PLAN anD
PREPARE

Main Ideas

In this chapter students will per-
form translations with vectors,
algebra and matrices. They will
reflect figures in a given line,
rotate figures about a point, iden-
tify line and rotational symmetry,
and perform dilations using draw-
ing tools and matrices.

Prerequisite Skills

Skills Readiness, available online,
provides review and practice for

the Skills and Algebra Check por-
tion of the Prerequisite Skills quiz.

How student What to assign
answers the from Skills
exercises Readiness
Any of Exs. 4-5 Skill 40 Use
answered reflections
incorrectly

Any of Exs. 6-7 Skill 35 Use
answered similar figures
incorrectly

All exercises Chapter
answered Enrichment
correctly

Additional skills review and
practice is available in the Skills
Review Handbook and the
@HomeTutor.

program. Some examples are provided below.

1. Make sense of problems and persevere
in solving them. Pages 589, 598, 626.

2. Reason abstractly and quantitatively.
Pages 567, 570, 583, 623.

3. Construct viable arguments and critique
the reasoning of others. Pages 568, 577,
586, 595, 599.

4, Model with mathematics. Pages 575,
578, 583, 623.
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The Common Core Standards for Mathematical Practice describe varieties
of expertise that mathematics educators at all levels should seek to develop
in the|r students. Opportunities to develop these practices are integrated throughout this

5. Use appropriate tools strategically.
Pages 580, 590, 599, 617, 625.

6. Attend to precision. Pages 568, 580, 585,

7. Look for and make use of structure.
Pages 582, 591, 601, 602.

8. Look for and express regularity in
repeated reasoning. Pages 564, 566,
573, 591, 595.

COMMON
CORE

Lesson

9.1 CC.9-12.G.C0.5
9.2 CC.9-12N.VM.8
9.3 CC.9-12.G.C0.5
9.4 CC.9-12.G.C0.5
95 CC.9-12.G.C0.5
96 CC.9-12.G.C0.3
9.7 CC.9-12.G.SRT.1 9.6 ldentlfy Symmetry

9.7 ldentlfy and Perform Dllatlons

Previously, you learned the following skills, which you'll use in this chapter:
translating, reflecting, and rotating polygons, and using similar polygons.

Prerequisite Skills

VOCABULARY CHECK

4 Match the transformation of
- Triangle A with its graph. y

1. Translation of Triangle A Triangle B D 1 A

=

2. Reflection of Triangle A Triangle D

3. Rotation of Triangle A Triangle C

SKILLS AND ALGEBRA CHECK

The vertices of JKLM are J(—1, 6), K(2, 5), L(2, 2), and M(—1, 1). Graph its
image after the transformation described.

4,5. See margin.§

4. Reflect in the x-axis. 5. Reflect in the y-axis.

In the diagram, ABCD ~ EFGH.

E
) 2 15 1
6. Find the scale factor of ABCD to EFGH. 3 10
F o
7. Find the values of x, y, and z. 90,9, 8 z g
D 6 C H y 6 :

N

Vector and Matrix Quantities

CC.9-12.N.VM.8(+) | Add, subtract, and multiply matrices of appropriate dimensions.
Congruence

CC.9-12.G.C0.3 Given a rectangle, parallelogram, trapezoid, or regular polygon, describe the
rotations and reflections that carry it onto itself.

CC.9-12.G.C0.5 Given a geometric figure and a rotation, reflection, or translation, draw 9-1,9-3,
the transformed figure using, e.g., graph paper, tracing paper, or geometry 9-4,9-5
software. Specify a sequence of transformations that will carry a given figure
onto another.




Warm-Up Exercises
Also available online

1. What is a translation? a trans-
formation that moves every point
of a figure the same distance in
the same direction

2. Translate A(3, 5) 4 units right
and 2 units down. What are the
coordinates of the image? (7, 3)

3.Find the length of BC with
endpoints B(—3,5) and C(1,2). 5

4.1f you translate the points
M(4,7) and N(—1, 5) by using
(x, y) = (x—3, y+ 6), what is
the distance from M’ to N’? /29

Notetaking Guide
Available online

Promotes interactive learning and
notetaking skills.

Pacing

Basic: 2 days

Average: 2 days

Advanced: 2 days

Block: 1 block

« See Teaching Guide/Lesson Plan.

&% FOCUS AnD
"-3 MOTIVATE

Essential Question

Big Idea 3

How do you translate a figure using
avector? Tell students they will
learn how to answer this question
by studying vectors.

Translate Figures and
Use Vectors

You will use a vector to translate a figure.

[ Why? So you can find a distance covered on snowshoes, as in Exs. 35—-37.
Key Vocabulary A transformation moves or changes a figure in some way to produce a new
- image figure called an image. Another name for the original figure is the preimage.
* preimage Recall that a rranslation moves every point of a figure the same distance

*isometry in the same direction. More specifically, a translation maps, or moves, the

* vector points Pand Q of a plane figure to the points P’ (read “P prime”) and Q’, so
initial point, terminal that one of the following statements is true:
point, horizontal P’

¢ PP' = QQ' and PP’ | QQ’, or
« PP' = QQ and PP’ and QQ’ are collinear.

component, vertical
component

« component form
« translation

P a

(1]

m Translate a figure in the coordinate plane

Graph quadrilateral ABCD with vertices A(-1, 2), B(-1, 5), C(4, 6),
and D(4, 2). Find the image of each vertex after the translation
(x, ) - (x + 3, y — 1). Then graph the image using prime notation.

Solution
: USE NOTATION
R LRSI IO AL » First, draw ABCD. Find the translation of each vertex by adding 3 to its

¢ You can use prime . R . . .
{ notation to name an x-coordinate and subtracting 1 from its y-coordinate. Then graph the image.

{ image. For example, (x,3) > @+3,y-1) ¥ c
: if the preimage is — ;
i AABC, then its image A-1,2) > A2, 1) B — L€
i is AA'B'C, read as B(-1,5) - B'(2, 4) B
: “triangle A prime, ,
‘B prime, C prime.” C@, 6) - C'(7,5)
D@4,2) - D'(7,1) AL, D

- A D’

 COMMON x

i CORE

CC.9-12.G.C0.5 Givena
geometric figure and a
rotation, reflection, or
translation, draw the
transformed figure using,
e.g., graph paper, tracing paper,
or geometry software. Specify
a sequence of transformations
thatwill carry a given figure
onto another.

\/ GUIDED PRACTICE  for Example 1

1. Draw A RST with vertices R(2, 2), S(5, 2), and T(3, 5). Find the image of
each vertex after the translation (x, y) - (x + 1, y + 2). Graph the image
using prime notation. See margin for art; R'(3, 4), S'(6, 4), T'(4, 7).

2. The image of (x, y) = (x + 4, y — 7) is P'Q’ with endpoints P'(-3, 4) and
Q’'(2, 1). Find the coordinates of the endpoints of the preimage.
P(—1,11), 0(-2, 8)

564 Chapter 9 Properties of Transformations

— Standards for Mathematical Content High School

CC.9-12.G.C0.4 Develop definitions of rotations, reflections, and translations in
terms of angles, circles, perpendicular lines, parallel lines, and line segments.
CC.9-12.G.C0.5 Given a geometric figure and a rotation, reflection, or
translation, draw the transformed figure using, e.g., graph paper, tracing paper,
or geometry software. Specify a sequence of transformations that will carry a
given figure onto another.

564
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ISOMETRY An isometry is a transformation that preserves length and angle
measure. Isometry is another word for congruence transformation.

Motivating the Lesson
m Write a translation rule and verify congruence Ask students to imagine that an

: READ DIAGRAM . . airplane is traveling at a constant
HEh eeeecens CRAM S » Write a rule for the translation of A ABC to v p . . g
! In this book, the o g . . A velocity when it encounters a
HE. ; AA'B'C'. Then verify that the transformation A . .
: preimage Is always is an isometry. 3 strong wind. Tell students that in

: tSITO"Nn in '?I“el' and o 5 this lesson they will study vectors
S € Image Is always .

: shown in red. Solution C B and that vectors can be useFi to
describe the effect of the wind on

the path of the airplane.

To go from A to A, move 4 units left and ;
1 unit up. So, a rule for the translation is
Gy > x—4,y+1).

N

=N
Use the SAS Congruence Postulate. Notice that CB = C'B’ = 3, and =9 TEACH
AC = A’C' = 2. The slopes of CB and C'B’ are 0, and the slopes of CA and C'A’ -
are undefined, so the sides are perpendicular. Therefore, £ Cand £ C’ are Extra Example 1

congruent right angles. So, AABC = AA'B'C'. The translation is an isometry. Graph quadrilateral KLMN with

vertices K(0, —2), L(4, 3), M(5, 2),
/ and N(6, —1). Find the image of
GUIDED PRACTICE | for Example 2 each vertex after the translation

| 3. In Example 2, write a rule to translate A A'B'C’ back to A ABC. (x, }{) - (x - 4y + 2). Then. graph
xy)—>x+a8y-1) the image using prime notation.

L'y

j> THEOREM For Your Notebhook

: THEOREM 9.1 Translation Theorem

> Atranslation is an isometry. :\
A c

AABC= AA'B'C

Extra Example 2
Write a rule for the translation of

Translation Theorem A DEFto A D'E'F'. Then verify that
e the transformation is an isometry.
A translation is an isometry. y Pla+s b+t y E'
GIVEN P P(a, b) and Q(c, d) are two Pla, b)
points on a figure translated ' Q'(c+sd+t) 5 F
by ) > &+ sy+0. alc. d) !
PROVE P PQ = P'Q)’ | : > - il £
The translation maps P(a, b) to P'(a + s, b + ) and Q(c, d) to Q'(c + s, d + 1). D
Use the Distance Formula to find PQ and P'Q". PQ =\ (¢ — a)? + (d — b)%. (% y)—=(x+5,y+3);
PQ=Vic+s) —@+9l+(d+n— (b+0P DE=DE =2V5, EF= EF = 5,

= 2 2 DF = D'F = V13, so the triangles
=Vie+s—a-9°+@d+i-b-19 are congruent by the SSS

=V (c—a?+d-h? congruence Postulate.

Therefore, PQ = P'Q’ by the Transitive Property of Equality.

1. See Additional Answers.

9.1 Translate Figures and Use Vectors 565
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VECTORS Another way to describe a translation is by using a vector. A vector
is a quantity that has both direction and magnitude, or size. A vector is
represented in the coordinate plane by an arrow drawn from one point to

another.
Extra Example 3
Name the vector and write its i~ KEY CONCEPT For Your Notebook
component form. = or voul (lokedoo
a. : USE NOTATION - Vectors
i § sitiesesasusensarsnssones o
¢ Use brackets t t —
~ ths: c(:;cpgnzn(: r(’)rrlnf = The diagram shows a vector named FG, read as “vector FG.”
N H T
~ of the vector (r; s). - The initial point, or The terminal point,
L Use parentheses to ~ starting point, of the G or ending point, of
: write the.coordmates = vectoris F. _ the vector is G.
_ : of the point (p, q). - % 3units |
LM, -1.3) UP ¥~ vertical component
b. o F 55 units right
- horizontal component - ] LT
The component form of a vector combines the horizontal and vertical
components. So, the component form of FG s (5, 3).
- :
NO, (0, 6)
Key Question m Identify vector components
Example 3
. i Name the vector and write its component form.
« Is BC the same as CB? Explain. a b
No, BC starts at B and ends at C, ) B S ) T s
while CB starts at C and ends at = T
B. They have the same length but c
opposite directions.
Solution

Extra Example 4

The vertices of A DEFare D(—2,0),

E(—1,3), and F(2, —1). Translate L

A DEFusing the vector (2, —3). b. The vector is ST. From initial point S to terminal point T, you move
Ely 8 units left and 0 units vertically. The component form is (-8, 0).

LN |
D PENE Use a vector to translate a figure

The vertices of AABC are A(0, 3), B(2, 4), and C(1, 0). Translate A ABC using

a. The vector is BC. From initial point B to terminal point C, you move
9 units right and 2 units down. So, the component form is (9, —2).

