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Calculus

Write your questions
and thoughts here!

v

1.1 Can change occur at an instant?

The Father(s) of Calculus

Can Change occur at an instant?

1. Mr. Brust’s distance from his house is modeled by the D(t) (8:1300)
function D(t). While riding his bike to the store, he 1,200 /r\ /
realizes he dropped his wallet and turns around to 5 900 \\ J
find it. After finding his wallet, he finishes his ride to g’ 600 /
the store. {

300
a. What is his average speed (rate of change) for his t
trip to the store if he arrives after 8§ minutes? 2 4 68
Minutes
b. What was his average rate of c. What was his average rate of change
change between 2 and 6 minutes? between 2 and 3 minutes?

Is it possible to know how fast he was going at an instant?

d. Give an example of how to calculate a rate of change that would give a close estimate to
the instantaneous rate of change at t = 2.

e. Give a rough estimate of the instantaneous rate of change at t = 2.

2. b(t) represents the buffalo population in the United States where t is measured in years
since 1800.
a. What does b(90) represent? b(50)-b(0)

50-0

b. What does represent?

b(32)-b(31.999)
32-31.999

¢. What does

represent?



1.1 Can change occur at an instant? m
Calculus

1. Mr. Kelly has decided to quit his job as a teacher and be a social influencer. v(w

The number of views on his new channel is modeled by the function v, w 500 4 /
where v(w) gives the number of views and w gives the number of weeks _5 400 + /
since he started the channel for 0 < w < 26. The graph of the functionv > /
is shown to the right. Tg) 3001 /’

S 200+ /
a. Draw a tangent line at w = 10. 6 100 T

b. Give a rough estimate of the instantaneous rate of change at w = 10.
5 10 15 20 25

Weeks

c. Give an example of how to calculate a rate of change that would give a close estimate to the instantaneous
rate of change at w = 5.

2. The height of a raspberry bush can be modeled by the function h, where o)
h(t) gives the height measured in feet and t gives the number of S5 4
weeks it was planted for 0 < t < 12. The graph of the function h is =
1 ]

shown to the right. S 2 __—
+~ 1.5

a. Draw a tangent line at t = 9. < | -~
RS}

b. Give a rough estimate of the instantaneous rate of change at t = = 0.5 l .

9. .

36 9 12 15
Weeks

c. Give an example of how to calculate a rate of change that would give a close estimate to the instantaneous
rate of change at t = 12.

E(t)

3. The number of people who have entered an amusement park is modeled by

the function E, where E (t) gives the number of people in thousands who

have entered the park and t gives the number of hours since 10:00 a.m. for

0 <t <11. The graph of the function E is shown to the right.

a. Draw a tangent line at t = 3.

People (thousands)

b. Give a rough estimate of the instantaneous rate of change at t = 3.

2 4 6 8 10
Hours

c. Give an example of how to calculate a rate of change that would give a close estimate to the instantaneous
rate of change at t = 6.

A 4



4. A basketball player’s free throw attempts can be modeled by f, where f(g) is the total number of made free
throws during the season and g is the number of games for 0 < g < 82.

a. What does f(50) represent? |, What does % represent? | ¢. What does %
represent?

5. A monthly electric bill charges for each kilowatt-hour (kWh) used. This can be modeled by k where k(m) is
the kWh used for the month and m is the month for 0 < m < 12.

a. What does k(8) represent? |, What does _k(s;::(s) represent? | c. What does —k(z;:;;(;;gg)
represent?

6. Ina country, the number of deaths in a year can be modeled by d, where d(t) is the number of deaths and t is
the number of years since 1950 for 0 < t < 50.

a. What does d(40) represent? |, What does Z22-219) represent? | c. What does 4#9)-d(48.599)
20-10 49-48.999
represent?

7. A dam has a “dam release” that releases water. The amount of water released can be modeled by V,

where V(t) is the volume of cubic liters of water and ¢ is the seconds since opening the dam release
for 0 <t < 3600.

a. What does V(100)

b. What does Y(100)-v(0)
represent? '

V(100)-V(99.999
represent? | c. What does Y(100)-(99.995)

100-99.999
represent?




