A,I'wa]m’ Students are given Allows students to When justifylng properties and
Sometimes, justification statements  hone the precision behaviors of functions based
Never and anz asked to and thoroughness of on derivatives, provide studants
determine whather their justifications by with a list of statements such as
that line of reasoning is having them determine  the following {assuming fi{x)is
always true, sometimes the validity of given twice differentiable):
trua, or never trusa. statements, and by
explaining why certaln * If flc)=0and f*{c)<0, then
statements could be x=e lecates alocal
true under certaln maximum of f{x).
conditions. » If f'(x)changes from negative to
positiveat x=c, themx=¢_
locates a relative maximum
of fi{x).
« If fich=0and f*{c)=0, then
x=¢_ locates an absolute
minimum of f{x).
Then have students write "ahways,”
“sometimes.” or "never” in the
appropriate blanks to make the
slaternant true. [Soluticns for
the sample statements above,
respectively: ahways, never,
sometimes)
Ask the expert Students are assigned Provides opportunities When lzarning rules of
as “exparts” on for students to share differentlation, assign students as
problems thay have thair knowledge and “experls” on product rule, guotient
masterad; groups rotate  learn from one another.  rule, chaln rule, and derivatives of

through the expert
stations to learm about
problems they have not
yet mastered.

transcendental functions. Students
rotate through stations in groups,
working with the statlon expert to
complete a series of problems using
the corresponding rule.

AP Calculus AB and BC Course and Exam Description
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Strategy Definition Purpose Example
Collaborative In groups of four, Allows students time Have students divide their poster
Poster students are assigned to analyze eachother's  Into four cornars and give each
a colorad marker and wiark and explain thelr studant a colored marker for their
a subpart of a frae- reasoning to others. parl of the free-response question:
responsa question. Each
student complates their * Greenfor parta
subpart on the poster * Purple for part b
uging their assigned + Redforpartc
e * Blue for part d
After completing their parts, have
students hang their posters in tha
room and watk around to review
each other's work. Students can use
yallow sticky notes to leave positive
commeants and pink sticky notes for
recommendad corrections.
Concepts with  Stwdents use colored Usaful for illustrating, At the end of the course, have
Color highlighters, post- emphasizing, and/or students revisit their notes from
its, or sticky flags to tracing how a particular  previcus units and use highlighters
note where particular concepl manifests in or sticky notes of different colors to
concepts, vocabulary, aproblem, process, tag places where specific concepts
Or ProCesses appaear or verbal description. have been discussed in differant
of to note connactions Can be modified for contexts, for exampla:
between differant students with color s e
representations of the blindness such that * Blue for “continuity™
same concepl. symbaols or typeface * Ovange for “rate of change”
features are used « Grean for "accumulation”
instead of color, . . }
Then have students discuss in their
groups tha themess and key aspects
of thosa concepts as they have
threaded throughout the course.
Construct an Students use Helps davalop the This strategy can be used with
Argument mathematical reasoning  process of evaluating word problems that do not lend
to present assumplions  mathematical themselves to Immediate applcation
about mathematical Information, developing  of a formula or mathematical
situations, support reasoning skills, process. Provide distance and
conjectures with and enhancing velocity graphs that represent a

mathematically relevant
and accurate data,

and provide a logical
progression of ideas
leading to a conclusion
that makes sense,

communication skills in
supporting conjectures
and conclusions.

matorist's behavior through several
towns on a map and ask students Lo
censtruct a mathematical argument
either in defense of or against a
pelice officer’s charge of speeding,
given a known speed imit.
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Strategy Definition Purpose Example

Create a Plan Students analyze the Assists in breaking Given an oplimization problem that
tasks in a problem and tasks into smaller asks for a cholca batwean two boxes
create a process for parts and identifying with different dimensions but the
completing the tasks by  the steps needed to same cross-sectional perimeter,
finding the information complete the entire have students identify the steps
needed, interprating task, needed to delermine which box will
data, choosing how hotd the most candy. This involves
to solve a problem, salacting an appropriate formula,
communicating the diffarentiating the resulting function,
results, and verifying applying the second derivative test,
ACCUracy. and intarpreting the results.

Create Students creals Helps organize In order to evaluate limits, inroduce

Representations  plclures, tables, information using & variety of methods, Including
graphs, lists, equations, multiple ways to present  construcling a graph, creating a
models, andfor verbal data and to answer table, directly substituting a given
expressions lointerpret aguestion or show a value into the functlon, or applying
text or data. problem solution, an algebralc process.

Critique Through collaborative Helps students learn Givan a table that lists a jogger's

Reasoning discussion, students from each other as velocity at five different times during
respond to the they make connaclions  his or her workout, have students
arguments of others betwean mathematical explain the meaning of the definite
and question the concepls and learn integral of the ahsolute value of
use of mathematical to verbalize their the velocity function between the
terminology. undarstanding and first and the last time recorded. As
assumptions, and support their arguments  students discuss their responses
conjectures Lo improve with reasoning and data i groups, they learn how to
understanding and that make sansa to communicate specific concepts
Justify and communicate  peers. and quantities using mathematical
concluslons. notation and terminology.

Debriefing Students discuss Helps clarify In order to discern tha difference
their understanding misconceptions and belween average rate of changsa
of a concept to lead deepenunderstanding and instantaneous rate of change,
Lo a consensus onits of cantent. have students roll a ball down a

AEaning.

AP Calculus AB and BC Course and Exam Description

simplified ramp and measure the
distance the ball travels over time,
every second for five seconds.
Plotting the points and sketching

a curvie of best fit, have students
discuss how they might determing
the average velocity of the ball

over the five seconds and than the
Instantaneous velocity of the ball at
three seconds. A discussion in which
students address the distinction
between the ball's velocily betwaen
two points and its velocity ala
single particular time would assist
In clarifying the concept and
mathematical process of arriving at
the correct answers.
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Strategy

Definition

Purpose

Example

Discussion Students work within Aids understanding Once students learn all methods of
Gmups groups to discuss through the sharing of integration and choose which is the
content, create problem  ideas, Interprelation of maost appropriala given a particular
solutions, and explain concepls, and analysis function, have them discuss in small
and Justify a soluticn. of problam scenarios. groups, with pencils down, why a
specific method should be used over
anather.

Distractor Students examine Allows students to To help students practice applying

ﬂi‘lﬂf_‘p‘ﬂi‘ﬁ' answers to a multiple- become familiar with derivative rules, provide multipla-
chaice question and the procedural or choice questions with a set of
determing which communication errors “distractor answers,” along with a
answers are incorrect that might cause them separate [ist of descriptions—one
and wiy. togeta problemwrong.  for each answer cholce—without

telling students which description
applies to which answer. For
example, if the question asks for the
derivative of f{x)=(x-1){x*+2).
then one distractor answar

could be 6x{x~1)(x* + 2], andits
cofresponding description could be,
“This chaice is for the student wha
applied the chain rule corractly to
I:x’+1}=hutv.rlm never applied the
product rule.” Have students match
up each distractor answer cholca

Lo its corresponding descriplionin
the list.

Error Analysis  Stedents analyze an Allows students to When students begin to evaluate
existing sclution to troubleshoot existing definite integrals, have them analyze
determineg whether erfors so Lhey canapply  thelr answers and troubleshoot any
{or where) errors have procedures correctly errors that might lead to a negative
accurred. when they do the same  area when there Is a positive

types of problems on accumulation.
thelr own.

Four Corners Sludents are given a Helps to deepen To help students learn about limits,
sheet of paper that's understanding provida a four corners activity
been divided vertically ofa concept by sheet that asks them to find limits
and horizontally with having students basad on analytical functions in one
four equal sections explore different corner, a graph in another cornear, a
and a topic name In the representations and table In another corner, and a verbal
middle. Each sectionhas  make connecticns description in the last corner,

a problem thatuses a between those

diffarent representation
(e, numerical,
graphical, analytical,
and verbal).

representations.

AP Calkculus AB and BC Course and Exam Description
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Strategy

Definition

Purpose

Example

Graph and
Switch

Students generate a
graph (or sketch of

a graph) to model a
certain function, and
then switch caloulators
{or papers) to review
each other's solutions.

Mlows students

to practice

creating different
representations of
functions, and then give
and receive feedback
on each other's work,

As students learn aboul integration
and finding the area undar a curve,
have tham use calculators to shade
in the appropriate area between
lowear and upper limits while
calcutating the tolal accumulation.
Since Input keystrokes are eritical
in oblaining the correct numarical
value, have studants calculate their
own answears, share their steps with
a partner, and receive feedback on
their calculator notation and final
answar.

Graphic
Organizer

Students represent
Ideas and information
vigually {e.g., Venn
diagrams, flowcharts,
alc).

Provides students
avisual system for
organizing multiple
ideas and details related
to a particular concept.

Inorder to determine the location of
relative extrema for a function, have
students construct a sign chart or
number line while applying the first
derbvative test, marking where the
first derivative Is positive or negalive
and determining where the original
function isincreasing or decreasing.

Guess and
Check

Stedents guess the
solution to a problem,
and then check that
the guess fits the
Information In the
problem and is an
accurale solulion.

Allows axploration of
different ways to sclve
a problem; may be used
when olher strategies
for solving are not
obwvious.

Encourage studants to employ this
strategy for drawing a graphical
reprasantation of a given function,
given written slope statements and/
or limit notation. For example, given
a statement describing the graph of
a particular function, have students
skatch the graph described and then
chack it against the solution graph.

Identifv a
Subtask

Students breaka
problem into smaller
pieces whose combined
outcomes lead toa
salution.

Helps to crganize the
pieces of a complex
problem and reach a
complete solution.

Alter providing studenls with the
rates Iinwhich ralnwater flows into
and out of & drainpipe, ask them to
find how many cuble feet of water
flow into it during a specific time
peried and whether the amount
of water In the pipe is increasing
or decreasing at a particular
Instant. Students would begin by
distingulshing functions from one
another and determining whether
differentiation or integration is
appropriate. They would then
perform the relevant calculations
and verify whether they have
answered the question.