2r = the vector (5, —1).
0 : USE VECTORS Solution )
AVOldlng Common Errors v sesesessserersossssssseses Y B ‘
: Notice that the vector First, graph AABC. Use (5, —1) to A ——1__|B'(7,3
Students may forget to use the i can have different ’ h vert 5 it t the right ~—
brackets for the components of a : initial points. The m%wi eac-t Q{er eXL lf)ni tsho- " \!/ A5, 2) /
vector. Instead, they will write the i vector describes only O i Dy ity e LB e T\
components as an ordered pair in { the direction and vertices. Draw A A'B ¢ Notice that C o >
: magnitude of the the vectors drawn from preimage to —
paren;chesels. Show them thﬁt there { translation. image vertices are parallel. c'(6, —1)
are infinitely many arrows that
model the vector (5, 3) but only one
point for the ordered pair (5, 3). 566 Chapter 9 Properties of Transformations

Stress the correct vector notation
throughout the chapter.

566



\/ GUIDED PRACTICE  for Examples 3 and 4

4. ﬁ (5,0) Name the vector and write its component form.
5. TX, (0, 3) 4. 5. 6.
. X K
6. BK, (-5, 2) R S ~
T ~_B

7. The vertices of ALMN are L(2, 2), M(5, 3), and N(9, 1). Translate ALMN
using the vector (-2, 6). L'(0, 8), M'(3,9), N'(7,7)

Solve a multi-step problem

NAVIGATION A boat heads out from point A on one island toward point D on
another. The boat encounters a storm at B, 12 miles east and 4 miles north of
its starting point. The storm pushes the boat off course to point C, as shown.

a. Write the component form of AB.

b. Write the component form of BC.
c. Write the component form of the vector that describes the straight line
path from the boat’s current position C to its intended destination D.
Solution
a. The component form of the vector from A(0, 0) to B(12, 4) is
AB = (12 — 0,4 — 0) = (12, 4).
b. The component form of the vector from B(12, 4) to C(16, 2) is
BC=(16 — 12,2 — 4) = (4, —2),

c. The boat is currently at point C and needs to travel to D.
The component form of the vector from C(16, 2) to D(18, 5) is

CD=(18 — 16,5 — 2) = (2, 3).

/ GUIDED PRACTICE  for Example 5

8. WHAT IF? In Example 5, suppose there is no storm. Write the component
form of the vector that describes the straight path from the boat’s starting
point A to its final destination D. (18, 5)

9.1 Translate Figures and Use Vectors

Differentiated Instruction

Kinesthetic Learners In a wide, open area, choose a middle
point to be the origin of a coordinate grid. Mark the x-axis and
y-axis with masking tape or string. Have students begin at the
origin. For Guided Practice Exercises 4-6, have them follow
the path of the vector on the grid, each step representing one
unit on the grid. Have them count the number of units they move
up or down and left or right from the origin to determine the
component form of each vector.

See also the Differentiated Instruction Resources for more
strategies.

567

Extra Example 5

Ingrid hit a golf ball from the tee

toward the hole. After she hit the

ball, it got as far as point Ywhen a

freak gust of wind blew it to poinLX

a.Write the component form of TY.
(220, 85) .

b itk bistitbtitbto VX .

(20, —35)

b okttt otiokiin ittt
[ttt kipttin X where the
ball landed to the hole H.

y H(250, 120)
Ho.le
(220, 85)
X(240, 50)
T(0, 0)
Tele x
(10, 70)
W Key Question
5 P!{V{\CTICES Bamp’e 5

* Find the component form of AC.
(16, 2)

Closing the Lesson

Have students summarize the major

points of the lesson and answer the

Essential Question: How do you

translate a figure using a vector?

e A translation is an isometry.

e A vector is a quantity with
magnitude and direction.

You add the vector components to

the preimage coordinates to get

the image coordinates.

567



= PRACTICE
AND APPLY

&

Assignment Guide

Answers for all exercises
available online

Exs. 1-14, 28, 29, 33, 34

Day 2:

Exs. 15-27, 35-40

Average:

Day 1:

Exs. 1-6, 8-10, 12, 14, 28-31, 33, 34
Day 2:

Exs. 16, 17, 19-27, 36—43
Advanced:

Day 1:

Exs. 1-6, 8-10, 12, 14, 28—34*

Day 2:

Exs. 16, 17,20-27, 37-46*

Block:

Exs. 1-6, 8-10, 12, 14, 16, 17, 19-31,
33,34,36-43

Differentiated Instruction

See Differentiated Instruction
Resources for suggestions on
addressing the needs of a diverse
classroom.

Homework Check

For a quick check of student under-
standing of key concepts, go over
the following exercises:

Basic: 4, 12, 16, 33, 36
Average: 6, 13, 20, 34, 36
Advanced: 10, 14, 22, 34, 37

Extra Practice

« Student Edition

 Chapter Resource Book:
Practice levels A, B, C

'—Practice Worksheet

An easily-readable reduced
practice page can be found at
the beginning of this chapter.
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9.1 EXERCISES

HOMEWORK = -
KEY; Exs.7,11,and 35

% = STANDARDIZED TEST PRACTICE

_ SKILL PRACTICE

: EXAMPLE 1

¢ for Exs. 3-10

: EXAMPLE 2

i for Exs. 11-14

1. VOCABULARY Copy and complete: A _? is a quantity that has both _?
and magnitude. vector, direction

2. % WRITING Describe the difference between a vector and a ray. See margin.

IMAGE AND PREIMAGE Use the translation (x,y) —» (x — 8,y + 4).
3. What is the image of A(2, 6)? A'(—6, 10) 4. What is the image of B(—1,5)? B'(-9,9)

5. What is the preimage of C'(—3, —10)?
C(5, —14)

GRAPHING AN IMAGE The vertices of APQR are P(-2, 3), Q(1, 2),
and R(3, —1). Graph the image of the triangle using prime notation. 7-10. See margin.

@(x,y)—>(x+4.y+6)
9. x,)) > (x—2,y—5)

6. What is the preimage of D'(4, —3)?
D(12, -17)

8. (x,) >(x+9y—2)
10. (5, ) >x—1,y+3)

WRITING A RULE AA'B'C’ is the image of A ABC after a translation. Write a
rule for the translation. Then verify that the translation is an isometry. 11, 12. See margin.

@ B’ y 12. B’ y
B x
B /
A c /
i > A c
Al c A 5

13. ERROR ANALYSIS Describe and correct
the error in graphing the translation of
quadrilateral EFGH.

The image should be 1 unit to the left Y S — F
instead of right and 2 units down instead of El——
up; see margin for art. H| |F

E —

1 G’
' H ~
G X

14.  MULTIPLE CHOICE Translate Q(0, —8) using (x, ) - (x — 3,y +2). C

@ Q'(-2,5) Q'(3, —10) © Q'(-3,-6) ®@ Q2,11
{ EXAMPLE 3 | IDENTIFYING VECTORS Name the vector and write its component form.
¢ for Exs. 15-23 15. 16. 17.
I R P

15. €D, (7, -3) ™
16. AT, (—2, —8) ™~

-RT, . D T J
17. JP, {0, 4)
568 Chapter 9 Properties of Transformations

2. A vector is a quantity that has
both diﬂ:tion and magnitude.
Aray, AB, consists of an(iﬂ)itial
point A and all points on AB that
are on the same side of A as
point B.

7-10. See Additional Answers.
1M.(x,y) >(x—5y+2);AB=
AB =V13,AC= A'C =4,and
BC=BC =\5 AABC=

A A'B'C’ using the SSS
Congruence Postulate.

12.(x,y) > (x+ 3, y+1); AB=
A'B' =V10,AC=A'C =4,and
BC=B'C =3V2. AABC=

A A'B'C’ using the SSS
Congruence Postulate.

13. See Additional Answers.



(I), FK Photo/Corbis; (), Steve Allen/PictureQuest

22.The vertical
component is 0
since the bottles
are translated
left or right but
not up or down.

23. The vertical
component is
the distance
from the ground
up to the plane
entrance.

: EXAMPLE 4

VECTORS Use the point P(—3, 6). Find the component form of the vector
that describes the translation to P’.

18. P'(0,1) (3, =5)  19. P'(—4,8) (-1,2) 20. P'(=2,0) (1, —6) 21. P'(=3, —5) (0, —11)

TRANSLATIONS Think of each translation as a vector. Describe the vertical
component of the vector. Explain.

TRANSLATING A TRIANGLE The vertices of A DEF are D(2, 5), E(6, 3), and
F(4, 0). Translate A DEF using the given vector. Graph A DEZF and its image.

4-27. See margin.
24. (6, 0) 25. (5, —1) 26. (-3, =7) 27. (2, —4)

€3) ALGEBRA Find the value of each variable in the translation.

(€] 32.

28. y 29. y
3w°
w00 /8 25 2
s 2t b+6 55° x
10 0 fe=6
! X 14
r=100,s=8,t=5 w="54 a=35b=14,¢c=5

30. €) ALGEBRA Translation A maps (x, y) to (x + n, y + m). Translation B
maps (x,y) to (x + s,y + 1.

a. Translate a point using Translation A, then Tfanslation B Wr(te a
rule for the final image of the point. 1= U+ y + m) =

b. Translate a point using Translation B, then Translation A. Write a
rule for the final image of the point.

c. Compare the rules you wrote in parts (a) and (b). Does it matter which
translation you do first? Explain.

31. MULTI-STEP PROBLEM The vertices of a rectangle are Q(2, —3), R(2, 4),
S(5,4), and T(5, —3).
a. Translate QRST 3 units left and 2 units down. Find the areas of QRST
and Q'R'S'T". Q'(—1, -5), R'(-1,2), §'(2,2), T'(2, -5); 21, 21
b. Compare the areas. Make a conjecture about the areas of a preimage

and its image after a translation. | N€ areas are the same; the area of an
image an |t§ preimage under a translation are the same.

a. Graph the image of A ABC after the transformation (x, y) — (x + », ).

Is the transformation an isometry? Explain. Are the areas of AABC
and AA'B'C’ the same? No: AABC s not congruentto A A'B'C’; yes.

b. Graph a new triangle, A DEF, and its image after the transformation
given in part (a). Are the areas of A DEF and A D'E'F’ the same? yes

9.1 Translate Figures and Use Vectors

xy)—>x+sy+t)>x+s+nmy+t+m

hey are the same; no; s+ n=n+s,m+t=t+ m. D’

Avoiding Common Errors

Exercises 5-6 Students may do
these just as they did Exercises 3
and 4. Explain thatin Exercises 5
and 6, the given point is the image,
notthe preimage. Discuss how
they can work back from the image
to find the preimage.

Teaching Strategy
Exercises 18-21 Hawﬂudents

graph Pand P'. Draw PP'. Explain
that Pis the initial point and P’
the terminal point, so the vector
components are obtained by
subtracting the coordinates of the
initial point from the coordinates
of the terminal point.

Mathematical Reasoning

Exercise 30 Have students replace
n, m, s, and twith whole numbers
and complete parts (a) and (b) of this
exercise. Then have them generalize
back to the variable expressions.

b sy tm+ 1) 21.0(0,1), E'(4, —1), F'(2, —8);

Y D

w

|
m
=

32a. y @

CHALLENGE The vertices of AABC are A(2, 2), B(4, 2), and C(3, 4). @ b- See margin for art. 1

—l‘ X

32b. Sample:
Y| F F’

-2 |D|D’ EE X

569

24. D'(8,5), E'(12, 3), F'(10,0); 25.D'(7,4), E'(11,2), F'(9, —1); 26. D’(—1, -2), E'(3, —4), F(1, —-1);

v

’ Yy

Y D
D’ D
E’ A 2 : >E
E’ =2 [F x
1 D,Y ,
F’ =2 [F v X
F

569



Reading Strategy

Exercise 43 Ask students to
examine the diagram carefully.
Discuss how the diagram provides
visual clues that help explain what
is meant by a grid-indexed
microscope slide.

Teaching Strategy

Exercise 44 |t may help students if
you discuss how to relate each
equation and graph to the graph of
y=x2.