Calculus | 1.2 Defining Limits m

Write your questions
and thoughts here! . .
Limits

As x approaches | f(x) approaches .

y y y i
3 3 3

/ /

/

+—1 +—1 4 1 2
S X S | X b

1 2 3 4 12 3 4 12 3 4
- - -l
lim £ (x) = lim £ (x) = lim £ (x) =
fQ2)= f2)= f@2) =
\ Use the follm"vin gr?ph to evaluate each problem.
\ 41y
fo . Llimfe)= 2 f(-3)=
[N\ T e e
-5 -4 -3 2\ iy 2 3 4 5
-1 J
\ 5. f(D) = 6. f(=2) =
-3
-4 7. Li_r}(l)f(x) = 8. xllrzlsf(x) =

9. Give an interpretation of the statement lirr; f(x) =10
xX—

A limit does NOT tell us the value of f(x). It just tells us what the function approaches!

True or false? f(1) = lir‘r} f(x) in all cases.
x—

True or false? f(1) # lin} f(x) in all cases.
x—




1.2 Defining Limits m
Calculus

| Give an interpretation of each statement. |
1. lirrif(x) =9 2. limzf(x) =3 3. limf(x) = -8
x— Xo—

x—4

\ Use the following graph to evaluate each problem.

3‘J' 4. f(=2) = 5. lim £ (x) =
® 1 f) 6. xllrf'z flx) = 7. }cil% f(x) =

-4 3 2 -l [1 1\\3\A4/ i 8. f(4) = 9. }Cl_l;flf(x) =

- 10. lim f(x) = 11. f(1) =
‘ Use the following graph to evaluate each problem.
y

3 1 12. lim f(x) = .

3 f(x) x—>—1f( ) 13. }Cl_rgf(x) =
o

T\ 4 f@)= 5. lim f(x) =

4 3 2 - 1 2\ 3 4

IR -
o 16. xllr} f(x) = 17. f(3) —

-3 .

18. f(-1) = 19. lim f(x) =

\ Use the following graph to evaluate each problem.

i L 20. lim f(x) = 21. f(1) =

19 V4
/

\ 1 22. lim f(x) = 23. lim f(x) =
s 5 2 \—1 1 2 i 4
\[1 24. lim £ (x) = 25. f(=2) =

26. lim f(x) = 27. f(3) =




‘ Use the following graph to evaluate each problem.

® :.-y 28. lim f(x) = 29. lim f (x) =
/li ? ) 30. lim f(x) = 31. £(~2) =
KR £ WY IR TR -
// 27[ 32. f(1) = 33. lim f(x) =
/ | :4 ? | 34. lim f(x) = 35. f(2) =

1.2 Defining Limits Test Prep

36. Let f be a function that is defined for all real numbers x. Of the following, which is the best
interpretation of the statement lin}L f(x)=8.
X—>

(A) The value of the function f at x = 4 is 8.
(B) The value of the function f at x = 8 is 4.
(C) As x approaches 4, the values of f(x) approach 8.

(D) As x approaches 8, the values of f(x) approach 4.

37. Let f be a function that is defined for all real numbers x. Of the following, which is the best
interpretation of the statement lim1 f(x)=2.
x—-—

(A) As x approaches 2, the values of f(x) approach —1
(B) The value of the function f at x = —1 is 2.
(C) The value of the function f at x = 2 is —1.

(D) As x approaches —1, the values of f(x) approach 2.



Calculus | 1.3 Finding Limits from Graphs m

Write your questions
and thoughts here!

(What is a one-sided limit?