AP Calculus AB and BC Course and Exarm Description
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Strategy Definition Purpose Example
Look fora Sludents observe Helps to identify Patlerns can be detected when
Pattern Information or create patterns that may approximating area under a
visual representations te  be used to make curve using Riemann sums. Have
find a trend. predictions. sludents calculate areas using
laft and right endpolint ractangles,
midpoint rectangles, and trapezoids,
increasing and decreasing the
width in order to determine tha best
mathod for approximation.
Marking the Students highlight, Helps to identify This strategy can be used with
Text underling, andior Importantinformationin - prohlems that involve related rates.
annolate text to focus the text and make notes  Have students read through a given
on key Information to about the interpretation  prablem, underline the given statle
help understand the texl  of tasks required and and changing quantities, list those
or solve the problem. concepts to apply Lo quantities, and then use them to
reach a solution. label & sketch that models the
situation given in the problem. Then
have students use this information
to substitute for variablesina
differential equation,
Match Mine Students work in pairs Emphasizestheuseof  Createa blank 3x3 grid as a "gamea
to describe the layout appropriate vocabylary  board® and nine graph images
of cards on their game and allows students deplcting concepts related to limits!
board, without being to practice accurate continuity. Pair up students and
able to see cach other's  communication Insart a folder between the partners
boards. around differant £0 they can’t see each other's
reprasantations, boards. Distribute a blank grid and
a sel of the images to each partner.
Student A arranges the graphs
however they choose on the grid and
then describes that arrangement so
that Student B can attempt to mateh
it on their own board, When tha pair
thinks that they have correctly made
&ll matches, have them compare
their arrangements to see how wall
they did.
Model Students answer Provides challenging After learning how to construct slope
Questions quostions fromreleased  practice and assesses fields, have students practice by
AP Caleulus Exams, students’ sbility oapply  completing lree-response questions
multiple mathematical inwhich they are asked ta sketch
practices on content slope fields for given differential
presented as either a equations at polnts indicated,
multiple-choice ora
free-response question.
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Strategy Definition Purpose Example

Notation Read Students read symbols Helps students This strategy can be usad to

Aloud and notational to accurately introduce new symbols and
representations aloud. Interprel symbaolic mathematical notation to ensure that

reprasantations, students learn proper terminolagy
from the starl. For example, after
introducing summeaticn notation, ask
students to write or say aloud the
verbal translation of a given sum,

Note-Taking Students create a Helps in organizing Have students write down verbal
record of information ideas and processing dascriptions of the steps needad
while reading a text or information, to sohe a differential equation so
listening to a speaker. that a record of the process can be

referred to at a later polnt In tima.

Numbered Students are put into Allows students to In groups, have students begin by

Heads Together 4roupsand assigned process information solving a problem individually, When
a number (1 through individually, and then all students have finished, have them
4). Members of a sync with their peers stand up and discuss their answers,
group work together to develop a comman Students sit back downwhen they
L0 fresa on an answer, understanding of a have all agreed on a solution. Then
Tha teacher randomby particular concept call on one number in the group (1, 2,
salects one number. or approach, 3, or 4) and have that student stand
The student with that up to share the group’s answer.
number answers for
the group.

Odd One Out In groups of four, Allows students to Begin by modeling an example, such
students ara given four explore relationships as three images that are four-legged
problems, images, or and underlying animals and one Image that's an
graphs. Thres of the principles for object, explaining why the object

items should have
something in cocmmon.
Each student in the
group works with one
of the four itams and

must decide individually

whether thalr item fits
with Lhe other three
Items and then write &
reason why. Students
then share their
responsas within their
Qroups.

mathematical concepts
that are simillar to,

or different from,

one another.

is the "odd one oul” Then provide
each student In the group with one
of four images displaying graphs.
Three of the graphs should represent
functions with discontinuities,

while the fourth graph represents a
continuous function. Have students
examing thelr graph and writa on mini
whiteboards, "My graph is in because
...~ or "My graphis out because ....”
Each group discusses and signals
when they've reached consensus.
Then reveal the answer and explain
what the three similar graphs had in
comman, and why the other was the
odd one gut.
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Strategy Definition Purpose Example
Paraphrasing Students restate inthelr  Assists with Alter reading a mathemalical
ownwords the essential  comprehension, recall definition from a textbook, have
infarmation in a text or of information, and studants exprass the definition in
problem description. problem sohing. thelr own words. For example, with
parametric equations, have students
explain the difference betwean y
being a function of x directly, and
xand y both being funclions of a
parametar f. B oMLY
Password-Style Students arein pairs Reinforces Students arrange themselves Into
Games wilh one student facing understanding of key partners (or triads), with one partner
the weacher and the vocabulary terms by seated with their back to the teacher.
other with their back to hawing students use When the teacher projects the term,
the teacher. The teacher  different approaches for  “tangent line,” the students facing
projects a word and describing thosaterms.  the teacher provide clues to try to
the student facing the get their partner to write the term
teacher describes the on thelr mini whiteboard. Aftar 10
word Lo their partner. seconds, the teacher projects a
This rapeats avery 10 new term, "derivative.” The process
seconds for 6 words. continues for as many vocabulary
Students then switch terms as there are for that acthvity.
rales.
Predict and Students make Stimulates thinking by Given two sets of cards with
Eﬂnﬁnﬂ conjectures about what  making, checking, and functicns and the graphs of
resulls will developinan  correcting pradictions their derivatives, have students
aclivity and confirm or based on evidence from  attempt to match the functions
medify the conjecturas the cutcome. with their appropriate derivative
based on outcomes. match. Students then calculate
the dearivatives of the functions
using specific rules and graph
the derivatives using calculators
Lo confirm their original match
salaction
Quickwrite Students write for Helps generate Ideasin - To help synthesize concepls after
ashort, specific ashort time, having learned how to calculate
amount of tima about a the derivative of a function at a

designated topic.

point, have students list a5 many
real-world sitvatlons as possible In
which knowing the inslantaneous
rate of change of a functlon s
advantageous.
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Strategy Definition Purpose Example
Quiz-Quiz- Students answer a Allows students to lalk Give students a card containing &
Trade questionindependently.  to multiple peers and quastion and have them write the
and then quiz a partner salve many problems answer on the hack. Sdents then
on the same question. while coaching each stand up and find a partner. One
other and hearing student quizzes the other, and then
different ways of solving  they reverse rales. They switch
or arriving at @ solution.  cards, find a new partner, and the
Process repeats,
Reciprocal Students are divided Halps students gain To help students practice free-
Tw{_-m‘"g Into groups and each an entry pointinto a response queslions, divide groups
member of the group probiem by breaking Into four rolas, each responsible fora
Is assigned a role. it down. Also allows different task on their activity sheet:
Each student reads the students to see multiple i
problam and completes \-mysufappmﬂohlngpl 1. fnad lhe! probism. ldentrﬁ_.r bey
thelr assignad role for aprablem as peers warde (highlight or underiine
that problem. Students explain their solutions st sk tewm).
take turns sharing to one another, 2. Represent the key words with
what thay wrote with a picture.
their group, while other 3. Describe what needs to be
group members take done to complete that partin
notes. Students then mathematical terms.
:'::?ﬂ';':‘ a“r‘: ::9'" 4. Explain any important details
e pmbrempa that must ba on your paper ta
3 gel full credit on the AP Exam
[use prior knovdedga).
Then have students work through
the problem cne part at a time
(including the question stem),
rotating roles for each part.
Round Table Students are given a Allows students the In groups of four, give each student

worksheet with multiple
problems and work
Individually to solve
them, and then rotate
afler each problem

to allow other group
members to check
their work.

chance to analyze each
other's work and coach
their peers, if necessary.

an identical paper with four differant
problems on L Have students
complete the first one on their
paper, and then pass the paper
clockwise to another member in
thelr group. That student checks the
first problem and then completes
the second problem on the paper.
Students rotate again and the
process conlinues until each student
has their criginal paper back.
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Strategy

Definition

Purpose

Example

Scavenger
Hunt

Frovide students witha
“starter” question. Then
place solution cards
around the room. Each
card should contain tha
solution to a previous
preblem, along with

the next problem in

the "scavenger hunt.”
Students walk around
answering each new
problem and finding the
corresponding solution
around the room.

Allows students to
salf-correct and analyze
their own waork if they
getan answer they
dor't see posted,

When practicing the chain rubs,
place a card with a starter quastion
somewhera in the classroom: “Find
the derivative of f(x)=sin{4x).”
Place another card somewhere in
the room with the soluticn to that
card, plus another question, for
example: “Solution: f(x) = 4cos{4x).
Hext problem: Find the derivative of
Flx)=(sin(x)}"" Continus posting
solution cards with new problems
until the final card presants a
problem whose solution is on the
original starter card (note that this
solution would be added to the
slarler card above). Students begin
by solving the starter question, then
searching around the roam for the
solution they feund, as this will lead
them to the next problem they need
Lo solve, until they end wp at the first
card they started with.

Sentence
Starters

Students respond to a
prompt by filling in the
missing parts of a given
sentence template.

Helps students practice
communication skills
by providing a starting
point and modeling

a sentence structure
that would apply for

a particular type of
problem.

To help students practice writing
conclusions based on tha
Intermediate Value Theorem (IVT),
provide a function or table of valuas,
along with a scenario for which W T
would be applicable. Than have
students use a ghven senlence
starter to justify that the function is
continuous. For example, students
could be given this scenario: "Given
fix)=x"-3x" 4 5x—4, verify that
there Is at least one rool for flx)”

A sentence startar could then be
provided to help students begin their
Justifications, such as "The function
Is continuous becapse ...~

Sharing and
Responding

Communicating with
anaother person ora
small group of peers
who respond to a
proposed problem
solution.

AP Calculus AB and BC Course and Exam Description

Gives studenls Lthe
opportunity to discuss
their work with peers,
to make suggestions
for improvement to the
work of others, andfor
to receive appropriata
and relevant feedback
on thelr owin work.