42a. y

\

570

" PROBLEM SOLVING )

¢ for Exs. 33-34

33.(x, y) >
(x+86,y)

(x y)—

(x, y—4),

(x y)—
(x+3,y—4),
(x y)—
(x+6,y—4)

: EXAMPLE 5

570

(O = see WORKED-OUT SOLUTIONS

HOME DESIGN Designers can use computers to make patterns y
. . P (0,4)
in fabrics or floors. On the computer, a copy of the design in
Rectangle A is used to cover an entire floor. The translation
(x,y) — (x + 3, y) maps Rectangle A to Rectangle B.

(3,4

33. Use coordinate notation to describe the translations
that map Rectangle A to Rectangles C, D, E, and F.

0olp alp alp o
X
04k Ak ek o

)

34. Write a rule to translate Rectangle F back to Rectangle A. (6, —4)
(% y)>(x—6,y+4)
SNOWSHOEING You are snowshoeing in the mountains. N b o G
The distances in the diagram are in miles. Write the W«Q»E e TSNS .
component form of the vector. S 4 X
@ From the cabin to the skilodge (1.2) T (S1ki2|)°dge I(-LOtze)l
36. From the skilodge to the hotel (3, 0) : =
in (—4, — Cabin __ S %
37. From the hotel back to your cabin (—4, —2) " 0.0 8%
k100 SO

HANG GLIDING A hang glider travels from point A to point D. At point B, the
hang glider changes direction, as shown in the diagram. The distances in
the diagram are in kilometers.

38. Write the component form for AB and BC. (17, 1), (2, 3)

39. Write the component form of the vector that describes the path from the
hang glider’s current position C to its intended destination D. (3, 1)

40. What is the total distance the hang glider travels? about23.8 km
41. Suppose the hang glider went straight from A to D. Write the component

form of the vector that describes this path. What is this distance? (22, 5); about 22.6 km

42. % EXTENDED RESPONSE Use the equation 2x + y = 4.

a. Graph the line and its image after the translation (=5, 4). What is an
equation of the image of the line? See margin for art; 2x + y = —2.

b. Compare the line and its image. What are the slopes? the y-intercepts?
the x-intercepts? —2, —2; (0, 4), (0, —2); (2, 0), (-1, 0)

c. Write an equation of the image of 2x + y = 4 after the translation
(2, —6) without using a graph. Explain your reasoning.

2x + y = 2. Sample answer: Translate the y-intercept, (0, 4) and x-intercept, (2, 0),

using the translation (2, —6). Use these points to find the equation of the image.
% = STANDARDIZED

in Student Resources TEST PRACTICE



Warm-Up Exercises
Also available online

1. Write the component form of the
vector that translates A ABC to
AAB'C'. (=6, —1)

Y B

B

! —1 |C
T |C' A 5 x

A

2.1f P(—8, 4) is translated by
(x,y) = (x+ 6,y + 1), whatis
the image of P? (-2, 5)

Notetaking Guide
Available online

Promotes interactive learning and
notetaking skills.

Pacing

Basic: 2 days

Average: 2 days

Advanced: 2 days

Block: 1 block

« See Teaching Guide/Lesson Plan.

&% FOCUS aAnD
2 MOTIVATE

Essential Question
Big Idea 3

How do you use matrix operations
to translate a figure? Tell students
they will learn how to answer

this question by studying matrices
that represent figures and
transformations.

: COMMON

CC.9-12.N.VM.8(+) Add, subtract, and multiply matrices of appropriate

dimensions.

572

9.2

[ Before |

Use Properties
of Matrices

" Now
[ why? |

You will perform translations using matrix operations.

So you can calculate the total cost of art supplies, as in Ex. 36.

Key Vocabulary
e matrix

« element

* dimensions

CC.9-12.N.VM.8(+) Add,
subtract, and multiply matrices
of appropriate dimensions.

: READ VOCABULARY

i An element of a matrix
: may also be called
t an entry.

A matrix is a rectangular arrangement of numbers in rows and columns. (The
plural of matrix is matrices.) Each number in a matrix is called an element.

column
5 4 49
The element in the second
row| -3 5 2 6 row and third column is 2.
3 -7 8 7

The dimensions of a matrix are the numbers of rows and columns. The matrix
above has three rows and four columns, so the dimensions of the matrix are
3 X 4 (read “3 by 4”).

You can represent a figure in the coordinate plane using a matrix with two
rows. The first row has the x-coordinate(s) of the vertices. The second row has
the corresponding y-coordinate(s). Each column represents a vertex, so the
number of columns depends on the number of vertices of the figure.

m Represent figures using matrices

: AVOID ERRORS

The columns in a

i polygon matrix follow
: the consecutive order
i of the vertices of

: the polygon.

\/ GUIDED PRACTICE  for Example 1

572
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Write a matrix to represent the point y
or polygon. B
a. Point A e
b. Quadrilateral ABCD Al T X
D
Solution

a. Point matrix for A b. Polygon matrix for ABCD

—4 | «<—— x-coordinate A B C D
0 | «<—— y-coordinate -4 -1 4 3 |<—x-coordinates
0 2 1 -1 |<—y-coordinates

‘ 1. Write a matrix to represent A ABC with vertices A(3, 5), B(6, 7) and C(7, 3).

2. How many rows and columns are in a matrix for a hexagon? 2 rows, 6 columns

© David Young-Wolff/Getty Images




ADDING AND SUBTRACTING To add or subtract matrices, you add or subtract
corresponding elements. The matrices must have the same dimensions.

m Add and subtract matrices
[5 —3] [1 2} [5+1 —3+2] [6
a. + = =
6 —6 3 -4 6+3 —6+ (-4 9
b 68 5| |1 -7 o] _[6-1
14 9 -1 4 -2 3| |4-4

TRANSLATIONS You can use matrix addition to represent a translation in
the coordinate plane. The image matrix for a translation is the sum of the
translation matrix and the matrix that represents the preimage.

Motivating the Lesson

Remind students that they have
used ordered pairs of numbers to
-1 represent individual points. Tell
_10] them that in this lesson they will
learn to use arrays of numbers

called matrices to represent
8- (-7) 5—0]_[5 15 5]

points, polygons, and translations.
9 — (-2)

-1-3 011 —4

€3 TEACH

Extra Example 1

Write a matrix that represents the
point or polygon.

y

m Represent a translation using matrices A= \T
\

1 3 \ 1 x
The matrix [ 10 -1 } represents A ABC. Find the image matrix that \ _— U
- L
represents the translation of A ABC1 unit left and 3 units up. Then graph 14
A ABCand its image. 3
a.Point T [ 5]
Solution

. . .| -1 -1 -1 b.Quadrilateral TUVW

 AVOID ERRORS The translation matrix is [ - 3]- T U VoW

¢ In order to add y

} two matrices, they Add this to the polygon matrix for the preimage a [3 4 —1 —2]

i must have the same to find the image matrix. ~~ & 5 -2 -6 1

: dimensions, so the , ,

: translation matrix A B C A B C A C Extra Example 2

: here must have three -1 -1 -1 1 5 3 0 4 2 el

{ columns like t.he [ s 3 3] + [1 o _1] - [4 s o ] —~—_|B - Adfj or subtract.

i polygon matrix. 7 2 -8 1 -1 3
Translation Polygon Image c a| g 9:| + [ 4 0] [_1 9]

matrix matrix matrix =

w2 38| [12-2 1
17 -1 8 6 3 —4
[-10 5 4
1 -4 12

5. See Additional Answers.

/ GUIDED PRACTICE = for Examples 2 and 3

In Exercises 3 and 4, add or subtract.
3.[-3 7]+[2 -5] [-1 2]

4 1 -4 (23 -1 -7
3 -5 7 8] |4 —13
2.6 7 . .

11 3 represents quadrilateral JKLM. Write the
translation matrix and the image matrix that represents the translation

of JKLM 4 units right and 2 units down. Then graph JKLM and its image.
See margin.

5. The matrix [;

9.2 Use Properties of Matrices 573

Differentiated Instruction

Auditory Learners Adding and subtracting matrices
requires adding or subtracting several corresponding elements.
Encourage students to say the numbers they are adding or
subtracting aloud as they add or subtract the matrices.
Describing the process aloud will help ensure they have

added or subtracted the correct corresponding elements.

See also the Differentiated Instruction Resources for more
strategies.
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MULTIPLYING MATRICES The product of two matrices A and Bis defined only
when the number of columns in A is equal to the number of rows in B. If Ais
an m X nmatrix and Bis an n X p matrix, then the product ABis an

m X p matrix.

Avoiding Common Errors

- g :{ USE NOTATION A . B = AB
If students write matrices for poly- i
gons in two columns rather than §dfniaensi:ns o'ia matrix (mbyn) - (nbyp) = (mbyp)
two rows, point out the error and  are always written as
have them correct their work. Tell * rows x columns. equal dimensions of AB
them that the reason for using two You will use matrix multiplication in later lessons to represent
rows will become clear when they transformations.
use matrices to perform other
types of transformations. y ) A
WGV LR E Multiply matrices
Extra Example 3 '
. =72 =1 1 . 10 2 -3
The matnx[ 3 5 2} repre- Multiply [4 5][_1 8]'
sents A FGH. Find the image matrix .
that represents the translation of Solution
A FGH3 units right a"d.4 u.nits down. The matrices are both 2 X 2, so their product is defined. Use the following
Then graph A FGH and its image. steps to find the elements of the product matrix.
12 4 S$TEPT Multiply the numbers in the first row of the first matrix by the
-11 -2 numbers in the first column of the second matrix. Put the result in
Gl the first row, first column of the product matrix.
10 2 =3[ | 1@ + o1 ?
= & by 4 5[|-1 8 ? ?
@
RN STEP2 Multiply the numbers in the first row of the first matrix by the
. x numbers in the second column of the second matrix. Put the result
F = in the first row, second column of the product matrix.
[1 0] [ 2 —3} _ [ 12) +0(-1)  1(=3) + 0(3)]
Extra Example 4 4 5|1 8 ? ?
Multiply |: :1; _i:| |: g a [15] STEP3 Multiply the numbers in the second row of the first matrix by the
numbers in the first column of the second matrix. Put the result in
6 —33 the second row, first column of the product matrix.
2 23 10 2 =3 [ 1@ +0=D 1=3) +0(
4 5||-1 8 4(2) + 5(-1) ?
@ /Inimate
\(l‘}—\d Geometry S$TEP 4 Multiply the numbers in the second row of the first matrix by the
my.hrw.com numbers in the second column of the second matrix. Put the result

An Animated Geometry activity is in the second row, second column of the product matrix.

available online for Example 4. This 10 2 =3 | 1@ +0(=D 1(=3)+0(@®)
activity is also part of Power 4 5| -1 8| | 4@ +5-1) 4(-3)+5(@8)
Presentations.

$TEP 5 Simplify the product matrix.
Stlldy Stra'_:eg_y 12) +0(-1) 1=3)+0@®) | _ |2 -3
Students may find it helpfulto. . 42 +5(1) 43 +50) | |3 28
remember the following description
of how to find the matrix product (AnimatedGeometry  at myhrw.com
A« B.To find the firstrow of A - B,
multiply the first row of A by each
column of B. To find the second row 574  Chapter 9 Properties of Transformations
of A « B, multiply the second row of
Aby each column of B.
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m Solve a real-world problem

: ANOTHER WAY

¢ You could solve this

i problem arithmetically,
¢ multiplying the number
: of bats by the price of

: bats, and so on, then

i adding the costs for

¢ each team.

\/ GUIDED PRACTICE

6. Yes; the number of
columns in Ais equal to

the number of rows in B.

9.[3 s
4 -7

" [ 15 —19}
3 -5

SOFTBALL Two softball teams submit equipment lists for the season. A bat
costs $20, a ball costs $5, and a uniform costs $40. Use matrix multiplication
to find the total cost of equipment for each team.

Women's Team
_Women$ Team

_Men's Team

13 batg 15 batg

42 ballg 45 ballg

16 vniformg 18 vniformg
——

Solution

First, write the equipment lists and the costs per item in matrix form. You
will use matrix multiplication, so you need to set up the matrices so that the
number of columns of the equipment matrix matches the number of rows of
the cost per item matrix.

EQUIPMENT . COST = TOTAL COST
Bats Balls Uniforms B Do;lars Dollars
Women [ 13 42 16 Bal:s (5) _ Women [ ?
Men | 15 45 18 ans - Men | ?