A one-sided limit is the a function approaches as you approach a given
from either the or side.
\_
Example 1
y
- ; f The limit of f as x approaches lim f(x) =
2 \ 3 from the left side is —1. x>
A The limit of.f as x approaches lim f(x) =

L - 3 from the right side is 2. x>

If the two sides are different? }Clj)n f(x) =
Example 2
a. lim f(x)= b. lim f(x) = c. lim f(x)=
x—=2 x—-—2% x—=2 / \
. f‘
S s a3 2 -1 /lul \

d. )lcl_rg f(x) = e. )lcl_r}(l) f(x) = f. xllgl_f(x) = o Ve \\
g lim f(x) = h £(1) = i f(-2) = ‘
Example 3

Sketch a graph of a function g that
satisfies all of the following conditions.

gB3)=-1 :
limg(x) =4
x—-3
Jm, g =1
g is increasingon —2 < x < 3 -
lim g(x) > lin;+g(x)
x—o—

xX—>=2"

op o o




1.3 Finding Limits from Graphs

Calculus
| For 1-3, give the value of each statement. If the value does not exist, write “does not exist” or “undefined.” |
1. 'V |
a. lim_f(x) = b. f(1) = c. lim f(x) = P
d lmfw= e f(-D=  ff@= S NI
g lim, f(x) = ho lim fCO = i limf(x) = /
| y
2. Py
a. xlirgf(x) = b. f(1) = c. chl_rg fx) =
o \
d. im f(x) = e. f(3) = f. im_fGo) = — .
g Jim fC) = hf-D= i@ = 7\
14
3. T
a. 111§1+ fx) = b. f(3) = c. liH(l) flx) =
x— x> \
\ 2 ]
d. Jl(l_rg flx) = e. f(0) = f. xll)r?r)l_f(x) = N~ AN
g Jim f(x) = h.f(1) = T

‘ 4. Sketch a graph of a function f that satisfies all of the following conditions.

a. f(=2)=5

b. xli)rzlzf(x) =1

c. xllrz{grf(x) =3

d. f isincreasing on x < —2

. Jim £(x) < lim, ()

1 2 3 4 5 6 17

‘ 5. Sketch a graph of a function g that satisfies all of the following conditions.

a. g(1)=3

b. limg(x) = -2
x-1

c. xl)i{r:};+g(x) =5

d. gisincreasingonlyon =5 <x < —3andx > 1

e. lim g(x)> lim g(x)

2 3 4 5




1.3 Finding Limits from Graphs Test Prep

6. The graph of the function fis shown. Which of the following statements about fis true?

Ty
il \ (W) lmf=lmf@) B lmf) =4
iﬁi (©) limf(x) =4 (D) lim f(x) =5

———+—+—+—+— (E) lim f(x) does not exist.
X—a

7. The figure below shows the graph of a function f with domain 0 < x < 6. Which of the following
statements are true?

x
y
L. ,}LT— f(x) exists.
II. lim f(x) exists.
x—-4% -+ @)
III.  lim f(x) exists.
xX—4 -+ @)
T X
— 1
1 2 3 4 5 6
(A) Tonly (B) II only (C) TandlTonly (D) Iand Il only (E) L II, and III

8. The graph of a function f is shown below. For which of the following values of ¢ does lim f (x) = 2?
X—C

Y 3

Il
T T
-4 -3 -2 -1 1 2 3 4 5 6 7

(A) 0 only (B) 0 and 4 only (C) —3 and 0 only

(D) —3 and 4 only (E) —3,0,and 4



Calculus

1.4 Finding Limits from Tables m

Write your questions
and thoughts here!

Calculator required for part of this lesson!

If we have the graph, it is easy to see the value of lirré fx) =
xX—

Without the graph, we could use a table of values.

x 29 | 299 [ 301 [ 31
f) | 39 | 399 | 401 | 41

— N W B W

1. According to the table, what is the value of lim4 f(x)?
xX—>—

x —44 | —4.001 | —3.999 | —-3.5
f(x) 2.43 2499 | 2.501 2.68

x3—4x2-7x+10

2. If f(x) = — , create your own table of values to help you evaluate lim2 f(x).
xX—>—
X
fx)
lim f(x) =
x—-2

Several ways to find values of a function on a calculator. Here are two:
e Table values (not as accurate, but fast)
e Function Notation

3. The function f is continuous and increasing for x > 1. The table gives values of f at
selected values of x. Approximate the value of lirr% cos(f(x)).
X—

x 1.99 [1.999 [ 2001 [ 2.01
f(x) | 485 | 4999 | 5.001 | 5.15

}Ci_rg cos(f(x)) =



1.4 Finding Limits from Tables

Calculus

| Use the table for each problem to evaluate the limit.