Given tax rate schedules for single
taxpayers in a specific year, have
students construct functions to
reprasent the amount of tax paid by
taxpayers in specific tax brackets.
Then have students come together
in a group to review the constructed
functions, make any necessary
corrections, and build and graph

a single piecewise function to
represant the tax rate schedule for
single taxpayers for the specific year.
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Strategy Definition Purpose Example
Simplify the Students use “riendlier™  Provides insight into Whan applying the chain rule for
Problem numbers or functionsto  the problem or the differentiation or i-substitution for
help solve a problerm. strategies needed to intagration, review how to procead
solve the problam. when there is no “inner function”
before addressing composite
functions.
Stand Up, Hand Students are paired up Allows students to Pair up students and distribute
Up, Pair Up and assigned a problem  talk to multiple peers a different problem to each pair.
Lo sobva. One student and hear multipla Determine which student in each
solves the problem parspactives, Can palrwill "sobwa® first.
aloud whila the other be used ta have
student records the sludents quickly review  Step 1: Student A and Student B
soluticn. The students hemework or warm up read the problem individually
reverse roles and repeal  answers. Step 2: Student B solves the
the steps. Together they pratiem out loud while Student A
stand up and put thelr records the solution on paper,
hand up, and then find a Step 3: Student B signs Student A's
new partner and work on paper.
anew problem.
Step 4: Students reverse roles.
Step 5: Studenls stand up, put their
hand up, than thay pair up with a new
partner and conlinue.
Think Aloud Students talk through Helpsincomprehending  Inorder to determine If a seres
a difficuit problem by the text, understanding  converges or diverges, have
describing what the text  the componants of a students ask themselves a
means. problem, and thinking series of questions oul loud to
ahout possible paths to  identify seres characteristics and
a solution. corresponding tests (e.g. ratio, root,
integral, and limit comparison) that
ara appropriate for determining
CONVETQence.
Think-Pair- Students think througha  Enables the Ghven the equation of a discontinuaus
Share fm- wa!'f, problem alone, pelrwith  development of initial function, have students think of ways
Turn, and Tﬂlk} apartner to share ldeas,  ideas that are then o make tha function continuous and
and then conclude by tested with apartnerin -~ adjust tha given equation to establish
sharing results with the preparation for revising  such continuity. Than have students
class. ideas and sharing them  palr with a partner to discuss their
with a larger group, Ideas befora sharing out with the
whole class.
Use Students use objects to  Supports To visualize the steps necessary
Manipulatives examine relationships comprehenslon to find the volume of a solid with a
between the Information by providing a known cross-section, have students
glven. visual or hands-on build a physical model on a base
representation of a with a standard function using
problem or concept, foam board or weighted paper to
construct several cross-sections.
Work Backward Studenistraceapossible  Provides anotherwayto  Have students check whether they
answer back throughthe  check possibleanswers  have found a comrect antiderivative
solulion process to the for accuracy. by differentiating thelr answer and
starting point. comparing it to the original function.

AP Calculus AB and BC Course and Exam Description
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Developing the Mathematical

Practices

Throughout the course, students will develop mathematical practices that are fundamental to the discipline of
calculus. Students will benefit from multiple opportunitios to develop these skills in a scaffolded manner.

The tables that follow look at each of the mathematical practices and provide examples of questions for each
skill, along with sample activities and strategles for incorporating that skill into the course.

Mathematical Practice 1: Determine expressions and values using

mathematical procedures and rules

The table that follows provides examples of questions and Instructional strategies for teaching students to
successfully implement mathematical processes for different toples throughout the course,

Mathematical Practice 1: Implementing Mathematical Processes

Sample
Instructional
Skills Key Questions Sample Activities Strategies
1.A: Identify the question = Whatls the problem Have students examing * Marking the Text
to be answered or asking us to find? a s:et;; fre;n:fpmsg A « Model Questions
problem to be solved, * Does this answer the QreSions L0 1=ve sk i
fquestion beingasked? ~ underlying structures (e.g, el
« I this sokition related rates problems) and
e How il underline the question being
e . :: asked, without actually
e solving the preblem.
1.B: Identify key and *« What information do After students have ldentified = Sharingand
relevant information to you need? the guestion I.:l-elng ashed, Responding
anstwer a question or = Did you use all of the have tgf_mf:"'ﬂ m e * Think-Pair-Share
a , information? prace ol informia ey
sl pyokicn wiould naed in order to

I5 there any information
that was not needed?

answer that question and
then have them switch with a
partner to confirm.

AP Calculus AB and BC Couwrse and Exam Description

Instrectional Approaches V)1

continweed on next page

| 214
Raturn to Table of Contenls




SPRINGFIELD PusLic ScHooLs
ENGAGING STUDENTS » FOSTERING ACHIEVEMENT » CULTIVATING 21sr CENTURY GLOBAL SKILLS

Mathematical Practice 1: Implementing Mathematical Processes (cont'd)

Sample
Instructional
Skills Key Questions Sample Activities Strategies
1.C: Identify = When should you use Examine & function * Discussion Groups
an appropriate direct substitution o whose graphis somewhat * Sharingand
mathematical rule or find & limit? miisleading and find its limit FResponding

algebraically. For example,

pracedure based on the * What are the clues that
classification of a given tell you this is {or is not) a " {100x —cos(x])'
expressfon (e.g., Use camposite function? == 100,000
the chain rule to find the ean be easily found using
derivative of a composile direct substitution,
function).
1.0; Identify * |z this problem about a Have students match * Distractor Analysls
an appropriate rate of change or aboul different unit labels to the * Error Analysis
mathematical rule the accumulation of lypes of scenarios they « Model Question
or procedure based something? might see in different g
on the relationship = What units are provided? Problems: average Sl
befween concepts * What units are x:‘::imf ::ta =
(e.q., rate of change appropriate for the rata ,:,E.If ;1-;-,;& .,::;“i;
gﬂd ﬂﬁ‘ﬂmﬂ?“ﬂ"} ST acceleration, and so forth.
r processes (e.g.,
differentiation and
its inverse process,
antidifferentiation) to
solve problems,

1.E: Apply appropriate

= Have wesolveda

Hava studants “fix™

= Collaborative
Poster

mathematical riles or problem similar to this? disconlinuitias in piecewise-
procedures, with and * What steps are needed? gﬂgaﬂd f“"::jﬂf;sfﬁ' « Distractor Analysis
without technology, a Efining or redafining the 2 ;
o9y Daes the power ule value of the function at a Identify @ Subtesk
applytoeveryfunction Loty so that itis = Simplify the
fhkhasan “";"em? equal to the limit of the Problem
bl L function as x approaches
the polnt of discontinuity.
1.F: Explain how an » Howis_ related Give students values for » Craals
approximated value o_ 7 f(2yand f(2) and ask Representations
them in approximate » Guessand Check

relates to the actual
value.

= How can thisbe

represented graphically?

f(2.1). Use graphs of
curves and tangent lines
to understand when a
tangent line approximation
Is an overastimate or
underastimate and when
It provides the exact value

of f(2.1).

AP Caleulus AB and BC Course and Exam Description
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Mathematical Practice 2: Translate mathematical information from a

single representation or across multiple representations

The table that follows provides examples of questions and instructional strategies for teaching students to
connect representations successiully.

Mathematical Practice 2: Connecting Representations

Sample

. Instructional
Skills Key Questions Sample Activities  Strategies
2.A: Identify common * What clues tellyouwhat  Have students creata a = Concepts with
underlying structures kind of problem thizis?  T-chartwith Optimization Colar
in problems involving » Howis__ similar in one column and Related « Discussion Groups
different contexfual to__ 7 Rates in tha other column,

. M = 1 * Graphic Organizer
sifuations, s Howls  different listing In each column the
- from__7 e keywords that might appear = Marking the Text
— in each type of problem.

2.B: [dentify mathematical » Whatwouldagraphof  Have students mateh « Create
information from this equation look like?  sets of cards so that each Representations
graphical, numerical, * Mow could this graph set contains the verbal, * Graph and Switch
analytical, and/or verbal be represented as an graytion). anclytical: and « Quickwrite
representations. equation? numerical repr?sﬂntaﬂan for
« How canthis situation the same function.
b representedina
diagram or describedin
a sentence?
2.¢: Identify o * Howwouldyoureadthis  Have students sketch tha + Create
re-expression of expression aloud? graph of a imit represented Representations
mathematical * Which of these limit analytically and thenswitch . notation Read
information presented in expressions represents  With a partner anrcl_ have the Aoud
a given representation. the graph shown? Rl ey e W + Seavenger Hunt
2.0;: Identify how * Whyis__a Give students four cards, * Concepts with
mathematical e appropriate each uslng the same type Color
characteristica or representationthan __ 7  of represantation for a s Dabriafing
pmperﬁes ﬂfﬁll‘icﬁﬂﬂs differant darivative !lll'l::lil:lll =
are related in different le.g. graphs of f*. ¢", ", s
representations. and &), Have students
Identify which of the original
functions is dissimilar from
the others and why.
2.E: Describe the * Howis___ related Provide students with a v Creata
relationships among to__7 graph of f*and give them Representations
different representations * What do you know ane minute to write down = Graphic Qrganizer
af functions and their aboul__7 everything they know sbout Ohdebonita
derivatives. fbased onthat graph.
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Mathematical Practice 3: Justify reasoning and solutions

The table that follows provides examples of questions and Instructional strategles for helping students to
develop the skill of justification. Note that on the AP Exam, slgn charts can be useful tools for understanding a
problam, but they are not sufficiant as justifications for conclusions about the behaviors of functions.