Uniforms | 40
You can find the total cost of equipment for each team by multiplying the

equipment matrix by the cost per item matrix. The equipment matrixis 2 X 3
and the cost per item matrix is 3 X 1, so their product is a 2 X 1 matrix.

20
13 42 16 5 | = 13(20) + 42(5) + 16(40) | | 1110
15 45 18 40 “ | 15(20) + 45(5) + 18(40) | | 1245

» The total cost of equipment for the women’s team is $1110, and the total cost
for the men’s team is $1245.

for Examples 4 and 5

Use the matrices below. Is the product defined? Explain.

e[ e e[

6. AB 7. BA Yes; the number of

Multiply. number of rows in A.

9. [(1) _?][_i 3] 10. [5 1][:;] [-17] 11 [? _i][i _ﬂ

12. WHAT IF? In Example 5, find the total cost for each team if a bat costs $25,
a ball costs $4, and a uniform costs $35. women: $1053, men: $1185

9.2 Use Properties of Matrices

8. AC No; the number of
columns in Bis equal to the  columns in A is not equal to
the number of rows in C.

Extra Example 5

Jenny and Arthur are going to the
store to buy tomatoes, peppers, and
cucumbers. If a tomato costs $.89,
a pepper $.59, and a cucumber $.45,
use matrix multiplication to find the
total amount each person spent.

Jenny Arthur

3tomatoes 7tomatoes

2 peppers 4 peppers

4 cucumbers | 2 cucumbers
Jenny: $5.65; Arthur: $9.49

A Key Question
- Example 5

« Could you multiply the matrices in
reverse order? Explain. No; there
is one element in each row of the
cost matrix, but there are two
elements in each column of the
equipment matrix.

PRACTICES

Closing the Lesson

Have students summarize the major

points of the lesson and answer the

Essential Question: How do you

use matrix operations to translate

afigure?

¢ A matrix is a rectangular array of
numbers in rows and columns.

¢ To add or subtract matrices, first
check that the dimensions are
the same. Then add or subtract
corresponding elements.

¢ To multiply matrices the number
of columns of the first matrix
must be equal to the number of
rows of the second matrix.

To translate a figure, add the

matrix for the point or polygon to

the translation matrix.
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9.2 EXERCISES M OB e

% = STANDARDIZED TEST PRACTICE
Exs. 2, 17, 24, 25, and 35

= PRACTICE
AND APPLY

&

' SKILL PRACTICE

. . [A] 1. vocABULARY Copy and complete: To find the sum of two matrices, add
Assignment Guide corresponding _2 . elements

Answers for all exercises

available online 2. % WRITING How can you determine whether two matrices can be

added? How can you determine whether two matrices can be multiplied? See margin.

Basic:
Day 1: SRH p. SR2 Exs. 1-8 : EXAMPLE 1 | USING ADIAGRAM Use the diagram to write a matrix y
Exs. 1-17 } for Exs. 3—-6 to represent the given polygon. 3-6. See margin. B
Day 2: 3. AEBC a - —~_C
Exs. 18-25, 31-34 ) A
Average: 4. ANECD = >
Day 1: 5. Quadrilateral BCDE | D
Exs. 1-6, 8-12, 1417, 27, 28 g |10 2 E
Day 2: 1 4 6. Pentagon ABCDE
Exs. 18-26, 29, 31-36 { EXAMPLE2 | MATRIX OPERATIONS Add or subtract.
Advanced: ¢ for Exs. 7-12 9 8 7 1
e 1 [3 5]+[9 2112 71 & | 2 >|+[% 3| o +
Exs. 1,2,3-6, 8-12, 14-17, 27-30* 7 | 1 4|0 s o 23
Day 2: 6 9 0 —4 -5 1
Exs. 18-26, 31-37* 9l o o
Block: -5 -3 10. [46 81]-[3.8 —21] 11 [_5 6] - [i 10] 12. [1'2 lﬂ - [2'5 _3'ﬂ
Exs. 1-6, 8-12, 14-29, 31-36 [0 10.2] 89 - >3 L /
Differentiated Instruction {EXAMPLE3 | TRANSLATIONS Find the image matrix that represents the translation of the
See Differentiated Instruction : for Exs. 13-17 polygon. Then graph the polygon and its image. 13-16. See margin.
Resources for suggestions on A B C FGH ]
addressing the needs of a diverse @ —2 2 1];4unitsup iy 2 5 8 5] 2unitsleft and
classroom. 11 [—13 —4] 4 1 -3 * |2 3 1 =1 3unitsdown
112 16 -

Homework Check LMN P 5 s
For a quick check of student under- " 5 0 2 3 4unitsrieht and (52, o 11 3 units rieht and
standing of key concepts, go over _ 15. » & unlts right an 6. |~ ;o unlts right an
the following exercises: 12. _::; _g': [-1 3 3 —1] 2unitsup 1 4 2] lunitdown
Basic: 4, 8, 14, 18, 31
Average: 5, 10, 15, 20, 31 17. i_( MULTIPLE CHOICE The matrix that represents quadrilateral ABCD is
Advanced: 6, 12, 16, 22, 31 ; 3 z Z] .Which matrix represents the image of the quadrilateral after
Extra Practice translating it 3 units right and 5 units up? A
- Student Edition 6 11 12 10 0 56 4
- Chapter Resource Book: 812 8 6 8 12 8 6

Practice levels A, B, C

6 11 12 10 06 6 4

~—Practice Worksheet © [—2 2 =2 —4] © [—2 3 =2 —4]

An easily-readable reduced

practice page can be found at

the beginning of this chapter. 576  Chapter 9 Properties of Transformations

2. If they have the same dimensions they can be added; if the number of columns in the first
matrix matches the number of rows in the second matrix they can be multiplied.

EBC ECD BC D E ABCD E
~126 16 5 26 5 -1 126 5 —1
3'[—221] 4'[—21—1] 5'[21—1 —z] 6'[ 121 1 —2]

13-16. See Additional Answers.
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: EXAMPLE 4 MATRIX OPERATIONS Multiply.

...................... o le 2][3] - [1'2 3][_1_;}[_5_9] ” [_(55 ;][g _;]

: for Exs. 18-26

oo 3 Gra hing Calculator
20. o, |04 G > 8 22.[4 8 —1]| 2| [23] 23 |9 12 38 . pling
62 —29 -6 23| -1 2 8 -1 4 36 Exercises 7-12, 18-23 Teach
See margin. 5 students how to enter matrices on

their graphing calculators and then

25. 24,  MULTIPLE CHOICE Which product is not defined? € how to add, subtract, and multiply

Sample answer:

r 1 7 6 9 15([1 6 30 matrices using the calculator.
-2 1 @[312}[1][320][}©[][ ]@[}[55} ’
5 30 -31[4 O =7 o
L 0 4] Avoiding Common Errors
r1 1 25. % OPEN-ENDED MATH Write two matrices that have a defined product. Exercises 18-23 Students .
. Then find the product. sometimes think that matrix multi-
121 plication is an application of the
[0 —1 26. ERROR ANALYSIS Describe and correct the error in the computation. Distributive Property of multiplica-
8 4 Corresponding elements were tion over addition. Help them by
- 9 —2|[-6 12]_[9(-6) —2(12) multiplied rather than rows and reviewing Example 4 carefully.
4 10 3 —6| | 43 10(-6) columns; Point out that none of the sums in
9(—6) + —2(3) 9(12) + —2(—6) the matrix equation in Step 4 could
4(—6) + 10(3)  4(12) + 10(—6) be the result of applying the
TRANSLATIONS Use the described translation and the graph of the image to Distributive Property.
find the matrix that represents the preimage. 27, 28. See margin.
27. 4 units right and 2 units down 28. 6 units left and 5 units up [ —4 15.2
21.
. . | —323 -—434
v B | ox ABC D
) ~.Y -70 0 -7
x w 2.1 33 -1 —1]
L [ 1+— [ZTx v w Xx Y z
D’ [ 4
28. 6 5 7 10 12
| 6 -4 -2 -3 -5
29. MATRIX EQUATION Use the description of a translation of a triangle to 29._3 =1 8, li= 7_ 20’_‘: 1=22[:]’ =
find the value of each variable. Explain your reasoning. What are the n=—1,v=—l, w=12; the num-
coordinates of the vertices of the image triangle? See margin. bers across each row of the
transition matrix must be equal
12 12w 9 ab|_|m 20 -8 and the sum of the corresponding
-7 v -7 + 6 =2 ¢c| |n -9 13 elements on the left equals the
corresponding elements on the
[C] 30. CHALLENGE A point in space has three coordinates right; (21, 1), (20, -9), (—8,13).
(X, 3, 2), as shown at the right. From the origin, a point e -5 -5 —5 -5 —§
can ‘pe forc\lxvard ordback on ;[k};e x—ax.is, left or right on the 30b.| =10 —10 —10 —10 —10
3 y-axis, and up or down on the z-axis. 5 —6 —6 —6 —6 —6
30a. 4 a. You translate a point three units forward, four units
right, and five units up. Write a translation matrix for y
5 the point.

b. You translate a figure that has five vertices. Write a
translation matrix to move the figure five units back,
ten units left, and six units down. See margin.

9.2 Use Properties of Matrices 577
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' PROBLEM SOLVING

: EXAMPLE 5@ @ COMPUTERS Two computer labs submit ]
Vocabulary i for Ex. 31 equipment lists. A mouse costs $10, a Lab 1 Lab 2
Exercises 33-35 Review the package of CDs costs $32, and a keyboard 25 Mice 15 Mice
Commutative, Associative, and costs $15. Use matrix multiplication to find 10CDs 20 CDs
S y . ! 31. Lab 1: $840, the total cost of i t fi h lab
Distributive Properties for whole Lab 2: $970 ¢ totalcost ot equipment for each fab. 18 Keyboards 12 Keyboards
numbers before having the students
complete these exercises. Be sure
they know what the properties 32. SWIMMING Two swim teams submit equipment lists. The women’s
mean and understand how to check team needs 30 caps and 26 goggles. The men’s team needs 15 caps
whether the properties extend and 25 goggles. A cap costs $10 and goggles cost $15.
to matrices. 32a. 45 caps, a. Use matrix addition to find the total number of caps
51 goggles and the total number of goggles for each team.
-3 15 2% —7 b. Use matrix multiplication to find the total
33b. —14 301|110 2| equipment cost for each team. Women: $690; Men: $525
AB~+ BA c. Find the total cost for both teams. $1215
—81 3 —81 3
34b. [—178 —26]' [—178 —26]'
A(BC) = (AB)C MATRIX PROPERTIES In Exercises 33-35, use matrices A, B, and C.

2 36 2 36
o[22 28]
16 68 16 68 A 0 -2 B s 0 C e
the Distributive Property holds for

matrices. 33. MULTI-STEP PROBLEM Use the 2 X 2 matrices above to explore the
Commutative Property of Multiplication.

a. What does it mean that multiplication is commutative? AB = BA
b. Find and compare ABand BA. See margin.

c. Based on part (b), make a conjecture about whether matrix
multiplication is commutative. Matrix multiplication is not commutative.

34. MULTI-STEP PROBLEM Use the 2 X 2 matrices above to explore the
Associative Property of Multiplication.

a. What does it mean that multiplication is associative? A(BC) = (AB)C
b. Find and compare A(BC) and (AB)C. See margin.

c. Based on part (b), make a conjecture about whether matrix
multiplication is associative. Matrix multiplication is associative.

35. % SHORT RESPONSE Find and compare A(B + C) and AB + AC. Make a
conjecture about matrices and the Distributive Property. See margin.

36. ART Two art classes are buying supplies.

A brush is $4 and a paint set is $10. Each Class A Class B
class has only $225 to spend. Use matrix xbrushes 18 brushes
multiplication to find the maximum 12 paint sets y paint sets

number of brushes Class A can buy and the
maximum number of paint sets Class B can
buy. Explain. 26 brushes, 15 paint sets; solve 4x + 120 < 225 and 72 + 10y < 225.
(O = see WORKED-OUT SOLUTIONS % = STANDARDIZED
in Student Resources TEST PRACTICE
578
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37a.2002: [C]
lowa about 1928
million, lllinois
about 1471
million, Nebraska
about 942 million,
Minnesota about
1049 million;
2003: lowa about
1881 million,
Illinois about
1810 million,
Nebraska about

1123 million,
Minnesota about
971 million.