1. }Ci_rgf(x) =

2. xlirgf(x) =

x 8.7 8.999 9.001 98 X —7.5 —7.001 | —6.999 —6.5
f(X) —-58 —5.001 | —4.999 —4 f(x) 3.8 3.501 3.499 3.2
3. lim f(x) = 4. lim f(x) =
x—>—2 x-11
x —21 1 =2.0011=1999] =19 X 10.7 10.99 11.01 11.3
f(x) —-87 | —=8999 | —9.001 | —9.4 f(x) 10.3 | 10.001 | 9.999 9.6
| For each function, create your own table of values to evaluate the limit.
x2-2x-35 x2+5x+6
5. f(X) = s 6. f(x) =
X X
f(x) f(x)
lim f(x) = lim f(x) =
x—>=5 x—=2
7. f(x) = x%+4x-12 8. F(x) = 5x3+2x2-13x+6
' T x-2 ) o x-1
X X
f(x) f(x)
lim f(x) = lim f(x) =
xX-2 x-1

Use the information given for each problem to evaluate the limit. Always round (or truncate) answers to

three decimal places!

9. The function f is continuous and increasing
x = 0. The table gives values of f at selected

10. The function f is continuous and decreasing
for x > 3. The table gives values of f at

values of x. selected values of x.
X 6.9 6.999 7.001 7.1 X 4.9 4,999 5.001 5.1
f(x) 3.7 3.999 4.001 4.16 f(x) 2.2 2.001 1.999 1.75

Approximate the value of lirr; 2 cos( f (x)).
X—

Approximate the value of lirré e3/ ),
X—



11. The function f is continuous and decreasing 12. The function f is continuous and increasing

for x > —5. The table gives values of f at for x > —7. The table gives values of f at

selected values of x. selected values of x.

X —-3.1 —3.01 —2.99 —2.8 X —5.1 | =5.001 | —4.999 —4.8
f(x) —3.4 | —-3.499 | —-3.501 —3.8 f(x) 3.7 3.999 4.001 4.2

Approximate the value of xlir{l3 In(—f(x)). Approximate the value of x“jils ().

1.4 Finding Limits from Tables Test Prep

13. The table below shows values of the function f at selected values of x. Which of the following is
true based on the data from the table?

x 89 | 899 | 8999 | 9.001 | 9.01 | 9.1
fx) | 07 08 | 0999 | 2.001 | 2.01 | 2.3

(A) lim f(x) =1 (B) lim f(x) = 2

© xli_)rgl_ f(x) =2and xlir‘131+ f(x)=1 (D) xli_)rgl_ f(x) =1and xlirg)ff(x) =2

14. The graph of the function f is shown to the right. The value "y
of lirri 2 cos(f(x)) is
x—

(A) 0.567

[N VS B Y]

(B) —1.307

(C) —1.979

(D) Does not exist 1 2 3 4 5 6

15. If [x] represents the greatest integer that is less than or equal to x, then lir(r)l_ [fc—] =
X—

(A) =2 B) -1 (ON) (D) 2 (E) the limit does not
exist



Calculus

Write your questions
and thoughts here!

1.5 Algebraic Properties of Limits and Piecewise Functions

X+x=
lim[f () + F(x)] =
Example 1:
Jim f (x) =2 lim f (x) =4 lim gx) =6

The table above gives selected limits of the functions f and g. What is lirr% ( f(—=x) + @)?
x—

Example 2:
The graph of the function f is shown on the ‘L y

right. What is }Ci_rgf(f(x))?