Mathematical Practice 3: Justification

Sample
Instructional
Skills Key Questions Sample Activities Strategies
a.a: Apply fechmfggy * Whatwould thislook fike  Use technology to examing « Graph and Switch
to develop claims and onagraphing calculator?  the graphs of each of * Look for a Pattern
confectures, = What patterns do the illustrative examples
you see? in Essential Knowledge
« Whitis your hypothesis? statement LIM-1.C.4.
= What does it mean for s
S i Use technotogy to explore
linnit to approach infinity? graphs and tables of
series which do and do not
converge, such as the
geometric series [%]
and 2* sc oMy
3.B: Identify = Under what Have students categorize * Create aPlan
an appropriate conditions...? limit expressions according * Graphic Organizer
mathematical definition,  * Howcouldwetest...7 i@ whstherornot « Model Questions
theorem, or test to apply. m;“p':frﬁ ek et
APICRDE,

3.C: Confirm whether

What conditions have

Hawve students examing

* Distractor Analysls

hypatheses or conditions bean given? sampls responses for VT, » Emor Analysis
of a selected definition = What else canwe EVT, and MVT problems to Think-Pai
1 : -Pair-Share
theorem, or fest have conclude fromthe given  !dentify which responses
boan satisfied. condidons? approprialely address the
. What would i conditions of the theorem
if ,}“' ppen being applied and which
et responses have not
addressed the conditions.
3.0: Apply an appropriate = Showme an example Have students create a = Askthe Expest
mathematical definition, {"hrtwﬂ‘l:ld fﬂTWﬂfki“ Efeﬂﬂigﬂ:m;mwzhﬂ'a:r; + Distractor Analysis
theorem, or test, s contex ratio test, which ac ; :
determines absolute Exor Aripbenie
convergence or divergence,  * ‘Graphic Organizer
when it applies. sc onwy = Reciprocal
Teaching

AP Calculus AB and BC Couwrse and Exam Description
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Mathematical Practice 3: Justification (cont'd)

Sample
Instructional
Skills Key Questions Sample Activities Strategies
3.E: Propide reasons or * How do you know ... ? Have students complete a » Constructan
rationales for solutions + Whatlineofreasoning  fill-in-the-blank template Argument
and conclusions. didyouuseta...? for explaining why the Mean . erkoue Reasoning
» What evidence do you E::J:;::p’:}?:: ;uf':en * Graphic Organizer
i b s function on a given interval,  * Quickwrite
* What can you conclude + Sentence Starters
from the evidence? + Think Aloud
3.F: Explain the meaning = Whatunits are Given a logistic differential * Askthe Expert
of mathematical appropriate? equation and initlal = Error Analysis
solutions in context, « What does ___ mean? population, have students
find the population as T
i approaches Infinity, * Secavenger Hunt
apphying the idea of carrying
capacity. Be oNLy

a.G: Confirm that
solutions are accurate
and appropriate.

Is this soluticn
reasonable? How do
you know?

Have students write the
Inverses of axponential and
lagarithmie functions and
differentiate them using
the chain rule {treating y as

"a funetion of A), and then

have them write the general
Formula for derivatives of
inversaes.

Distractor Analysis
= [Error Analysis

Numbered Heads
Together

Quiz-Quiz-Trade
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Mathematical Practice 4: Use correct notation, language, and
mathematical conventions to communicate results or solutions

The data indicate that students consistently struggle with communication and appropriate use of notation on the
AP Calculus Exams. Students often need targeted support to develop these skills, Remind students that communicating
reasoning is at least as important as finding a solution, Well-communicated reasoning validates solutions.

Reinforce that when students are asked to provide reasoning or a justification for their solution, a successful
response will include the following:

* Alogical sequence of steps

* Anargument that explains why those steps ara appropriata
* Anaccurate interpretation of the solution (with units) in the context of the situation, If appropriate
In order to help students develop these communication skills, teachers can:

* Have students practice explaining their solutions orally to a small group or to the class,

* Present an incomplate argument or explanation and have students supplament it for greater clarity or completeness.
* Provide sentence starters, template guldes, and communication tips to help scaffold the writing process.

The table that follows provides examples of questions and instructional strategies for teaching students to
communicate and apply notation correctly throughout the course,

Mathematical Practice 4: Communication and Notation

Sample
Instructional
Skills Key Questions Sample Activities Strategies
4.A: Use precise = Could this be more Have students find and * Emor Analysis
mathematical language, specific? wemthajermrﬁrl]n s;limpla « Match Mine
Does the solution responses justifying tha g d
elarify which graph, behavior of fbased on the NI
function, or derivative graph of f* or f*, specifically Password-Style
I'm referring to? identifying vague language Games
like "it™ or “the function.” * Round Teble
4.B: Use appropriate Are these units Have students explore = Emor Analysis
units of measure. appropriate for this negative rates of change » Marking the Text
solution? with a scenario problam, for
What do thase units example, the velocily of a
meaninthe contaxtof  Daskelballlossed directly
the given problem? upward at a velocity of
16 ft/s|s decreasing ata
constantrate of 16 132
50 the velocily of the ball in
ftfs as a function of tima in
saconds is ghven by
()= 16 161. Have students
graph the velocity function
as a function of timea over the
Interval f =010 t = 2 saconds,
find the area of the region
bounded by the velocity
function and the tima axis
between {=0and {= 1, and
then interpret the meaning of
the area, Inchuding wnits.
continued on mext page
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Mathematical Practice 4: Communication and Notation (cont'd)

Sample

Instructional
Skills Key Questions Sample Activities Strategies
4.C: Use appropriate * How do we read this Have students mateh = Ermror Analysis
mathematical symbols notation? notational expressions to « MalchMine
and notation (e.q., their verbal descriptions. . Nototkia Rasd

Represent a derivative Aloud
gy oy
using fx), y', .{r}'

4.0: Use appropriate * Whalwouldagraphof  Have students mateh » Creahe
graphing techniques. this look ke? differential equations to it
* Whyls__ & theirrespective slope fields. . 5ragh and Switch
more appropriate
representationthan__ 7
4.E: Apply appropriate * Havelsaved thevalues . Have students examine « Collaborative
rounding procedures. for each step into solutions for finding Poster
my calculator before the volume of a solid of + Identify a Subtask
rounding? revolution uslng the washar .5 o
* Has thiz guestion method to determine Cavenger Hun
specified a particular whether appropriate
number of decimal rounding procedures
places to round to? wera used.
* Does my solution
contain at lzast three
decimal places?
AP Caleulus AB and BC Course and Exam Description Instructional Approaches V1 | 220
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Exam Overview

The AP Calculus AB and BC Exams assess student understanding of

the mathematical practices and learning objectives outlined in the course
framework. The exams are both 3 hours and 15 minute long and include 45
multiple-choice questions and 6 free-response questions. The details of the
exams, including exam weighting, timing, and calculator requirements, can

be found below:
Number of Exam
Section Question Type Questions Weighting Timing
1 Multiple-choice questions
211 H. Graphing caleulater not 10 33.3% 60 itufes
Part B: Graphing calculator required 15 16.7% 45 minutes

II Free-response questions

Part A: Graphing calculator required 2 16.7% 30 minutes

Part B: Graphing calculator not permitted 4 33.3% 60 minutes

The exams assess content from the three big ideas of the course.

Big Idea 1: Change

Big Idea 2: Limits

Big Idea 3: Analysis of Functions

AP Calculus AB and BC Course and Exam Description Exam Wnformation V1 | 223
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The AP Exams also assess each of the units of the course—eight units for AP
Calculus AB and 10 for AP Calculus BC—with the following exam weighting on the
multiple-choice section;

Exam Weighting for the Multiple-Choice Section of the AP Exam

Exam Weighting

Unit AB BC

Unit 1; Limits and Continuity 10=12% 4-7%

Unit 2: Differentiation: Definition and

Basic Derivative Rules 10-12% 4-7%

Unit 3: Differentiation: Composite,

Implicit, and Inverse Functions 9-13% 4-7%

Unit 4: Contextual Applications of

Differentiation 10-15% 6-9%

Unit 5: Applying Derivatives to Analyze

Unit 6: Integration and Accumulation

of Change 17-20% 17-20%

Unit 7: Differential Equations 6-=12% 6-9%

Unit 8: Applications of Integration 10-15% 6-9%

Unit 9: Parametric Equations, Polar

Coordinates, and Vector-Valued Functions 11-12%

BC ONLY

Unit 10; Infinite Sequences and Series

i 17-18%
AP Calculus ABand BC Course and Exam Description Exam formation V.1 | 224
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How Student Learning Is
Assessed on the AP Exam

Section I: Multiple-Choice

The: first section of the AP Calculus AB and BC Exams includes 45 multiple-choice
questions. Students are permitted to use a calculator for the final 15 questions

(Part B). Both the AB and BC Exams include algebralc, exponential, logarithmic,
trigonometric, and general types of functions. Both alse include analytical, graphlcal,
tabular, and verbal types of representations.

Mathematical Practices 1. 2, and 3 are assessed in in the multiple-cholce section
with the following exam weighting (Fractice 4 is not assessedk

Exam Weighting for the Multiple-Choice Section of the AP Exam

Mathematical Practice Exam Weighting
Practice 1: Implementing Mathematical Processes 53-66%
Practice 2: Connecting Representations 18-28%
Practice 3: Justification 11-18%
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Section II: Free-Response

The six free-response questions on the AP Calculus AB and BC Exams Include
avariety of content topics across the units of of the course. The ABand BC
Exams Include three common free-response questions that assess content from
the domain of the AB Calculus course. Both AP Exams include various types of
functions and function representations and & roughly equal mix of procedural and
conceptual tasks. They both also inclede at least two questions that incorporate a
real-world context or scenario into the question.

All four mathematical practices are assessed in the free-response section with the
following exam weighting:

Exam Weighting for the Free-Response Section of the AP Exam

Exam Weighting

Mathematical Practice AB BC
Practice 1: Implementing Mathematical

Posncasos 37-55% 37=-59%
Practice 2: Connecting Reprezentations 9-16% 09-16%
Practice 3: Justification 37-55% 37-59%
Practice 4: Communication and Notation 13-24% 9-20%
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Task Verbs Used
in Free-Response
Questions

The following task verbs are commonly used in the lres-response questions:

= Approximate: Use rounded decimal values or other estimates in
calculations, which reguire writing an expression to show worke
Calculate/Write an expresslon: Write an appropriate expression or
equation to answer a question. Unless otherwise directed, calculations
also require evaluating an expression or solving an equation, but tho
expression or equation must also be presented to show work. "Caleulate®
tasks might also be formulated as "How many?” or “Whal is the value?

Determine: Apply an appropriate definition, theorem, or test ta identify

values, intervals, or solutions whose exlstence or unigueness can be

established. "Daterming” tasks may also be phrased as “Find.”

= Estimate: Use models or representations to find approximate values
for functions.

= Evaluate: Apply mathematical processas, including the use of appropriate
rounding procedures, to find the value of an expression at a given point or
over a given interval.

= Explain: Use appropriate definitions or theorems to provide reasons or

rationales for solutions and concluslons. “Explain® tasks may also be

phrased as "Give a reason for.."

Identify/Indicate: Indicata or provids information about a specified topic,

without elaboration or explanation,

= Interpret Describe the connection between a mathematical expression
or solution and its meaning within the realistic context of a problem, often
inciuding consideration of units.