1. In the diagram shown, name the vector and write its

s[4 3
| 12 -9
[—10 -14

6 | 10 4]

N
28 —19

37. CHALLENGE The total United States production of corn was 8,967 million
bushels in 2002, and 10,114 million bushels in 2003. The table shows the
percents of the total grown by four states.

a. Use matrix multiplication to find the number of
bushels (in millions) harvested in each state

each year.

b. How many bushels (in millions) were harvested

in these two years in Iowa? about 3809 million bushels

c. The price for a bushel of corn in Nebraska was

$2.32in 2002, and $2.45 in 2003. Use matrix

2002
lowa 21.5%
lllinois 16.4%
Nebraska 10.5%
Minnesota | 11.7%

multiplication to find the total value of corn
harvested in Nebraska in these two years. about $4935 million

component form. ML, (-4, —3)

Use the translation (x,y) > (x + 3,y — 2).

2. What is the image of (-1, 5)? (2,3)
3. What is the image of (6, 3)? (9,1)

4. What is the preimage of (-4, —1)? (=7,1)

Add, subtract, or multiply.

s [323]7 2] s

see EXTRA PRACTICE in student Resources

2003
18.6%
17.9%
11.1%
9.6%

ﬂ ONLINE QUIZ at my.hrw.com

5 2

-6 1 4 15 7 —6 2
- 7. -9 0

3 12 -7 8 8 3 5
3 =7

579

i ASSESS aAnD
RETEACH

(@

Daily Homework Quiz
Also available online
Add or subtract

1.[28 —9.2] +[35 6.1]
[6.3 —31]
8 -2 4 3
2 [—3 5] - [1 —7]
4 -5
-4 12
3. Triangle ABC has vertices
A(2, —1), B(1,3), and C(—2, —2).
Write a matrix equation that
shows how to find the image
matrix that represents the

translation of A ABC 4 units left
and 5 units up.

[ -4 -4 —4 L o2r-2]
| 5 5 5 -13-2|"
[ -2 -3 -6

4 8 3

4.Mu|tip|y[f _g][g :;]
(-3 8
| 6 —1

)@ Online Quiz

Available at my.hrw.com

Diagnosis/Remediation

* Practice A, B, C in Chapter
Resource Book

« Study Guide in Chapter Resource
Book

* Practice Workbook
* @HomeTutor

Challenge

Additional challenge is available
in the Chapter Resource Book.

An easily-readable reduced
copy of the quiz from the

Assessment Book can be
found at the beginning of this
chapter.
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9 3 Perform Reflections
o

@I  You will reflect a figure in any given line.
@NZIZ so you can identify reflections, as in Exs. 31-33.

Key Vocabulary A reflection is a transformation that uses a line like a mirror to reflect an
« line of reflection image. The mirror line is called the line of reflection.
 reflection A reflection in a line m maps every point P
in the plane to a point P/, so that for each P P
i point one of the following properties is true: P’
s « If Pis not on m, then mis the P
CC9-12.6.C05 Givena perpendicular bisector of PP’, or
geometric figure and a rotation, m m

reflection, or translation, draw e If Pison m, then P = P'. . .
the transformed figure using, ! Point P noton m Point Pon m

e.g., graph paper, tracing paper,
or geometry software. Specify
a sequence of transformations

thatvwil carmy a given figure m Graph reflections in horizontal and vertical lines

The vertices of A ABC are A(1, 3), B(5, 2), and C(2, 1). Graph the reflection
of A ABC described.
a. Inthelinen:x=3 b. Inthelinem:y=1
Solution
a. Point Ais 2 units left of n, so its b. Point Ais 2 units above m, so
reflection A’ is 2 units right of A’ is 2 units below m at (1, —1).
nat (5, 3). Also, B’ is 2 units left Also, B’ is 1 unit below m at
of nat (1, 2), and C' is 1 unit (5, 0). Because point Cis on
right of nat (4, 1). line m, you know that C= C".
y n y
A A A
B'\ =></B L1, —~—_|B
L1, c\ _— m
c [ C/ T~
! x | B’ ‘ X
a

\/ GUIDED PRACTICE = for Example 1

Graph a reflection of A ABC from Example 1 in the given line.
1-3. See Additional Answers beginning.
1. y=4 2. x=-3 3.y=2

9.3 Perform Reflections 581

-::j"C%’gc:g" ——Standards for Mathematical Content High School

(e.g., translation versus horizontal stretch).

CC.9-12.G.C0.4 Develop definitions of rotations, reflections, and translations in
terms of angles, circles, perpendicular lines, parallel lines, and line

segments.

*2 PLAN AnD
PREPARE

Warm-Up Exercises
Also available online
1. The y-axis is the perpendicular

bisector of AB. If point A is at
(=3, 5), what is the location of
point B? (3, 5)

2.What is the slope of the segment
with endpoints at (—7, 4) and
(4, =7)7 —1

3.Mu|tip|y[_[1] ?][g _i ;]

-6 2 -1
34 1

Notetaking Guide
Available online

Promotes interactive learning and
notetaking skills.

w

Pacing

Basic: 2 days

Average: 2 days

Advanced: 2 days

Block: 1 block

« See Teaching Guide/Lesson Plan.

£ FOCUS anD
=~ MOTIVATE

Essential Question

Big ldea 1

How do you reflect a figure in the
line y = x? Tell students they will
learn how to answer this question
by studying coordinate rules and
matrices for reflections.

CC.9-12.G.C0.2 Represent transformations in the plane using, e.g., transpar- €C.9-12.G.C0.5 Given a geometric figure and a rotation, reflection, or

encies and geometry software; describe transformations as functions that translation, draw the transformed figure using, e.g., graph paper, tracing paper,
take points in the plane as inputs and give other points as outputs. Compare or geometry software. Specify a sequence of transformations that will carry a
transformations that preserve distance and angle to those that do not given figure onto another.

581



m Graph a reflectioniny = x

The endpoints of FGare F(—1, 2) and G(1, 2). Reflect the segment in the line
Motivating the Lesson y = x. Graph the segment and its image.

Have students imagine that they

. .-~ Solution
are playing miniature golf and want
to hit the ball off a wall so it will {REVIEW SLOPE The slope of y = xis 1. The segment from Fto its v
land in the hole. Tell students that : The product of the image, FF', is perpendicular to the line of reflection y=x
in this lesson they will learn about f_[‘)pe_s of perpendicular |y = , 50 the slope of FF’ will be —1 (because F G
geometric transformations that can ¢ fines is =1. 1(=1) = —1). From F, move 1.5 units right and , (i
help solve this problem. 1.5 units down to y = x. From that point, move

1.5 units right and 1.5 units down to locate F'(2, —1). x

—— The slope of GG’ will also be —1. From G, move F
L Y | TEACH 0.5 units right and 0.5 units down to y = x. Then move

0.5 units right and 0.5 units down to locate G'(2, 1).
Extra Example 1
The vertices of A DEFare D(0, 2),
E(1,4),and F(3, 1). Graph the
reflection of A DEFdescribed.

.Inthe line m: y = 2
a.In the line m y j~ KEY CONCEPT For Your Notebook

COORDINATE RULES You can use coordinate rules to find the images of points
reflected in four special lines.

A = -~ Coordinate Rules for Reflections
g, L e If (a, b) is reflected in the x-axis, its image is the point (a, —b).
F e If (a, b) is reflected in the y-axis, its image is the point (—a, b).
—1 E' x =
2 o If (a, b) is reflected in the line y = x, its image is the point (b, a).
b.In the line n: x =4  If (a, b) is reflected in the line y = —x, its image is the point (=b, —a).
) W B
E E
4
D A D’ @ Graph areflectioniny = —x
F|F g
[ x Reflect FG from Example 2 in the line y = —x. Graph FG and its image.
Extra Example 2 Solution RE
The endpoints of ABare A(3, 2) Use the coordinate rule for reflecting in y = —x. 3 F 6
and B(4, 1). Reflect the segment in (@ b) = (b, —a)
the line y = x. Graph the segment ) o
and its image. F=L2) - F(=2,1) P
¥ E G(1,2) > G'(=2, -] = —x
@ﬂ!ﬂ'&'ceometry at my.hrw.com ‘
1
/l i E i-f"llfi:f_1 v/ | Guibep PRAcTICE | for Examples 2 and 3
The slope of FF' is 1. 4. Graph A ABCwith vertices A(l, 3), B4, 4), and C(3, 1). Reflect A ABCin

The product of their
slopes is —1 making o
them perpendicular. 5. In Example 3, verify that FF is perpendicular to y = —x.

the lines y = —x and y = x. Graph each image. See margin.

582  Chapter 9 Properties of Transformations
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REFLECTION THEOREM Recall that the image of a translation is congruent to
the original figure. The same is true for a reflection.

i~ THEOREM For Your Notebook Extra Example 3

; THEOREM 9.2 Reflection Theorem m Reflect AB from Extra Example 2in
the line y = —x. Graph AB and its

I: Areflection is an isometry. /\B B/\ image
A c|c A N

y
AABC= AA'B'C 1

{ WRITE PROOFS PROVING THE THEOREM To prove the Reflection Theorem, you need to show A,

: Some theorems, such that a reflection preserves the length of a segment. Consider a segment PQ
: as the Reflection that is reflected in a line m to produce P'Q'. There are four cases to prove:
: Theorem, have more
: than one case. To

: prove this type of

i theorem, each case
¢ must be proven.

(Animatea Geometry

my.hrw.com

An Animated Geometry activity is
available online for Example 3. This
activity is also part of Power
Presentations.

Casel PandQ Case2 PandQ Case3 P_lies on Case4 Q_lies on
are on the same  are on opposite m, and PQisnot m, and PQ L m.

side of m. sides of m. 1tom. Key Questions
Example 2 and 3
) . . « If a point and its image are in the
Find a minimum distance same quadrant after a reflection

in the line y = x, in which quad-
rantis the point located? I orlll

- If a point and its image are in the
same quadrant after a reflection
in the line y = —x, in which quad-

BOOKS Bagel Bin ARTS AND CRAFTS | Music I_ rantis the pointlocated? Il or IV
-1 BN Extra Example 4

eeeN \\\\\\\\\w

PARKING You are going to buy books. Your friend is going to buy CDs.
Where should you park to minimize the distance you both will walk?

Jan and Lula are going to meet on
the beach shoreline. Where will
they meet to minimize the distance

Reflect Bin line m to obtain B'. Then draw B A they both must walk?
AB'. Label the intersection of AB’ and m as C. ®/ Lula’s house
Because AB’ is the shortest distance between

Solution

Aand B" and BC = B'C, park at point Cto (3 m ®J Jan's house
minimize the combined distance, AC + BC,
you both have to walk. B A
shoreline
‘/ at the point where the beach
GUIDED PRACTICE ~ for Example 4

shoreline intersects LJ', where J'

‘ 6. Look back at Example 4. Answer the question by using a reflection of is the image of Jin the shoreline
point Ainstead of point B. Reflect Ain line m obtaining A'. Then draw A’'B. Label

the intersection of mand A’'B as C. Because A'B s the shortest distance between A’ and B Study Strategy
and AC = A'C, park at point C to minimize the combined distance, AC + BC, you both have Have the students create a way to
to walk. 9.3 Perform Reflections 583 help them remember the Coordinate

Rules for Reflections.

4 y B ¥
V=x
A
B
. c C B
AT - X [ A
y=—x c
! A
C' 1 x
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Extra Example 5
The vertices of A PQR are P(—3, 6),
0(-5, 3), and R(—1, 2). Find the
reflection of A PQRin the x-axis.
Graph A PQRand its image.

P Q R

-3 -5 —1
-6 -3 -2

QA 4
R
1 X
=

-‘;;‘ATHEMATICAL Key QueSti on
Example 5
» How do the coordinates of

the image compare to the

coordinates of the preimage?

The x-coordinates are opposites,
the y-coordinates are the same.

PRACTICES

Closing the Lesson

Have students summarize the major

points of the lesson and answer the

Essential Question: How do you

reflect a figure in the line y = x?

