Mathcounts Program Preliminary Assessment

Please read the following carefully before you start —

On the next page you will find 10 questions which are not ordered with an increasing level
of difficulty. Please try to read and answer all questions carefully within 20 minutes before
checking the solutions provided at the end of the assessment.

Note you should work on these questions individually and should not use calculators
or any electronic aids (e.g. internet)

A minimum of 3-4 questions answered correctly is generally recommended for achieving
reasonable benefit from the program.
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. Aregular 12-hour analog clock reads 12:24. How many degrees are there in the measure

of the smallest angle formed by the hour and minute hands of the clock?

A fair coin is flipped five times. What is the probability that there are at least two tails
and at least one head? Express your answer as a common fraction.

Chris is throwing darts at a circular dartboard. The first dart he throws hits the dartboard
close to the edge, only three inches away from the nearest point on the edge of the
dartboard. The second dart, a better throw, lands only two inches away from the center of
the dartboard. If the two darts are ten inches away from each other, what is the smallest
possible radius of the dartboard?

Ifx + vy = 3andx — y = 1, then what is the value of x> + y? + 6xy?
How many integers from 2 to 147 have square roots that are whole numbers?

Al and Bert regularly buy comics at their local comic shop. Every time Al shops, he buys
10 comics. Bert, on the other hand, buys only 8 comics when he shops. At the end of the
year, they compare the comics they bought and are surprised to learn they each bought
the same number of comics! If they each visited the comic shop at least once each
calendar month, what is the fewest number of comics Al and Bert could have bought
altogether?

If a, b, c and d are positive integers for which a! + b! + ¢! + d! = 29, what is the
value of abcd? (In math, the exclamation point is read as “factorial” and means that we
multiply all the positive integers less than or equal to the given positive integer. For
example, 3!=1X2x3=0)

If x is a positive real number such that x2 + 2x = 80, what is the value of x3 +
3x% + 3x?

The sum of two positive integers and their product is 1 less than the product of 5 and 7.
What is the product of the two positive integers?

A theater sells tickets at adult and child prices. One day, the theater makes $1380 in ticket
sales. If all the tickets were adult tickets, the sales would have been $1500. If instead, all
the tickets were upgraded to 3D for $2.00 extra per ticket, the sales would have been
$1580. A child ticket costs $9. How many child tickets did the theater sell?



Solutions

. There are 360 degrees in a full circle and 60 minutes in an hour, so the minute hand

moves 360 + 60 = 6 degrees per minute. If we think of 12:00 as zero degrees, then the
minute hand is at 24 x 6 = 144 degrees at 12:24. The hour hand travels 360 ~ 12 = 30
degrees in one hour, so it travels 30 ~ 60 = 1/2 degree per minute. The hour hand is at 24
x 1/2 =12 degrees at 12:24. The smallest angle formed by the hour and minute hands at
12:24 is 144 — 12 = 132 degrees.

There are 25 = 32 possible outcomes when a coin is flipped five times. For this problem,
it is easier to count the outcomes that we do not want. The only way not to get at least
one head is when all the flips land on tails, so that’s one outcome eliminated. The only
way not to get at least two tails is to get zero tails, which can happen just one way, or to
get exactly one tail, which can happen in five ways. That’s atotal of 1 + 1 +5=7
outcomes that do not give us what we want, so the other 32 — 7 =25 outcomes must
include at least two tails and at least one head. The probability of this happening is 25/32.

. The least possible radius of the dart board would occur if the two darts have landed on

the same diameter on opposite sides of the center. If this is the case, the radius would be 3
+ 10 — 2 =11 inches.

. We have two equations and two unknowns. If we add the two equations together, we get
2x =4, which means x = 2. Knowing that x = 2, we can see in both of the other equations
that y must equal 1. Now we can substitute these values into the expression, which yields
22+12+6x2x1=4+1+12=17.

The numbers that have square roots that are whole numbers are the square numbers. The
number 22 =4,32=9,42 =16, ..., 122 = 144 are the only squares that fall into the given
range, and there are 12 — 1 = 11 integers.

. The least common multiple (LCM) of 10 and 8 is 40, but they each went to the comic

shop at least once a month, so 40 comic books is not enough. Al bought at least 12 x 10 =
120 and Bert bought at least 12 x 8 = 96. Because 120 is three times the LCM of 40, they
each might have bought 120 comics. In that case, they bought 240 comics altogether.

Since 5! = 1 X2Xx3x4X5 = 120 is greater than 29, all four numbers must be less than 5. If
all four numbers are 3, we have 3! + 3! + 3! + 3! = 24, which is too small and there must
be a 4. Since 4! = 24, there is only 29 — 24 = 5 for the remainder of the sum. Because 3! =
6 is too big, there must be only 1s and 2s left, namely one 1 and two 2s. The sum of the
four factorials is 4! +2! + 2! + 1! =24 +2 +2 + 1 = 29. Note that we don’t need to worry
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about the order of these values since the question asks for the value abcd. The value of
abcdis 4 x 2 x 2 x 1 =16.

Rewriting the equation in standard form, we have x2 + 2x — 80 = 0. Factoring, we
have (x + 10)(x — 8) = 0, meaning x = —10 and x = 8. Since we want a positive real
number, x must be 8. The value of x3 + 3x? + 3x is 8 + 3(8)> + 3(8) =512 + 3(64) +
24=512+192+24 =728

Let’s translate this language to algebra, using a and b as the two positive integers. We get
a+b+ab=5x7—1, which we can simplify to a + b + ab = 34. Note that this is one
equation with two unknowns. This would have infinitely many solutions if it weren’t for
the requirement that both a and b are positive integers. It’s also clear that they are single
digit numbers. Consider that 5 + 5 + 5 X 5 = 35. Using mental math to try some nearby
options, we stumble upon the solution a=4 and b = 6. Indeed 4 + 6 + 4 x 6 = 34. The
product of a and b is 4 X 6 = 24. Alternatively, if we add 1 to both sides of the given
equation, we can factor the left-hand side to give (a+ 1)(b+ 1) =5 % 7. Because a and b
must be positive integers, it must be thata+ 1 =35 and b + 1 =7, or vice versa, implying
that a and b are 4 and 6. Their product is 24.

Upgrading all the tickets to 3D for $2.00 extra leads to an increase of $1580 — $1380 =
$200. This means there must have been a total of 200 +~ 2 = 100 tickets sold. We know
that if all the tickets had been adult tickets, the sales would have been $1500, so the price
of the adult tickets is $1500 ~ 100 = $15 each. We also note that switching one child
ticket for one adult ticket is an additional cost of $15 — $9 = $6, and switching all the
child tickets to adult tickets is an increase of $1500 — $1380 = $120. This means that the
theater must have sold 120 + 6 = 20 child tickets. Alternatively, we can solve with a
system of equations, with number of adult tickets sold a and number of child tickets sold
c. Adult tickets are $15 each, so we can write the equation 15a + 9¢ = 1380. Since there
were 100 tickets sold total, we can write the equation a + ¢ = 100, or a = 100 — c. We can
substitute the expression 100 — ¢ for a in the first equation to solve for ¢: 15(100 — ¢) + 9¢
= 1380 — 1500 — 15¢ + 9¢ = 1380 — 120 = 6¢ — ¢ = 20, meaning the theater must have
sold 20 child tickets.