= Interpret (when given a representation): ldentify mathematical
information representad graphically, numerically, analytically, andfor
verbally, with and without technology.

= Justify: ldentify alogical sequence of mathamatical definitions, theorems,

or tests to support an argument or conclusion, explain why these apply,

and then apply tham.

Represent: Use appropriate graphs, symbols, words, and/for tables of

numerical values to describe mathematical concepts, characteristics, and/

or relationships.

= Verify: Confirm that the conditions of a mathematical definition, theorem,

or test are mat in order to explain why it applies in a given situation.

Alternately, confirm that solutions are accurate and appropriate.
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Sample AP Calculus
AB and BC Exam
Questions

The sample exam questions that follow llustrate the relationship betwean the course
framework and the AP Calculus AB and BC Exams and serve as examples of the types
of quastions that appear on the exams. After the sample questions is a table that
shows which ghill, learning objective(s), and unit each question relates to. The table also
provides the answers to the multiple-choice questions.

Section I: Multiple-Choice

PART A (AB OREBC)
Graphing calculators are not permitted on this part of the exam.

- 1—cos’(2x)
bW -
(A) 0
1
B) =
4
51
(@3
(D)1
- for x<—1
X

J8)=1 3 for—15x52
4x—3 for x>2

2. Let f be the function defined above. At what values of x, if any, is fnot
differentiable?
(A) x=—1only
(B) x=2only
{C) x=—land x=-2
(D) fis differentiable for all values of x.
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x | S f&x) glx) 21
2 —4 -5 3

2 -3 1 8 4 J

3. The table above gives values of the differentiable functions fand g and their
derivalives al selected values of x. 1} is the function defined by
Bix) = fixde(x) + Ze(x), then k' (1) =
(A) 32
(B) 30
(C) -6
(D) -6

4. Ifx'—2xy+39 =7, then L
3t 4y o
(A) e

8) 3x —2y

2x—6y

5. The radius of a right circular cylinder is increasing at a rate of 2 units per
second. The height of the eylinder is decreasing at a rate of 5 units per second.
Which of the following expressions gives the rate at which the volume of the
cylinder is changing with respect to time in terms of the radius rand height h
of the cylinder?

(The volume ¥ of a cylinder with radius » and height f is V = nrh.)
(A) —20mr

(B) —2mrl

(C) 4nrh - 5nr

(D) drrk 4 5nr'
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6
6. Which of the following is equivalent to the definite integral | V¥ dx?
=4 [4k
T okl L
(A) uuﬁiz_:‘n n
fek
n
o 4 [ 4k
o) timY 2 [+ 2%
© nrﬂg:‘n n

. “6|' 6k
() 1'1“"312-.;‘; 2*7

&
(B) lim )} —
- .‘g‘ﬂ

Graph of g
7. 'The figure above shows the graph of the continuous function g on the interval
[0, 8]. Let b be the function defined by hix) = J: £(t)dr . On what intervals is h
increasing?
(A) [2, 5]only
(B) [L,7]
(C) [0, 1] and [3, 7]
(D) [1,3) and [7, 8]

X
A N
Idl—‘ix’
(A) -;Idn—ex’ +C

() —%In Ji—ex’+C
(C) %arcsin[ﬂ-x}ﬂ‘.‘

(D) %arcaﬂn{3x}+ﬂ‘
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T T T Tme e TR ey R TR T e e e e el e e
T T T '-\_.'N.'N.".‘\.'N.'N.".‘\.
R T o N0 L N N N
LT L GV N LT T N N LN
B e e x
R Y LT S LN I
R i T
B T

B . T WS,
B R e L ™
f///..l"'ff_fi__.r"/////'//
A R A B S IR A SR B S A

9. Shown above is a slope field for which of the following differential equations?

r_ 4
Eﬁ}dx— 3
(R) .‘i_}'=ﬂ

dx 4

dy  x-—
(C) T

dy x'—4
N} ==
{ ldx r

10. Let K be the region bounded by the graph of x = ¢, the vertical line x =10, and
the horizontal lines y=1 and y = 2. Which of the following gives the area of R?

z
(A) [ ey
(B) j: In %dx
2
(C) II{Il]—s’]d}r

10
(D) jc (Inx—1)dx
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PART B (AB OR BC)
A graphing calculator is required on this part of the exam,
¥
1
4
.3
y ] B
1 h”‘“‘a
"‘-.._‘_-__“-‘
4 3 3 40 =3 1
gl
P et
et '—2'%
\“'n,.__...
-3
-4
Graph of f
11, The graph of the function fis shown in the figure above, The value
of IJ.r!; Jix) is
(A) -2
(B) -1
(C)2
(D) nonexistent

12. 'The velocity of a particle moving along a straight line is given by +{(1) = 1.34ln
(0.2t + 0.4) for time £ 2 0, What is the acceleration of the particle at time t=1.27

{A) —0.580
(B) —0.54%
{C) —0.093
(D) 0.660
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x| =1 | 0 2 4 | s
f| 1| o9 8 5 | 2

13. Let fbe a twice-differentiable function. Values of f, the derivative of f, at
selected values of x are given in the table above, Which of the following
statements must be true?

(A} fis increasing for =1 < x <5,
(B) The graph of fis concave down for -1 < x < 5.
{C) There exists c, where —1 < ¢ < 5, such that f’{:}:-—-g,

(D) There exists ¢, where —1 < ¢ < 5, such that _,f‘"'{;}=_-§,

14. Letf be the function with derivative defined by f*(x)=2+{2x —8&)sin{x+3).
How many points of inflection does the graph of fhave on the interval 0 < v <9 2

(A) One
(B} Two
() Three
(D) Four
15. Honey is poured through a funnel at a rate of r{f) = 4% ounces per minute,

where t is measured in minutes. How many ounces of honey are poured through
the funnel from time £ =0 to time £ = 32

{A) 0910
(B) 1400
{C) 2.600
(D) 7429
PART A (BC ONLY)
Graphing calculators ara not permitted an this part of the exam.
x 2 5
ﬁ x) 4 7
fla| 2 3

16. The table above gives values of the differentiable function fand its derivative f
al selected values of x,

If f5 fx)dx=14, what is the value of J'S x 1 (x)dx?
2 2

(A) 13

(m) 27
63

(C) Y

(D) 41
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17, The number of fish in a lake is modeled by the function F that satisfies the
I : . dF F F ;

logistic differential equation = H.MF{[—‘HT“), where £ is the time in
months and F{0) =2000. What is !I_EI'I“ F(t)®
(A) 10,000
(B) 5000
{C) 2500
() 2000

18. A curve is defined by the parametric equaliun:s w(t) =+ 3 and y{1) =sin (£).
Which of the following is an expression for :L_—‘r intermsof £2
(A) —sin (#)
(B) —2fsin ()
(C) cos (1) — 2 sin (1)
(D) Zcos () — 4F sin (1)

19, Which of the following series is conditionally convergent?
(A) Zf— j
® ¥ K b

ia

(© zr -2 ”‘

D _ui
{}g;( 1) i

20. Let fbe the function defined by f{x) = ¢~ Which of the following is the
Maclaurin series for ', the derivative of {7

I 1 L]
A |+x+—+—1 s T
A 2! n!

! 2x*

(B) 21-2x+ix—+-—+---+
21 3 n!
¥ § L]
(2x) (x) (20
! i n!
x 3 _wm
22x) +2{2x} P 2(2x) A
2 3 n!

i

(C) 1+2x+

(D) 24+ 2(2x)+
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PART B (BC ONLY)
A graphing caleulator is required on this part of the exam.
¥
&
X
0

21, 'The figure above shows the graph of the polar curve r=2 +4sin 0, What is the
area of the shaded region?

(A) 2.174
(B) 2.739
(C) 13.660
(I} 37.699

22. The function fhas derivatives of all orders for all real numbers, Tt is known that
|/} <2 and | £(xf <2 for05.x 52. Let B, (x) be the fourth-degree
Taylor polynomial for fabout x=0. The Taylor series for fabout x= 0 converges
al x= 2. Of the following, which is the smallest value of k for which the Lagrange
error bound guarantees that 1}‘{2}—&{2] =kt

(A)

(B)

e m—

(<)

L R R
ali w1 aig wiv

()
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Section II: Free-Response
The following are examples of the kinds of free-response questions found on the exam,

PART A (AB OR BC)
A graphing calculator s required on this part of the exam.

t (hours) 0 2 4 6 8 10 12

| R(t) (vehicles per hour) | 2935 | 3653 | 3442 | 3010 | 3604 | 1986 | 2201

L. Ona certain weekday, the rate at which vehicles cross a bridge is modeled by
the differentiable funclion R for 0 < ¢ < 12, where B{f) is measurcd in vehicles
per hour and ¢ s the number of hours since 7:00 A.s. (t=0). Values of R(f) for
selected values of [ are given in the table above.

(2) Use the data in the table to approximate R(5). Show the computations that
lead to your answer. Using correct units, explain the meaning of R'(5) in the
conlext of the problem.

(b) Usea midpoint sum with three subintervals of equal length indicated by
12
the data in the table to approximate the value of jl} R{#)dt. Indicate units

of measure,

(c) Ona certain weekend day, the rate at which vehicles cross the bridge is
modeled by the function H defined by F{f) = —* — 3£ + 288t+ 1200 for
0= =17, where H{f) is measured In vehicles per hour and ¢ is the number
of hours since 7:00 a.m. (1=0). According to this model, what is the average
number of vehicles crossing the bridge per hour on the weekend day
for0=t=<12¢

(d) For 12<t<17, L{t), the local linear approximation to the function H given
in part (c) at =12, is a better model for the rate at which vehicles cross the
bridge on the weckend day. Use L{f) to find the time £, for 12 <t < 17, at
which the rate of vehicles crossing the bridge is 2000 vehicles per hour.
Show the work that leads to your answer.
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PARTB(AB ORBC)
Graphing calculators are nol permitted on this part of the exam.
¥
A
—
0 1\/2 3\/4

Graph of [

2. The figure above shows the graph of f', the derivative of a twice-differentiable
function f on the closed interval [0, 4]. The areas of the regions bounded by the
graph of " and the x-axis on the intervals [0, 1], [1, 2], [2, 3], and [3, 4] are 2, 6, 10,
and 14, respectively. The graph of f* has horizontal tangents at x= 0.6, x= 1.6,
x=2.5,and x=35. It is known that f{2) =5.