¢ Coordinate Rules for Reflections
can be used to find the images of
points reflected in the x-axis,
y-axis, y = x,and y = —x.

e Matrices can be used to find the
images of points reflected in the
x-axis and y-axis.

To reflect a figure in the line y = x,

switch the x- and y-coordinates of

each point of the figure.

584

REFLECTION MATRIX You can find the image of a polygon reflected in the
Xx-axis or y-axis using matrix multiplication. Write the reflection matrix to the
left of the polygon matrix, then multiply.

Notice that because matrix multiplication is not commutative, the order of
the matrices in your product is important. The reflection matrix must be first
followed by the polygon matrix.

|~ KEY CONCEPT For Your Notebook

- Reflection Matrices

> Reflection in the x-axis Reflection in the y-axis

R N

m Use matrix multiplication to reflect a polygon

The vertices of A DEFare D(1, 2), E(3, 3), and F(4, 0). Find the reflection of
A DEFin the y-axis using matrix multiplication. Graph A DEF and its image.

Solution
STEP 7 Multiply the polygon matrix by the matrix for a reflection in
the y-axis.

DEF

-1 0|[13 4] [-10+0@ -13) +0B) -1@) +0(0)
0 1([2 3 0 o) + 1(2) 0(3) +1(3) 04) + 1(0)

Reflection Polygon
matrix  matrix

_D' E F ~
-1 -3 -4 Image
12 3 0 matrix
S$TEP2 Graph ADEFand AD'E'F'. v
E E
D'|D
i \
F T Flx

\/ GUIDED PRACTICE  for Example 5

The vertices of A LMN are L(-3, 3), M(1, 2), and N(—2, 1). Find the described
reflection using matrix multiplication.

7. Reflect ALMN in the x-axis. 8. Reflect ALMNin the y-axis.
L'(-3,-3), m'(1, -2), N'(-2, -1) L'(3,3), M'(—1,2), N'(2,1)

584  Chapter 9 Properties of Transformations

" Differentiated Instruction :

Visual Learners To help students visualize how matrix multi-
plication can be used to describe a reflection, have them sketch
A LMN and its image for Guided Practice Exercies 7-8. For
students who need additional help with understanding reflections,
have them trace the preimage of A LMN, cut it out, and manually
reflect it in the x-axis and y-axis.

See also the Differentiated Instruction Resources for more
strategies.




9.3 EXERCISES

_ SKILL PRACTICE

HOMEWORK: (=
KEY ;

Exs.5, 13,and 33

% = STANDARDIZED TEST PRACTICE
Exs. 2, 12, 25, and 40

(A]

: EXAMPLE 1

i for Exs. 3-8

2. Multiply it

by 2 because the
distance from

a point to the
line of reflection
is the same as
the distance
from the point’s
image to the line
of reflection.

: EXAMPLE 5

1. VOCABULARY What is a line of reflection?
a line which acts like a mirror to reflect an image across the line

2. % WRITING Explain how to find the distance from a point to its image if
you know the distance from the point to the line of reflection. See margin.

REFLECTIONS Graph the reflection of the polygon in the given line. 3-11. See margin.

3. x-axis
v
c
L
A_— /
/
h 5
1 X
6. x=—-1
\ } 2
B -2 | x|
¢l T!
/
A
9. y=x
y
L C
X
B T T
A

4. y-axis

7. y-axis

y

12. % MULTIPLE CHOICE What is the line of reflection for
A ABC and its image? D

@ y =0 (the x-axis)

© x=1

® y=-x
@ y=x

®-:

USING MATRIX MULTIPLICATION Use matrix multiplication to find the
image. Graph the polygon and its image. 13, 14. See margin.

A B C

@ Reflect [_2

5

3 4
-3 6

] in the x-axis. 14. Reflect [

y
~|B
D| T
!
X
8. y=-3
y
D
! A
/ x
Cl T
B
11. y=x
c
B _{1 D
il
X
A
¥
A B
B’
2 x
c
A
C
P Q R S
2 6 5 2
-2 -3 -8

9.3 Perform Reflections

-5

] in the y-axis.
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A PRACTICE
= anp APPLY

Assignment Guide

Answers for all exercises
available online

Exs. 13-21, 31-37
Average:

Day 1:
Exs.1,2,6-12,26-28
Day 2:

Exs. 15-25, 32-40
Advanced:

Day 1:

Exs.1,2,7-12, 26-30*
Day 2:

Exs. 16-25, 34—41*
Block:
Exs.1,2,6-12,15-28, 32-40

Differentiated Instruction

See Differentiated Instruction
Resources for suggestions on
addressing the needs of a diverse
classroom.

Homework Check

For a quick check of student under-
standing of key concepts, go over
the following exercises:

Basic: 4,9, 14, 31, 34
Average: 6, 10, 16, 32, 34
Advanced: 8, 11, 17, 34, 35

Extra Practice
« Student Edition

« Chapter Resource Book:
Practice levels A, B, C

" Practice Worksheet

An easily-readable reduced
practice page can be found at
the beginning of this chapter.

3-11, 13, 14. See Additional
Answers.
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Teaching Strategy

Exercises 3—11 Students will do
better with these exercises if they
use a graph to find the image of
each vertex in the given line. This
will help give meaning to the coor-
dinate rules stated. Urge students
to use their graphs to confirm the
coordinate rules.

Avoiding Common Errors

Exercises 19-21 Students may find
the midpoint between the points
rather than finding a point on the
x-axis. Or they may find the point on
the x-axis where the x-coordinate is
the average of the x-coordinates of
the given points. Have them graph
the points, reflect one point over the
x-axis, and see where the line
joining the image to the other point
intersects the x-axis.

Study Strategy

Exercise 26 Relate this construc-
tion to the construction of a line
perpendicular to a given line
through a point not on the line.
When you reflect A over myou are
constructing a point A’ such that
AA'is perpendicular to m.

AB C A B C
14 3] [-1 -4 -3
15'[22—2'[ 2 2—2]
AB C D
24 3 0
'6'[ 11 -2 —1]'
A BCD

n

B ¢C A B C
-4 3 2 4 -3 -2
"'[—z 1 —3}'[—2 1 —3}
18. The reflection matrix should be
[—1 0 J1 0],
Lo 1" o 1]
[—1 0][-5 4 -2] _
| 01]| 48 -1~
(5 —4 2
(4 8 -1

22-24, 26. See Additional
Answers.
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29.

FINDING IMAGE MATRICES Write a matrix for the polygon. Then find the

image matrix that represents the polygon after a reflection in the given line.
15-17. See margin.

15. y-axis 16. x-axis 17. y-axis
y y y
A B B
T VIRE B "
/ 1 / x
/ x A o /
D[~ A T T
c c c

18. ERROR ANALYSIS Describe and correct the error in finding the image
matrix of A PQRreflected in the y-axis. See margin.

1 0||-564 -2 |_|-5 4 -2

o -l 4 8 — -4 -8 —
MINIMUM DISTANCE Find point Con the x-axis so AC + BCis a minimum.
19. A(1, 4), B6,1) €(5,0) 20. A4, -3), B(12, =5) €(7,0) 21. A(-8,4), B(-1,3) €(—4,0)
TWO REFLECTIONS The vertices of A FGH are F(3, 2), G(1, 5), and H(—1, 2).

Reflect A FGH in the first line. Then reflect A F'G’'H’ in the second line.
Graph AF'G'H' and AF'G"H". 22-24. See margin.

22. Iny=2,theniny=-1 23. Iny=—1,theninx=2 24. Iny=x,theninx= -3

25. % SHORT RESPONSE Use your graphs from Exercises 22-24. What do you
notice about the order of vertices in the preimages and images? The order is reversed.

26. CONSTRUCTION Use these steps to construct a reflection m
of AABCin line m using a straightedge and a compass.

STEPT Draw AABC and line m. See margin. A

STEP2 Use one compass setting to find two points that are
equidistant from A on line m. Use the same compass
setting to find a point on the other side of m that is the
same distance from line m. Label that point A". B

STEP3 Repeat Step 2 to find points B’ and C'. Draw AA'B'C..

27. @) ALGEBRA The line y = 3x + 2 is reflected in the line y = —1. What is
the equation of the image? ¥ = —3x—4

28. €@) ALGEBRA Reflect the graph of the quadratic equation y = 2x* — 5
in the x-axis. What is the equation of the image? ¥ = —2x" +5

[C] 29. REFLECTING A TRIANGLE Reflect AMNQin the line y = —2x. [T ] S
See margin. y=—2x M
30. CHALLENGE Point B'(1, 4) is the image of B(3, 2) after a %
reflection in line ¢. Write an equation of line ¢c. ¥=x+1
Q T X
N
(O = see WORKED-OUT SOLUTIONS % = STANDARDIZED
in Student Resources TEST PRACTICE
586
" Differentiated Instruction :
>
Advanced Extend Exercise 27 by having students generalize.
y=—2x p Q If the line y = mx + bis reflected in the line y = k, what is the
Y equation of the image? Also generalize on Exercise 28 finding
v the equation of y = ax? + creflected in the x-axis or the y-axis
Q N and finding the equation of the image.
T N\ * See also the Differentiated Instruction Resources for more
Wy strategies.
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' PROBLEM SOLVING

: EXAMPLE 4

34. Sample
answer: Reflect
point H across
line nand label
it H. Draw JH'.
Label the point
where line n
intersects at

P. Park the car
at P.

REFLECTIONS Identify the case of the Reflection Theorem represented.

31.

34.

35.

Case 4 Case 3

DELIVERING PIZZA You park at some point Kon
line n. You deliver a pizza to house H, go back to
your car, and deliver a pizza to house J. Assuming
that you can cut across both lawns, how can you
determine the parking location Kthat minimizes
the total walking distance?

PROVING THEOREM 9.2 Prove Case 1 of the Reflection Theorem.
Case 1 The segment does not intersect the line of reflection.
GIVEN P A reflection in m maps Pto P’ and Qto Q'.

PROVE P PQ = P'Q’

Plan for Proof

- a, b. See margin.
a. Draw PP, QQ’, RQ, and RQ'. Prove that ARSQ = ARSQ'.

b. Use the properties of congruent triangles and perpendicular
bisectors to prove that PQ = P'Q’.

PROVING THEOREM 9.2 In Exercises 3638, write a proof for the given case
of the Reflection Theorem. (Refer to the diagrams in the theorem box.) 36-38. See margin.

36.

37.

38.

Case 2 The segment intersects the line of reflection.

GIVEN P A reflection in m maps Pto P’ and Qto Q'.
Also, PQintersects m at point R.

PROVE P> PQ = P'Q’
Case 3 One endpoint is on the line of reflection, and the segment is not
perpendicular to the line of reflection.
GIVEN P A reflection in m maps Pto P’ and Qto Q.

Also, Plies on line m, and PQ is not perpendicular to m.
PROVE P PQ = P'Q’
Case 4 One endpoint is on the line of reflection, and the segment is
perpendicular to the line of reflection.

GIVEN P Areflection in m maps Pto P’ and Qto Q.
Also, Qlies on line m, and PQ is perpendicular to line m.

PROVE P PQ = P'Q’

9.3 Perform Reflections 587

Given: A reflection in mmaps Pto P’
and Qto Q'. Using the definition of
aline of reflection, S = Q'S and
£ OSR= £ @'SR. Using the
Reflexive Property of Segment

. Congruence, RS = RS. Using the
SAS Congruence Postulate,
A RSQ= A RSQ'.

Teaching Strategy
Exercise 30 Elicit that the line of
reflection cis the perpendicular
hisector of the segment BB Ask
students how they could find the
coordinates of a point on line c.
Then ask how they could find the
slope of line c.

Mathematical Reasoning
Exercises 35-38 Ask students if
they can think of yet another special
case of the Reflection Theorem.
Ask them to explain why this case
does not merit a complete proof.
the case in which PQis contained
in line m; P’ @ and PQ@ coincide, so
itis trivially true that PQ = Pa.