AR
Graph of f
Example 3:
f5) =1 lim f(x) = 6
g(5) =2 lim g(x) = ~1
h(5) =3 lim h(x) =5

The table above gives selected values and limits of the functions f, g, and h.
What is lim (RGO(f() +2 g(x))) — h(5)?
X—



1.5 Algebraic Properties of Limits
Calculus

Example 4: Piecewise Functions

| Piecewise defined functions and limits |

Vil —x, x< -5 /10—x2, x < —1
flx) = +3 _ ) 26 —5x2
h, x=-5 g0 = -1<x<e
Inx3, x>e

a. xgzns_f(x) =

C. xlirzlsf(x) =

b. xEEIv15+f(x) =

a. lim g(x) =
x—--1

c. img(x) =

xX—e

b. lim g(x) =
x—e*t

| Use the table for each problem to find the given limits.

1.

J1Ci_rgf(x) =4

om0 =2

limg(x) =1
x—3

lim g(x) =5
x-=3

a. )lci_rg(Zf(x) + g(—x))

b. xlirflg ( fi(_x;))

chilg flx)=-1

)lciinlf(x) =6

}Ciﬂf(x) =2

S0 = =3

a. Jlcl_r)r% (f(Zx) —f (g))

(L6
b- i <f(—x)>



| Use the graph for each problem to find the given limits.

3.

y

> 69
e

Graph of f

a lim f(F()) =

b, lim f(£(0) =

4.

Graph of f

a lim f(F() =

b, lim f(£()) =

| Use the table for each problem to find the given limits.

5.

f=4 lim f(x) = -1
g(1) =-2 lim g(x) =3
h(1) = -3 }Cer% h(x) =6

a lim ((f0)" = h(»)) - gV

b. f(1)+ Jlciinl(—g(x))



f(=2)=7 lim £ =2
g(=2)=1 xlirng(x) =-1
h(=2)=-4 xllr{lz h(x) = -3

a. lim (h@(2f ) + h(-2) b. f(=2) lim (9(x) — h(x))

| Use the piecewise functions to find the given values.

V5—x, x<-4 —|x], x < -5
7.9x) ={x2-5 —4<x<?2 8. h(x) =120 —x%, -5<x<3
x—3, x=2 4x — 1, x>3
a. lim g(x) = b. xl,iﬂ+g(x) = a. lim, h(x) = b. lim_ h(x) =
c. 9(2) = d. lim_g(x) = c. h(3) = d. lim_h(x) =
c Jpow= fimgt)= A= L)
g lim g(x) = h. g(-4) = g h(=5) = h. lim h(x) =




sinf, 0<m 1

—, x <=2
9. w(@) =4{cosf, m<O<2m 10 _ ) xte
tan@, 0 >2nm - fO) 2%,  —-2<x<0
x? — 4, x>0
a. lim w(f) = b. w(m) = a. xli@zf(x) = b. xE{“Z_f(x) =
X—>T
c. lim w() = d. lim_ w(e) = c. lim f(x)= d. lim f(x) =
e. limw(e) = f. lim w(9) = e. lim f(x) = £ lim f(x) =

g. Jirglnw(H) = h. w2m) = g f(=2)= h. f(0) =




1.5 Algebraic Properties of Limits Test Prep

11. If f is a continuous function such that f(3) = 7, which of the following statements must be true?

(A) lim f(3%) = 9 (B) lim f(2x) = 14 (€) limIX7E _ 5
x—3 x-3 x—3 x-3
(D) lim f(x?) = 49 (E) lirr?l)(f(x))z — 49
X— X—
_(In3x, 0<x<3 . .
12. Iff(x)_{xln?), 3<xS4,them}lcl_r)r;’f(x) is

(A) In9 (B) In27 (C) 3In3 (D) 3+1In3 (E) nonexistent
Inx forO0<x<2 . .
13. If£00) = {xz In2 for2<x<4, then }cl_rgf(x) 1S