(a) Onwhat open intervals contained in (0, 4) is the graph of fboth decreasing
and concave down? Give a reason for your answer.

(b) Find theabsolute minimum value of fon the interval [0, 4], Justify your
answer, i

(£} Evaluate L:' Flx) flx)de.

(d) The function gis defined by g(x) =x* fix). Find g' (2). $Show the work that
leads to your answer,

PART A (BC ONLY)
A graphing caleulator is required on this part of the exam.

3. For 0 ={=<5, aparticle is moving along a curve so that its position af time ¢
is (x{t), J{r)). Attime ¢ = 1, the particle is at position (2, =7). It is known that

Ex—=5ir|( L) and dr =™
dt i+3 dt

(a) Write an equation for the line tangent to the curve at the point (2, 7).

(b) Find the y-coordinate of the position of the particle at time t=4.

(c) Find the total distance traveled by the particle from time £=1 to time 1 = 4.

(d) Find the time at which the speed of the particle is 2.5. Find the acceleration
vector of the particle at this time.
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PART B (BC ONLY)
Graphing caleulators are not permitted on this part of the exam,

4, The Maclaurin series for the function fis given by

dal &k 2 3
X

f= E{_”—!x e g on its interval of convergence.
& % 3

(a} Usethe ratio test to determine the interval of convergence of the Maclaurin
series for [ Show the work that leads to your answer.

(b} The Maclaurin series for fevaluated at x =%L¢ an alternating series whose

terms decrease in absolute value to 0. The approximation for _f(i] using
the first two nonzero terms of this series is g . Show that this

approximation differs from f[i) by less than -5‘;—0_

{¢) Letk be the function defined by h{x)= I; JUr)de . Write the first three

nonzero terms and the general term of the Maclaurin series for b
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Answer Key and Question
Alignment to Course Framework

Multiple-
Cholca Learning
Question Answer Skill Objective Unit
) 1 D 1L.E LIM-1.E 1
2 B 3.D FUN-2.A 2
3 A 1E FUN-3.B 2
4 B 1LE FUN-3.D 3
5 C 1LE CHA-3.D 4
6 c 2.C LIM-5.C 6
7 c 2D FUN-5.A 6
8 A 1LE FUN-6.D 6
g B 2C FUN-7.C 7
10 c 1D CHA-5.A 8
11 C 2B LIM-1.C 1
12 c L.E CHA-3.B 4
13 D 3D FUN-1.B 5
14 D 2.D FUN-4.A 5
15 D 3D CHA-3.D 8
16 A 1E FUN-6.E 6
17 B aF FUN-7.H 7
18 A 1.E CHA-3.G 9
19 B 3D LIM-7.A 10
20 D 3.D LIM-8.G 10
= A 3D CHA-5.D 9
22 A 1LF LIM-8.C w0
Free-Responsa
Gueston Skills Learning Objective Unit
LD, 1.p, CHA-2D, CHA-3.A,
1 25 3p CHAQC,CHAIF,  2,4,6,8
g CHA-4.B, LIM-5.A
2 ;g ;5, POB-ER, FOM-40, o g
3B,3Eg FUN-5A FUN-6D
3 11% ;'_];' CHA-3.G, FUN-8,B 9
5 ;:g: ;g LIM-7.A, LIM-7.B, e
ot LIM-8.D, LIM-8.G
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The scoring information for the questions within this coursa and exam
description, along with further exam resources, can be found on the
AP Calculus AB Exam Page and the AP Calculus BC Exam Page on
AP Central.
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% AP CALCULUS AB/EC

Scoring Guidelines

Part A (AB or BC): Graphing Calculator Required

t (hours) o 2 4 6 8 10 12
R(t) (vehicles per hour) | 2835 | 3653 | 3442 | 3010 | 3604 | 1986 | 2201

1. Onacertain weekday, the rate al which vehicles cross a bridge is modeled by the differentiable function R for
0 =1 =12, where Rif) is measured in vehicles per hour and  is the number of hours since 7:00 a.s. (f=0).
Values of R(1} for selected values of f are given in the table above.
(2) Use the data in the table to approximate R(5). Show the computations that lead to your answer. Using correct
units, explain the meaning of RY{5) in the context of the problem.

(b} Use a midpaint sum with three subintervals of equal length indicated by

12
the data in the table to approximate the value of Iﬂ- R()dt. Indicate units of measure.

(<) Ona certain weekend day, the rate at which vehicles cross the bridge is modeled by the function H defined by
H(f) =1 = 31" + 288¢ 4 1300 for 0 £ ¢ = 17, where H(f) is measured in vehicles per hour and f is the mumber of
hours since 7:00 A (1 =0). According to this model, what is the average number of vehicles crossing the bridge
per hour on the weekend day for 0 <1< 127

(d) For 12 <¢<17, L(f), thelocal linear approximation to the function H given in part (c) at t =12, is a better model
for the rate at which vehicles cross the bridge on the weekend day. Use L{1) to find the time f, for 12 <¢< 17, at
which the rate of vehicles crossing the bridge is 2000 vehicles per hour. Show the work that leads to your answer,
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Part A (AB or BC): Graphing calculator required

Scoring Guidelines for Question 1 9 points
Learning Objectives: [cha-zp| [cHas.a| [cHA-3c| [CHA-2F] [CHAEB] [LiM-5A|
{a) Usethe data in the table to approximate R'(5). Show the computations that lead to your answer.
Using correct units, explalin the meaning of R7(5) in the context of the problem,
Model Solution Scoring
B _ Approximation using values 1 point
rs)- RE-R)_3010-3442_ from table. 23]
6-4 2
Attime t=5 hours (12 fu), the rate at which vehicles cross the bridge  Interpretation with units 1 point
Is decreasing al a rate of approximately 216 vehicles per hour per hour. (&=
Total for part (a) 2 points
(b}  Use a midpoint sum with three sublntervals of equal length indicated by the data in the table to
approximata the value of [E:ZR::} dt. Indicate units of measura
[ Ait) ot = 4(R(2)+ RIE)+ R(10) It s e . F"g
= 4(3653 + 3010+ 1986) Approximation using values 1 point
= 34,596 vehicles from the table with units [ s
Total for part (b) 2 points
(el Whatis the average number of vahicles crossing the bridge per hour on the weekend day
forQ<t=<12
1 = Dafinite integral 1 point
ﬂ'jo Hit) dt| - 2452 o
Definite Angwer Answer with supporting work 1 point
integral E
Total for part (c) 2 points
{d)  Use Lt to find the time £, for 12 < £< 17, al which the rate of vehicles erossing the bridge Is 2000 vehicles
per hour. Show the work that leads Lo your answer,
Lit)= HOZ- H{12){t -12) Slope 1 point
H[12)=2596; H'{12)=-216 m e
L(t)=2000 L(t)=2000 1 point
- 18]
=1 =14.750 Answer with supporting 1 point
work m wE
Total for part (d) 3 points
Total for Question 1 9 points
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PART B (AB OR BC): Calculator not Permitted

/\
1\/2 3\/4

Graph of |
2. 'The figure above shows the graph of £, the derivative of a twice-differentiable function £ on the closed interval [0, 4],
The areas of the regions bounded by the graph of £ and the x-axis on the intervals [0, 1), [1, 2], [2, 3], and [3, 4] are
2, 6, 10, and 14, respectively. The graph of " has horizontal tangents at x=0.6, x= 1.6,
x=2.5,and x= 3.5, It is known that f{2) =5.
(2) On what open intervals contained in (0, 4) is the graph of fboth decreasing and concave down? Givea
reason for your answer,

—

=]

{b} Find the nbiu!ute minimum value of fon the interval [0, 4]. Justify your answer.
{c) Evaluate jﬂ JC) ()l
{d) The function g is defined by g{x) = f{x). Find g* (2). Show the work that leads to YOUr answer.
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Part A (AB or BC): Calculator not Permitted
Scoring Guidelines for Question 2 9 points

Learning Objectives: [fun-3s) [run-4a| [run-sa| [Fukes]

{a} Onwhat openintervals contained in (0,4} is the graph of fboth decreasing and concave down?

Glve a reason for your answer.
Model Solution Scoring
The graph of fls decreasing and concave down cn the intarvals (1, 1.6) Answer 1 point
and (3,3.5) 25|
because Fls negative and decreasing on these intervals. Reason 1 point
2 N
Total for part (a) 2 points
()  Find the absolute minimum value of Fon the interval [0, 4. Justify your answer,
The graph of ¥ changes from negative to positive onlyat x =2, Consldersx=2asa 1 point
candidate 28]
0., 3 Answer with 1 point
1(0)=1(2)+ [, F'(x) dx = (2} [ #'(x) cix =5—(2-6) =9 justification £l
f(2)=5
f{4}=r(2:|+j:f'(x] dx =5+(10-14)=1
On the interval [0, 4], the absolute minkmwm value of fis f{4) = 1.
Total for part (b) 2 points
{c} Evaluate j;r{x Wo(x) e
4 —_— Antiderivalive of tha 1 point
4 y 2
Jo ff(x) m=5{rp¢n L farm alf{x) s
Earned the first point 1 point
1
-} 2 2 and 8m—
=2{rcay’-eon’) 2 o
p_g)=—a0 el Tisht
* 28]
Total for part (c) 3 points
{d) Find g'(2). Show the work that leads to your answer,
@) =3x(x) + X0 (x) Product Rule 1 polnt
@'(2)=3- 2202+ 2°F(2)=12-5+8-0=60 1.1}
Answer 1 point
28]
Total for part (d) 2 points
Total for Question 2 9 points
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PART A (BC ONLY): Graphing Calculator Required

3. For0=t=5,a parlicle is moving along a curve so that its position at time ¢ is (x{t), y{)). At ime t=1, the particle is al

dx i .:fy
iti 7). It is known that —=sin| — | and —==¢"",
i it L [: +3 ] dt

{a) Write an equation for the line tangent to the curve at the point (2,—7).