@ Internet Reference

Exercises 40—41 For more infor-
mation about the Law of Reflection,
visit acept.la.asu.edu/PiN/rdg/
reflection/reflection.shtml

35h. Using corresponding parts of
congruent triangles are congruent,
RO = RQ'. Using the definition of
aline of reflection, PR = P'R.
Since PP” and Q@' are hoth per-
pendicular to m, they are parallel.
Using the Alternate Interior Angles
Theorem, Z SQ'R= ~ P'RQ’ and

£ SOR = £ PRQ. Using correspond-
ing parts of congruent triangles are
congruent, £ S@'R= ~ SAR. Using
the Transitive Property of Angle
Congruence, £ P'RQ’ = ~ PRQ.

A PRQ = A P'RQ using the SAS
Congruence Postulate. Using cor-
responding parts of congruent tri-
angles are congruent, PQ= P' Q'
which implies PQ = P'Q'.

36-38. See Additional Answers.
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.‘J__ASSESS AND
RETEACH

(@

Daily Homework Quiz
Also available online

Graph the polygon and its reflection

inthe given line.

1. Quadrilateral with vertices
A(=2,1), B(1,4), C(3,1), D(2, 1)
overy =1

2.Triangle P(—2,2), Q(3, 4), R(4,1)
overy=x

P

3. Use matrix multiplication to find
the image matrix when A ABCis
reflected in the y-axis.

A B C A B C

2 -1 0 -21 0
3 4 1 34 1
4.Find point C on the x-axis so

AC + BCis a minimum for A(2, 5)
and B(7,3). (%0)

;’) Online Quiz
Available at my.hrw.com

Diagnosis/Remediation

* Practice A, B, C in Chapter
Resource Book

« Study Guide in Chapter Resource
Book

« Practice Workbook
» @HomeTutor

Challenge

Additional challenge is available
in the Chapter Resource Book.
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40. Yes. Sample
answer: Starting
at (0, 3) the ball
would follow the
following path:
(1,4),(5,0),
(8,3),(7,4),

(3, 0) and end

up at (0, 3).

M1a. at a point
that is directly
across from the
midpoint of the
distance
between your
eye and your foot

41b. at a point
that is directly
across the
midpoint of the
distance
between your
eye and the top
of your head

41c. If you are
AC, with B

on ACand

AC| FD.Let F' be
the pointon AC
so that FF L AC
and FF" L FD and
let £ be the
point on ACso
that EE’ | AC
and EE' L FD. F
is the midpoint
of ABand E' is
the midpoint of
BC. Then EF =

39. REFLECTING POINTS Use C(1, 3).
a. Point A has coordinates (-1, 1). Find point B on AC s0 AC = CB. B(3, 5)
b. The endpoints of FG are F&O) and G(3, 2). Find point H on FCso
FC = CH. Find point Jon GCso GC = CJ. H(0, 6); J(-1, 4)

c. Explain why parts (a) and (b) can be called reflection in a point.
In each case point C bisects each line segment.

PHYSICS The Law of Reflection states that the angle of
angle of angle of
incidence reflection

incidence is congruent to the angle of reflection. Use

this information in Exercises 40 and 41.

40. * SHORT RESPONSE Suppose a billiard table has a coordinate grid on it.
If a ball starts at the point (0, 1) and rolls at a 45° angle, it will eventually
return to its starting point. Would this happen if the ball started from
other points on the y-axis between (0, 0) and (0, 4)? Explain.

(0,4) , 4)

(0,1)

(0,0

41. CHALLENGE Use the diagram to prove that you can
see your full self in a mirror that is only half of your
height. Assume that you and the mirror are both
perpendicular to the floor.

a. Think of a light ray starting at your foot and
reflected in a mirror. Where does it have to hit the
mirror in order to reflect to your eye?

b. Think of a light ray starting at the top of your
head and reflected in a mirror. Where does it have
to hit the mirror in order to reflect to your eye?

c. Show that the distance between the points you
found in parts (a) and (b) is half your height.

EF = %AB + ‘Esc, because AC = AB + BC, EF= ‘EAc.

588
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Warm-Up Exercises
Also available online

1. Use a protractor to draw an
angle with measure 20°.

—T120°

2. Given the points A(3, 5), B(—5, 3),
and the origin 0(0, 0), find_OA,
0B, and m2 BOA. /34, /34, 90°

3.Mu|tip|y[_? g][g _3]
5 —7
—2 -3

Notetaking Guide
Available online

Promotes interactive learning and
notetaking skills.

Pacing

Basic: 2 days

Average: 2 days

Advanced: 2 days

Block: 1 block

« See Teaching Guide/Lesson Plan.

Py FOCUS AnD
<~ MOTIVATE

Essential Question

Big Idea 1

How do you rotate a figure 90°,
180°, or 270° about the origin?
Tell students they will learn how
to answer this question by using
rules and matrices.

9.4

Perform Rotations

@78 You will rotate figures about a point.
@07 so you can classify transformations, as in Exs. 3=5.
Key Vocabulary Recall that a rotation is a transformation in which a figure is turned about a

« center of rotation
« angle of rotation
e rotation

: DIRECTION OF
{ ROTATION

clockwise

: counterclockwise

{ COMMON
% CORE

CC.9-12.G.C0.5 Givena
geometric figure and a rotation,
reflection, or translation, draw
the transformed figure using,
e.g., graph paper, tracing paper,
or geometry software. Specify
a sequence of transformations
thatwill carry a given figure
onto another.

590

Chapter 9 Properties of Transformations

fixed point called the center of rotation. Rays drawn from the
center of rotation to a point and its image form the angle of rotation.

A rotation about a point P through an angle of x° maps every point Q in the
plane to a point Q' so that one of the following properties is true:

 If Qis not the center of rotation P,
then QP = Q'Pand mZ QPQ’ = x°, or

R R

o If Qis the center of rotation P,
then the image of Qis Q.

Q Angle of

rotation

,L'D/Center of
rotation

A 40° counterclockwise rotation is shown at the right.
Rotations can be clockwise or counterclockwise. In this
chapter, all rotations are counterclockwise.

m Draw a rotation

Draw a 120° rotation of A ABC about P. A

Solution P

$7TeP2 Draw aray to form a 120°
angle with PA.

STEPT Draw a segment from Ato P.

STEP 4 Repeat Steps 1-3 for each
vertex. Draw AA'B'C'.

A
A 1200 C B

© Charles E. Pefley/Mira

{:.°°MM°“ —Standards for Mathematical Content High School

CC.9-12.G.C0.4 Develop definitions of rotations, reflections, and translations

in terms of angles, circles, perpendicular lines, parallel lines, and line

segments.

CC.9-12.G.C0.5 Given a geometric figure and a rotation, reflection, or transla-
tion, draw the transformed figure using, e.g., graph paper, tracing paper, or
geometry software. Specify a sequence of transformations that will carry a

given figure onto another.

590




ROTATIONS ABOUT THE ORIGIN You can rotate y
a figure more than 180°. The diagram shows
{ USEROTATIONS rotations of point A 130°, 220° and 310° about the A
i You can rotate a origin. A rotation of 360° returns a figure to its A q 0
: figure more than 360°.  original coordinates. 130° Motivating the Lesson
: However, the effect is \ 3 i i f
: the same as rotating There are coordinate rules that can be used to 220\‘" A" ' Have ZtUdl?fnt:hth:T]k i dewtcish”][
: the figure by the angle  find the coordinates of a point after rotations of 310° everyday lite that have partstha
{ minus 360° 90°, 180°%, or 270° about the origin. | turn _arou_nd a fixed pomt._ Tell them
A that in this lesson they will learn
how to describe the motion of the
turning parts of such devices.
;= KEY CONCEPT For Your Notebook
~ —_—
Lo ==
Coordinate Rules for Rotations about the Origin , =7 TEACH
When a point (a, b) is rotated counterclockwise
I about the origin, the following are true: (=b.a) (a b) Extra Example 1
1. For a rotation of 90° (a, b) — (=D, a). 186> T2 Draw a 150° rotation of A X¥Z
] | about P.
2. For arotation of 180°, (a, b) = (—a, —b). x $%
4+ 3. For a rotation of 270°, (a, b) — (b, —a). 270°
(—a —b) — (b, —a) Y
' z
°p
X
m Rotate a figure using the coordinate rules » v
Graph quadrilateral RSTU with vertices R(3, 1), S(5, 1), T(5, —3), and -
U(2, —1). Then rotate the quadrilateral 270° about the origin.
: ANOTHER WAY Solution
St ereeeennes N
; Foran altematn{e Graph RSTU. Use the coordinate rule for a 270° rotation to find the images
: method for solving the £ th i
: problem in Example 2, ol the vertices. g Extra Example 2
: SET the PYObll(e? (a, b) — (b, —a) k . < Graph quadrilateral ABCD with
: Solving Workshop. e i _ 4 —
RG, 1) - R'(1, -3) 1 vertices A(—2,4), B(—4, —1),
SG. 1) o S'L, —5) > C(—3, —3),and D(—1,0). Then
’ o TG U rotate the quadrilateral 90° about
IG5, =3) > T'(=3, -5) N the origin.
U@, -1) - U'-1,-2) / T A
Graph the image R'S'T'U".
T s’ 2
IZEL'M&’Geometry at my.hrw.com 5
B D| 2 x
A
/ GUIDED PRACTICE  for Examples 1 and 2 c @
B
1. Trace ADEF and P. Then draw a 50° rotation of E

ADEF about P. See margin.

2. Graph AJKL with vertices J(3, 0), K(4, 3), and
L(6, 0). Rotate the triangle 90° about the origin. 0
See margin.

1-2. See Additional Answers.
Fo°P

9.4 Perform Rotations 591
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(pnimated Geometry

my.hrw.com

An Animated Geometry activity is
available online for Example 2. This
activity is also part of Power
Presentations.

Extra Example 3
Trapezoid PQRS has vertices P(2, 5),
Q(4,4), R(4,—1),and S(2, —2). Find
the image matrix for a 270° rotation
about the origin. Graph PQRS and
its image.

P Q R §

5 4 —1 -2
-2 —4 -2

-4
y|p
Q

R’ Q

Teaching Strategy

After class discussion of Example 3,
you may wish to show students how
they can easily find the rotation
matrices without memorizing them.
This method also works for reflec-
tion matrices. In the first column of
the transformation matrix, show the
coordinates for the image of the
x-axis unit point (1, 0). In the second
column of the transformation
matrix, show the coordinates for the
image of the y-axis unit point (0, 1).
The coordinates of the image points
can easily be found from a rough
sketch. Illustrate the method with
the rotation matrices. Encourage
students to verify that the method
also works for the reflection matri-
ces in previous lesson.

Vocabulary

Have students write their own
explanations of the terms rotation
matrix, reflection matrix, polygon
matrix, and image matrix.

592

: READ VOCABULARY

: Notice that a 360°

: rotation returns the

: figure to its original
position. Multiplying

: by the matrix that
 represents this rotation
: gives you the polygon

{ matrix you started with,

E FGH
STEPT Write the polygon matrix: =3 312
2 4 4 2
F

: AVOID ERRORS S$TEP2 Multiply by the matrix for a 180° rotation.
: Because matrix , , , ,
{ multiplication is not E FGH E F G H E H
: commutative, you -1 0f|-3 -3 1 2 3 3 -1 2 !
i should always write 0 -1 2 44 2| | =2 -4 -4 — >
: the rotation matrix p .
P H E
: first, then the polygon Rotation Polygon Image
: matrix. matrix matrix matrix

STEP3 Graph the preimage EFGH. & F

Graph the image E'F'G'H'.
|/ GUIDED PRACTICE ~ for Example 3
Use the quadrilateral EFGH in Example 3. Find the image matrix after the
rotation about the origin. Graph the image. 3-5. See margin.

3. 90° 4. 270° 5. 360°

592  Chapter 9 Properties of Transformations
E/ F! G! H! E! F! G! H! EI FI GI H!
3—2—4—4—2. 42442. 5—3—312_
1-3 -3 1 2f 133 -1 =2/ 2 4 4 2|
y |E F 7 y |G

which is why it is also

called the identity matrix.

USING MATRICES You can find certain images of a polygon rotated about the
origin using matrix multiplication. Write the rotation matrix to the left of the

polygon matrix, then multiply.

|~ KEY CONCEPT For Your Notebook

180° rotation

3 2]

360° rotation

2]

Rotation Matrices (Counterclockwise)
= 90° rotation Ay
0 -1
1 0
X
= 270° rotation Ay
0 1
-1 0 -
X
v

m Use matrices to rotate a figure

Trapezoid EFGH has vertices E(-3, 2), F(—3, 4), G(1, 4), and H(2, 2). Find
the image matrix for a 180° rotation of EFGH about the origin. Graph EFGH

and its image.