(A) In2 (B) In8 (C) In16 D) 4 (E) nonexistent



Calculus | 1.6 Algebraic Manipulation (Limits) m

Write your questions
and thoughts here!

| Direct Substitution Factor and Cancel |
3 2 _ : . 2_ . 2 _
1. xlirlll(x + 2x — 4) 2. 91611)1%6 3 i 25 4 ljm ECHLsx7
x—0 X x—>—7 x+7

\ Limit Does Not Exist
. x2+4x+3
5. xll)rzl6 x+6

(pecial Trig Limits: \

. sinx : X
lim = or lim - =
x-0 X x-0SIn x
~1—cosx - cosx—1
lim——— = or Iim—m2™mM— =
x—0 X x—0 X
6. lim sin3x 7 lim sin 7x 8 i cos? x—1

. m—--—
x-=0 X x—0 Sin 9x x—0 x(cosx+1)




1.6 Algebraic Manipulation of Limits

Calculus
\ Evaluate each limit.
i — 52 ; 2 2_ 24,
1. }Clir%(x x“) 2. il_t}g(x+ 1) 3 lim 2=3% 4. lim 2x=30
x—>1 x—1 x—-1 x—1
5. lim - 6. lim S0 7. lim (3x* —x+ 1) |8. lim(2x? + 5x — 6)
x—0 SInx x—0 3x xX—>—2 x—3
9 lim 2x3+121x2—21x 10. lim x?+2x—80 11. lim 6x%+13x—5 12. lim 7x2+x
x—>-7 x<+7x x—8 x—8 x—»l 3x-1 x-0 X
3
] 2 _ 2 _fAy— 2
13. lim 14 14. ljim X128 15. lim =10 16. lim 2+
x>0 x—4 x—>-2 x=0 X




17, ljm 22 2ix+4 18, lim =X 19. lim cos x 20. lim sin(4x)
T x54 x—4 T ol 2x-1 XoT xog
2
. x2+6x-16 . 2x%2-17x+35 . (1-cos?x)sinx
21. }clfg—z—x 22. 9161_13%—5_)6 23. J1(1_1)1;1)—){2
1.6 Algebraic Manipulation of Limits Test Prep
g p
24. Evaluate limln—x 1S
x—1 3x
(A) 0 3 ©) e (D) 3 (E) The limit does not exist.
®) 2
25. lim sinxcosx—sinx is
x—0 x2
(A) 2 (B) 2 (C) o (D) 0 (E) undefined
3
. x%-2ax+a?
26. chl_r)rtll — =
(A) —0 (B) a <) 0 (D) o (E) The limit does not exist.
) 3x24+5cosx—5
27. }Cl_r)r(l) (—Zx ) =
(A) 0 5 ©) 3 (D) 4 (E) Does not exist
B) 3



Calculus | 1.7 Selecting Procedures (Limits)

Write your questions

and thoughts here! \ Rationalize Fractions with Radicals
1. lim X3 2. lim =22
" x35 x-5 x—10 3—Vx—1

\ Complex Fractions

3. lim —=— —g
. T 1 . (x+3)2 9
X—0 —+- 4. lim

x—4 4 x—0 X




1.7 Selecting Procedures for Determining Limits

Calculus
| Evaluate each limit.
| lim X7 2. limvVx+4 i 223
x—0 x x=>1 xl—ril) X
. X—2 _ 5 4
4. 9}1}113 x2—3x+2 5. chl_rg T7 - 6 }Ci_r}g“x;fx




x-0

X

7. lim . x%-5x . Vx+9-3
X6 ———1 8. li 9. lim~——
x+6 6 x-5 X-5 x>0 X
i1 Vx+11-+/11
10. lim 2—=2x 11, lim———
x—-1 x—1 x—-0 X
12, lim Y25 T
. 3 2
m— 13, lim &2~ 2



1.7 Selecting Procedures for Determining Limits Test Prep

Algebraic Manipulation of Limits

. b—-x .
14. chll’)l'll)m 1S

(A) —2vb (B) —Vb (C) 2b (D) Vb (E) 2vb
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