(b) Find the y-coordinate of the position of the particle at time f=4.

(c) Find the total distance traveled by the particle from time t =1 to time t = 4.

(d) Find the time at which the speed of the particle is 2.5, Find the acceleration veclor of the particle at this time.
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IEP AND 504 ACCOMMODATIONS AND MODIFICATIONS FOR EARLY
CHILDHOOD AND ELEMENTARY SCHOOL STUDENTS:

Large prinl textbooks

Textbooks for at-home use

Additional time for assignments

Review ol dircctions

Use of mnemonics

IHave student restate information

Concrete examples

Adaptive writing ulensils

Support auditory presentations with visuals

Use of'a study carrel

Assislance in maintaining unclutiered space

Weekly home-school communication tools (notebook. daily log. phone calls or email
messages)

Space [or movement or breaks

Study shcets and teacher outlines

Extra visual and verbal cues and prompts

Math sheets with highlighted instructions

Graph paper to assist in organizing or lining up math problems
Use of compulers and calculators

Books on tape

Graphic organizers

Quiet corner or room 1o calm down and relax when anxious
Preflerential seating

Alteration of the classroom arrangement

Reduction of distractions

Answers to be dictated

Hands-on activities

Use of manipulatives

No penalty for spelling crrors or sloppy handwriting
Follow a routine/schedule

Alternate quiet and active time

Teach time management skills

Rest breaks

Verbal and visual cues regarding directions and staying on task
Agenda book and checklists

Adjusted assignment timelines

Visual daily schedule
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GLOBAL SKILLS

Varied reinforcement procedures
Immediate feedback
Work-in-progress check
Personalized examples

TESTING AND ASSESSMENT ACCOMMODATIONS AND
MODIFICATIONS:

Answers o be dictated

Frequent rest breaks

Additional time

Oral testing

Untimed tests

Choice of test format (multiple-choice. essay, true-false)
Alternate ways to evaluate (projects or oral presentations instead ol written tests)
Accepl short answers

Open-book tests

Read test and directions to student

Provide study outline prior to tests

Highlight key directions

Test in alternative site

Use of calculator

Extra credit option

Preview lest procedures

Simplified test wording; rephrased test questions and/or directions

GENERAL ACCOMMODATIONS AND MODIFICATIONS:

Use ol alternative books or materials on the topic being studied
Computerized spell-check support

Word bank of choices for answers o test questions

Provision of calculator and/or number line for math tests
Reworded questions in simpler language

Projects instead of writlen reports

Highlighting important words or phrases in reading assignments
Modified workload or length of assignments/tests

Modificd time demands

Modified grades based on [EP

BEHAVIOR ACCOMMODATIONS MODIFICATIONS:
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Breaks between tasks

Cue expected behavior

Daily feedback 1o student

Have contingency plans

Use de-escalating stralegics

Use positive reinforcement

Use proximity/touch control

Use peer supports and mentoring
Model expected behavior by adulls
Have parent sign homework
IHave parent sign behavior chart
Set and post class rules

Charl progress and maintain data
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IEP AND 504 ACCOMODATIONS AND MODIFICATIONS FOR MIDDLE
AND HIGH SCHOOL STUDENTS:

Large print textbooks

Textbooks for at-home use

Additional time for assignments

A locker with adapted lock

Review of directions

Review sessions

Use of mnemonics

Have student restate information

Provision of notes or outlines

Concrete examples

Adaptive writing utensils

Support auditory presentations with visuals

Weekly or bi-weekly home-school communication

Space for movement or breaks

Study sheets and teacher outlines

Extra visual and verbal cues and prompts

Lab and math sheets with highlighted instructions

Graph paper to assist in organizing or lining up math problems
Use of tape recorder for lectures

Use of Interactive notebook

Use of a scribe

Use of computers and calculators

Books on tape

Graphic organizers

Quiet corner or room to calm down and relax when anxious
Preferential seating

Alteration of the classroom arrangement

Reduction of distractions

Answers to be dictated

Hands-on activities

Ability to type all assignments

Foliow a routine/schedule

Teach time management and organizational skills

Rest breaks

Verbal and visual cues regarding directions and staying on task
Agenda book and checklists

Daily check-in with case manager or special education teacher
Adjusted assignment timelines

Visual daily schedule
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Varied reinforcement procedures
Immediate feedback
Work-in-progress check
Personalized examples

TESTING AND ASSESSMENT ACCOMMODATIONS AND
MODIFICATIONS:

Answers to be dictated

Frequent rest breaks

Additional time

Oral testing

Choice of test format (multiple-choice, essay, true-false)

Alternate ways to evaluate (projects or oral presentations instead of written tests)
Accept short answers

Open-book or open-note tests

Read test and directions to student

Provide study guides prior to tests

Highlight key directions

Test in alternative site

Use of calculator

Extra credit option

Pace long-term projects

Preview test procedures

Simplified test wording; rephrased test questions and/or directions

GENERAL ACCOMMODATIONS AND MODIFICATIONS:

Allow outlining, instead of writing for an essay or major project
Use of alternative books or materials on the topic being studied
Computerized spell-check support

Word bank of choices for answers to test questions

Provision of calculator for math tests

Film or video supplements in place of reading lext

Reworded questions in simpler language

Projecls instead of writlen reports

Highlighting important words or phrases in reading assignments
Modified workload or length of assignments/tests

Modified time demands
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Pass/no pass option
Modified grades based on |IEP

BEHAVIOR ACCOMMODATIONS FOR STUDENTS:

Breaks between tasks

Cue expected behavior

Daily feedback to student

Have contingency plans

Use de-escalating strategies

Use positive reinforcement

Use proximity/touch control

Use peer supports and mentoring
Model expected behavior by adults
Have parent sign homework

Set and post class rules

Chart progress and maintain data
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Accommodations and Modifications for ESL Students

Give tests orally

Give instructions/directions in writing and orally

Assign a peer tutor, same language or English speaking

Allow use of bilingual/translation dictionary

Provide summaries of text or study guides of particular chapters
Allow errors in speaking

Allow errors in writing

Accept writing in first language

Highlight key vocabulary

Reduce amount of work required

Assess comprehension through demonstration or other alternative means
(gestures, drawings)

Rephrase questions, directions, and explanations

Reduce multiple choices on assessments

Provide study guides and/ or outlines

Shorten reading assignments

Allow extended time for test/project completion

Use of audio books

Use of graphic organizers

Use reduced text, so that print is not dense

Use visuals/pictures throughout lesson/unit/assignemt

Adapt homework to reflect language proficiency/home support
Adapt homework to reflect home support

Provide hands-on activities and explanations

Allow extended time to answer questions, and permit drawing, as an
explanation

Use of translation dictionaries to locate words in the native language
Use anecdotal records and portfolio of work as forms of assessment
Use story retellings to assess comprehension



pringfield Public Schools

Cultvafing compassionate and exteaordinary learners!

What Does the Gifted and Talented Experience Look Like?
Springfield Public Schools

Mission Statement

The Gifted and Talented Program of the Springfield Public Schools aims to provide a
meaningful and rigorous education that instills the value of lifelong learning and
empowers all students to reach their full potential and become self-fulfilled creative
leaders in accordance with the comprehensive standards of our state. We accomplish
this by offering challenging, real-world experiences in a student-centered environment.

We recognize that students come from diverse socioeconomic, cultural, and ethnic
backgrounds, and the mission of the gifted and talented program is to provide
opportunities for students to explore their intellectual, creative, and artistic gifts and
talents within the classroom and with beyond-the-classroom experiences. It is
essential to provide diverse, appropriate, and ongoing learning experiences and
environments that incorporate students' academic, psychological, and social needs.
Our responsibility is to provide students with educational alternatives that teach,
challenge, and expand their knowledge, while simultaneously stressing the
development of independent and self-directed learners who continuously generate
questions, analyze, synthesize, and evaluate information and ideas.

New Jersey Administrative Code 6A:8-3.1 defines students who are gifted and talented
as those students who possess or demonstrate high levels of ability in one or more
content areas when compared to their chronological peers in the local district and who
require modification of their educational program if they are to achieve in accordance
with their capabilities.



Goals:

To support our mission, we have established the following goals to guide our work:

> To infuse into the general education program a broad range of activities for
high-level learning that will challenge all students to perform at advanced levels,
and provide extended opportunities, resources, and support in particular areas
where student interest or talent is demonstrated.

> To provide a continuum of gifted education services that will strengthen the total
school program, offer enriching and challenging learning opportunities for all
students, and provide specialized learning experiences

> To promote achievement of students’ best potentials and increased ability.

Through a productive and collaborative relationship among the building principals,
classroom teachers, and the Gifted and Talented teacher, our schools can create
programming that will enhance the learning experience for every student and serve the
unique and specialized needs of students currently demonstrating gifted behaviors.

Elements of the Schoolwide Enrichment Model, W.LLN (What | Need), differentiated
instruction, advanced classes, or individual programs into a student’s regular
instruction program are integral to this overarching framework for gifted education in
the Springfield School District.

Reference Board Policy and Regulation 2464 - Gifted and Talented Pupils (M)

rly Childhood Cent
Edward V. Walton

Schoolwide Virtual Enrichment

All first and second grade students have access to the Gifted and Talented Virtua
Classroom. This virtual classroom is a space for students to complete various
challenges and enrichment opportunities at their own pace. Students can receive
feedback and additional adaptable resources to meet their individual learning needs.
The virtual classroom design expands accessibility to enrichment resources and allows
students to choose learning activities according to their unigue interests and abilities.
The purpose of the activities is to encourage problem-solving, develop critical thinking



skills, and expand curiosity and imaginatian. Activities are aligned to the New Jersey
Student Learning Standards.

Gifted and Talented Teacher as a Rasotirce

The Gifted and Talanted teacher serves as a resowrce 1o all teachers within Edward V.
Walton Schoot, Teachers seeking resources for their high-ability learners will receive
additional support from the Gifted and Talented teacher in various ways, This support
may include additional units of study, challenging resources, and student projects.

Elementary Schoois
James Caldwel
Thelma L. Sancdmeier

The goal is to engage small groups of students in intensive learning experiences
through standards-frased, rigorous, and relevant units of study that supplement, not
stpplant, the grade-level curricutum and support students’ unigue learning needs.

Enrichment Experience Grade 3

Beginning in third grade, the G&T teacher will cycle through all classrooms to work on
problem-solving and enrichment tasks with students, Driven by assessment daia,
academic performance, student interest, and teacher observation, small grotips of
students will maet with the G&T feacher during W.1.N. (What | Nesd} periods throughout
the week that the teacher is assigned to their classroom teacher. Groupings wifl be
flexible and monitored to best mest each student’s needs throughout the school year.
Activities will include brain teasers, puzzles, strategic thinking, problem-sclving, and
STEM challenges.

Targeted G and Talented Programin 4-5

Students may become identified as Gifted and Talented in fourth grade. Students that
are identified may receive support from the G&T Teacher for up to five periods {200
minutes) a week during WILN. (What | Need) periods. Identified students will meet to
explore grade-level content while incorporating depth and complexity in a
student-centered, problem-based environment. The Gifted and Talented Program aims
to provide students with various advanced and challenging learning experiences
across content areas to promote independent thinking skiils, refine critical thinking and
communication skils, cultivate joy in learning, and expand student interests through
problem-solving. The instruction that students receive incorporates 21st Gentury Skills
and advanced content that is challenging, hands-on, and relevant to the real world.



Sfrafeg:es and Practices that Support Gifted and Talented Students
Adjusted Pace of Lessons
Inquiry-Based Instruction
Higher-Order Thinking Activities
Interest-Based Content
Real World Problem Solving/Problem Based Learning
Independent Study/Passion Projects
Units of Study with Like-Minded Peers

oolwide Virtual Enri nt
All JCS and TLS students have access to grade level-specific Gifted and Talented
Virtual Classrooms. These virtual classrooms are a space for students to complete
various challenges and enrichment opportunities at their own pace. Students are able
to receive feedback and additional opportunities based on their needs. The virtual
classrooms have expanded the accessibility of enrichment resources directly to the
students and allows for students to choose opportunities according to their interests
and abilities. The purpose of the activities is to encourage problem solving, develop
critical thinking skills, and expand curiosity and imagination in conjunction with the
New Jersey Student Learning Standards.

Gifted and Talented Teacher as a Resource

In addition to classroom support, the Gifted and Talented teacher also serves as a
resource to all teachers in the building. Teachers that are seeking resources for their
high ability learners will receive additional support from the Gifted and Talented teacher
in various ways. This may include additional units of study, challenging resources,
student projects, and meeting with the G&T teacher as needed.

Additional Enrichment Opportunities

Across all grade levels 3-5, as recommended by the classroom teacher, students
exhibiting a need for additional enrichment may have the opportunity to meet with the
G&T teacher as the schedule allows. Groupings will be flexible and monitored to best
meet the students’ needs throughout the school year. Activities will include, brain
teasers, puzzles, strategic thinking activities, problem-solving challenges, and STEM
challenges. Students engage in an extended process of asking questions, using
resources, and developing answers that lead to thinking about what and how they are
learning. Students are held accountable for how they work and use their time by
demonstrating their learning through products or presentations.

Students self-select to participate in individual and/or group projects based on interest
and commitment. The classroom teacher and/or the enrichment teacher will help guide
and monitor student exploration of chosen topics, facilitating their learning with
resources and teaching of needed skills.



sgcondary Schools

Florence M. Gaudineer Middile School
Jonathan Dayton High School

Grades 6-12: Access to specific content programs with higher levels of academic
challenges {i.e. Pre-Algebra, Accelerated Communication Arts, and Advanced
Placement Classes)

Dual Credit Courses provide students the opportunity to obtain high school credit, and
college credit, simuitaneously through parinerships with several institutions.

Project Lead the Way (PLTW) students hecome builders of technology by engaging in
real world activities. Students are empowered as design thinkers coliaborating on real

world projects.

Gifted and Talented ldentification Criteria

‘The Springfield Schools Gifted and Talented Program recognizes that students require
differentiated learning experiences beyond the core curriculum being taught because
of their advanced abifities In one or more content areas. These students may also have
other cognitive qualities such as curiosity, creativity, motivation, leadership, and
passion that require modfiications to their academic experiance,

Muttipie Measures of Eligibiity

Kindergarten through grade twelve identification process for gifted and talented
students includes multiple measures. Multiple measures may include but are not
limited fo: achievement test scores; grades; student performance or products;
intefligence testing; parent, student, and/or teacher recommendation: and other
appropriate measures. The identification methodology is developmentally appropriate,
non-discriminatory, and refated io the programs and services offered by the Springfield
School District, The identification proceduras are reviewed annuaily.

According to NJ.A.C. 64:8-3.1, all public school districts must have a board-approved
gifted! and falented identification process and provide services for identified students
enrolled in the grades of that school district. The regutations require that idertification
and senices be made avallable fo sfudenis in grades K-12.

When students are recommended for the Gifted and Talented Program there are
multiple measures that are considered to determine if services are necessary and
appropriate. The assessments used are as follows:



DRAZ Level

Cognitive Abilities Test (CogAT)
Classroom Performance/Student Portfolios

iReady Diagnostic Scores
Gifted Indicators Checklist
Start Strong/NJSLA Assessment Data

The N.J.A.C. requires that students be compared to their chronological peers in the
local school district. The New Jersey Department of Education has not established
state-level criteria for identifying students who are gifted, such as mandated tests or
assessments, grade point averages, or IQ scores. Local school districts must use
multiple measures to identify students.

Procedures

https://www.straussesmay.com/seportal/Public/DistrictPolicy.as

b8a33a9f505e4998a6db3fbBe1de778b

x?policyid=2464&id=

Gifted and Talented Program Identification Matrix
Minimum Score Required for Consideration: 14 Points

1 Point

2 Points

3 Points

Cogat Assessment
QOverall Stanine Scoreofa 7

Cogat Assessment
Overall Stanine Score of an 8

Cogat Assessment
Overall Stanine Score of 2 9

On Grade Level

% Year Above Current Level

iReady Math Assessment iReady Math Assessment iReady Math Assessment
Just Below Current Grade On Grade Level ¥ Year + Above Current
Level Level

IReady ELA IReady ELA IReady ELA

One Full Grade Level +
Above Current Level

NJSLA Math
Approaching Expectations

NJSLA Math
Met Expectations

MNJSLA Math
Exceed Expectations

MNJSLA ELA
Approaching Expectations

NJSLA ELA
Met Expectations

MNJSLA ELA
Exceed Expectations

HOPE Teacher Rating Scale
Raw Score: 11 - 29

HOPE Teacher Rating Scale
Raw Score: 30 - 49

HOPE Teacher Rating Scale
Raw Score: 50-66




Team meetings present the opportunity to review data and assess the educational
needs of all students. Teacher provides examples of student work exhibiting above and
beyond grade level expectations, creativity, leadership, critical and abstract thinking.
Programs for gifted and talented students will be periodically evaluated for their
continuing efficacy and adjusted accordingly. The parent of any student identified as
gifted or talented shall be consulted regarding any program designed to address the
student's particular needs.

Resource Links

; ideinsights.com/coanitiv iliti
hitps:/www. curriculumassociates.com/programs/i-ready-leaming
https: nj.govieducation/assessment/n I
hitps://www.routledge.com/HOPE-Teacher-Raling-Scale-Involving-Teachers-in-Equitable-ldentifi
cation/Gentry-Pereira-Peters-Mcintosh-Fugate/p/book/97816182 1452 2#:~:text=The%20HOPE

9% 20Teacher® ing® le.making%20it%?2 o 9
Gifted and talented student: The “Strengthening Gifted and Talented Education Act”

defines a gifted and talented student as a “student who possesses or demonstrates a
high level of ability in one or more content areas when compared to their chronological
peers in the school district and who require modifications of their educational program
if they are to achieve in accordance with their capabilities. "

Twice-exceptional (2E) students: A twice-exceptional (2E) student is defined as “a
student who is both gifted and a student with a disability. These students may also be
referred to as having dual exceptionalities or as being gifted with learning disabilities
(GT/LD). This also applies to students who are gifted with ADHD or gifted with autism”
(New Jersey Association for Gifted Children, www.nagc.org).

Instructional adaptation: An adjustment or modification to instruction enabling a
student who is gifted and talented to participate in, benefit from, and demonstrate
knowledge and application of the New Jersey Student Learning Standards in one or
more content areas at the instructional level of the student, not just the student’s grade

level.

Identifying gifted and talented students: The focus of identification is to provide
programming and services in which students' specific learning needs and potential are
appropriately addressed and met. In every New Jersey school district, there are
students who require modifications to the general education curriculum if they are to
achieve in accordance with their abilities. By identifying a student's general intellectual
ability, creativity, or specific academic area aptitudes, we are acknowledging that they
need programming and services outside of the general education/grade level
curriculum to advance their learning.



NJDOE Fast Facts

hitps://www nj.gov/education/standards/gifted/

https://www.nj.qov/education/standards/aifted/legislation.shtml

Supplemental Resources/Programming for Gifted Students

Edward V. Walton

e & & @ @

PETS Program - Primary Education Thinking Skills

Group Solutions/Group Solutions 2 — Cooperative Logic Activities
Lollipop Logic

Beginning Thinking Skills

AIMS Education Programming

James Caldwell and Thelma L. Sandmeier
Math/ELA

® & & @ & & & & & 0 & ® 0 @

STEM

Project M3: Mentoring Mathematical Minds

Junior Great Books

AIMS Education Programming

Borenson Hands on Equations

BizWorld

Perplexars

Advanced Math Explorations grade 3-5

Challenging Units for Gifted Learners (ELA and Math)
Creative Curriculum Extenders

Differentiated Lessons & Projects

Challenge Math Grades 4+

Differentiating Instruction with Menus (All Content Areas)
Jacob’s Ladder

Genius Hour/Passion Project

Spatial Reasoning

Logic Puzzles, Brain Games, Analogies

Engineering is Elementary
Engineer Throughout the Year
PBS Design Squad
DefinedSTEM

Project Lead the Way (PLTW)



Enrichment Events

Experience for all students to be enriched through events related to the curricular or
extracurricular activities. Examples include after school clubs, PTA-sponsored events,
lsadership opportunities, visual and performing arts, and community service
opportunities,
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