Solution

Ay
=Y

Ay

LA,

R

X

X




For Your Notebook

I THEOREM 9.3 Rotation Theorem B o

1 A ’
1. Arotation is an isometry. MA
: c P B’

AABC= AA'B'C

CASES OF THEOREM 9.3 To prove the Rotation Theorem, you need to show
that a rotation preserves the length of a segment. Consider a segment QR
rotated about point P to produce Q'R’. There are three cases to prove:

Q' Qs @
R sa R a Q
R
R
id

P R P
Casel R, Q,and P Case2 R,Q,and P Case 3 Pand R are the
are noncollinear. are collinear. same point.

b

. EXAMPLE 4 | Standardized Test Practice

L,

The quadrilateral is rotated about P.

What is the value of y2? 5y 8

8 9% 3x+1
@ g 2 ’1.;: 6
© 3 @ 10 P

Solution

By Theorem 9.3, the rotation is an isometry, so corresponding side lengths are
equal. Then 2x = 6, so x = 3. Now set up an equation to solve for y.

S5y=3x+1 Corresponding lengths in an isometry are equal.
5y=3(3)+1  Substitute 3 for x.
y=2 Solve for y.
» The correct answer is B. ® © ©®

\/ GUIDED PRACTICE  for Example 4

6. Find the value of r in the rotation of the triangle.
® 3 5
© 6 @ 15

9.4 Perform Rotations

Differentiated Instruction

Below Level Have students use their graphing calculators to
enter and save the matrices for reflections in the x-axis, y-axis,
y = x,and y = —xand the matrices for rotations of 90°, 180°, and
270° about the origin. Teach them how to enter the coefficient
matrix and multiply it by the matrix for the specific transforma-
tion they wish to perform.

See also the Differentiated Instruction Resources for more
strategies.

593

Extra Example 4

The quadrilateral is rotated about P.
What is the value of x? D

6
8
3x-5
2y,
4y 120
P
® 2 4
© Y @7
Closing the Lesson

Have students summarize the major
points of the lesson and answer
the Essential Question: How do you
rotate a figure 90°, 180°, or 270°
about the origin?
¢ A figure can be rotated 90°

about the origin using the rule

(a, b) — (—b, a) or the matrix

0 —1
1 0
¢ A figure can be rotated 180°

about the origin using the rule
(a, b) — (—a, —b) or the matrix

o)

e Afigure can be rotated 270°
about the origin using the rule
(@, b) — (b, —a) or the matrix

)

* A rotation is an isometry.

You rotate a figure 90°, 180°, or 270°
about the origin by multiplying the
polygon matrix by the rotation
matrix or by using the coordinate
rules for rotations about the origin.
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A PRACTICE
= anD APPLY

Assignment Guide

Answers for all exercises
available online

Exs. 15-23,29-35

Average:

Day 1:

Exs.1-8, 10, 11, 13, 14, 23, 24
Day 2:

Exs. 16-22, 29-37
Advanced:

Day 1:

Exs.1,2,6-8,10, 11,13, 14,
25-28*

Day 2:

Exs. 15-17,20-24, 31-40*
Block:

Exs.1-8, 10, 11, 13, 14, 1624,
29-37

Differentiated Instruction

See Differentiated Instruction
Resources for suggestions on
addressing the needs of a diverse
classroom.

Homework Check

For a quick check of student under-
standing of key concepts, go over
the following exercises:

Basic: 4,12, 16, 20, 30
Average: 8, 14, 18, 21, 31
Advanced: 10, 14, 17, 21, 32

Extra Practice

- Student Edition

« Chapter Resource Book:
Practice levels A, B, C

—Practice Worksheet

An easily-readable reduced
practice page can be found at
the beginning of this chapter.
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9.4 EXERCISES

_ SKILL PRACTICE

(A]

EXAMPLE 1

i for Exs. 311

3. Reflection;
the horses are
reflected across
the edge of the
stream which
acts like a line
of symmetry.

4. Rotation; as
the steering
wheel turns
everything
rotates around
the center point.

5. Translation;
the train moves
horizontally from
right to left.

EXAMPLE 2

for Exs. 12-14

594  Chapter 9 Properties of Transformations

HOMEWORK
KEY

1. VOCABULARY What is a center of rotation?
a point which a figure is turned about during a rotation transformation
2. % WRITING Compare the coordinate rules and the rotation matrices for

arotation of 90°. In the coordinate rotation the x and the y values are switched with the new

Exs. 13, 15, and 29

% = STANDARDIZED TEST PRACTICE
Exs. 2, 20, 21, 24, and 37

x value being the opposite of the old y value. The rotation matrix for 90° has the same result.
IDENTIFYING TRANSFORMATIONS Identify the type of transformation,
translation, reflection, or rotation, in the photo. Explain your reasoning.

ANGLE OF ROTATION Match the diagram with the angle of rotation.

6. o 7. 8.
c w A \// B XN:
x°

B. 100°

A. 70°

@E’M’Geometry at my.hrw.com

C. 150°

ROTATING A FIGURE Trace the polygon and point P on paper. Then draw a
rotation of the polygon the given number of degrees about P. 9-11. See margin.

10. 150°

B G R
AC F a s
A P
J T

USING COORDINATE RULES Rotate the figure the given number of degrees

9. 30°

about the origin. List the coordinates of the vertices of the image. 12-14. See margin for art.

12. 90° A'(-2, -3), B'(—4,2), J'(=1, —4), K'(-5, =5), 14, 270° @'(-3,6), R'(0,5),

@ o

11. 130°

c(-1,3) L'(-17,-2), M'(-2, -2) §'(0,3), T'(—3,1)
y y K y
J R S !
|~ —1
— /
A 1 1 L
Q T
‘1 X

12-14. See Additional Answers.

(r), Digital Vision/Getty Images; (I), © Royalty-Free/Corbis; (c), © Richard Naude/Alamy



: EXAMPLE 3 USING MATRICES Find the image matrix that represents the rotation of the

: for Exs. 15-19 polygon about the origin. Then graph the polygon and its image. 15-17. See margin.

A B C J] K L P Q R S

15 4] . 12 o] -4 2 2 -4 Avoiding Common Errors
@ 4 6 3/ 9% 1617 4 3 180 714 o 5 ) 270 Exercises 9-11 Some students

may rotate the figures clockwise.

ERROR ANALYSIS The endpoints of AB are A(—1, 1) and B(2, 3). Describe Remind them of our convention to
and correct the error in setting up the matrix multiplication for a 270° use counterclockwise rotations
rotation about the origin. 18, 19. See margin. except when there is an explicit
18. . 19. — instruction to do otherwise.

270° rotation of AB 270° rotation of AB

Teaching Strategy

[0 —1][—1 2] >< [—1 2][ o 1] >< Exercises 12-17 Use these as
1 0 13 13|10 examples and have students show
that the result is the same regard-

less of the method used to obtain

{ EXAMPLE 4 20. % MULTIPLE CHOICE What is the value of y in the rotation of .
the image. Have them use a draw-

i for Exs. 20-21 the triangle about P? A L !
17 ing, the coordinate rules, and
® 4 5 © = @ 10 matrix multiplication.
Avoiding Common Errors
21. % MULTIPLE CHOICE Suppose quadrilateral QRST is rotated y E . .
o - . L% xercises 15-17 Students will run
180° about the origin. In which quadrantis Q'? € a . . " 2
2 into trouble if they write the matrices
® 1 I © 11 @ v e in the wrong order when they set up
= WA the matrix multiplication expression.
22. FINDING A PATTERN The vertices of A ABC are A(2, 0), N/ Be sure stﬁd?nfts var;]te the rg_tanon
B(3, 4), and C(5, 2). Make a table to show the vertices of \/ matr!x t[ot eleftoft Pf coordinate
each image after a 90°, 180°, 270°, 360°, 450°, 540°, 630°, is matrix in order to multiply.
and 720° rotation. What would be the coordinates of A’ . .
after a rotation of 1890°? Explain. Matl_lematlcal Reasonmg
See margin for table; (0, 2); divide 1890 by 360 and use the remainder as your rotation. Exercise 25 Have students make
23. CONSTRUCTION Use these steps to construct a rotation of AABC A a model of a 3-dimensional coordi-
by angle D around a point O using a straightedge and a compass. 5 nate system to show the point and
STEPT Draw AABC, £D, and O, the center of rotation. A its image after the rotation.
STEP2 Draw OA. Use the construction for copying an angle , , , ,
to copy 4D at O, as shown. Then use c PP a R S
distance OA and center O to find A". 0 17 |: -4 -2 -5 —7].
STEP3 Repeat Step 2 to find points B’ and C'. Draw AA'B'C.. . b i 4 -2 -2 4}
Check constructions. 5
24. % SHORT RESPONSE Rotate the triangle in Exercise 12 90° about the s |P
origin. Show that corresponding sides of the preimage and image are \ \ 1,
erpendicular. Explain. See margin.
perp P 9 -8 \_\a| a x
[C] 25. VISUAL REASONING A point in space has three coordinates (x, y, z). What ’;gjﬁ,
is the image of point (3, 2, 0) rotated 180° about the origin in the s
xz-plane? (See Exercise 30 in the lesson Use Properties of Matrices.) (—3,2,0)
CHALLENGE Rotate the line the given number of degrees (a) about the 18. The wrong rotation matrix is
x-intercept and (b) about the y-intercept. Write the equation of each image. . . 01| -1 2
being used; 10 13/
o o 1 o
26. y=2x—3;90 27. y=—x+ 8; 180 28. y=<=x+5;270 . .
Y=t 3 1 y==x 2" 19. The rotation matrix should be
ay=-—x+; b.y=-3x-3 ay=-x+8 b.y=-x+8 ay=-2x—-20 b.y=-2x+5 0 11 =1 2
first; .
9.4 Perform Rotations 595 |: -10 1 3]

22. See Additional Answers.

24. The slope of AB is % and the
slope of A'B’ is —g; the slope of

L
\ /< BC is —3 and the slope of B'C’
= l X -2V VK x is%; the slope of AC is —% and

the slope of A'C’ is 6. They are
L perpendicular since the product of
the corresponding slopes is —1.
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' PROBLEM SOLVING

. [A] ANGLE OF ROTATION Use the photo to find the angle of rotation that maps
Teaching Strategy Aonto A'. Explain your reasoning.

Exercise 36 Have students locate 29. 270°; the 30. 30, 31. See margin.
two points on the line, write a !ir!e_segn}ent
coordinate matrix for those two joining A’ to
: : the center of
points, and multiply by the appro- rotation is
Priate r_otation matrix. To graph the perpendicular
image line, they need only graph to the line
the two image points and draw a segment
line through them. Have students joining Ato

write an equation for their new the center of

B rotation.

line. Compare the slopes and

y.intercepts of the original line and 32. REVOLVING DOOR You enter a revolving door and
the new line. rotate the door 180°. What does this mean in the

context of the situation? Now, suppose you enter a
revolving door and rotate the door 360°. What does

30.180°; A" and Aare on opposite this mean in the context of the situation? Explain.
sides of a line segment containing

the point of rotation.
31.120°; the line segment joining
A’ to the center of rotation is

If you started inside the building you will end up
outside, and if you started outside the building you will
end up inside; you will end up back where you started.

1 . .
rotated B of a circle from the line 33. PROVING THEOREM 9.3 Copy and complete the proof of Case 1. Q.

seth_e“t joining Ato the center of Case 1 The segment is noncollinear with the center of rotation. -
rotation. ) ) , a
34. Given: A rotation about Pmaps GIVEN P A rotation about Pmaps Qto Q' and Rto R'.

Qto @ and Rto R'. P, 0, and Rare PROVE > QR = Q'R

collinear. Using the definition of P R
rotation about a point P, PR = PR’ STATEMENTS REASONS

and PQ = PQ'. Using the Segment 1. PQ = PQ', PR = PR/, 1. Definition of _?

Addition Postulate, PQ = PR + RQ mZ£QPQ' = mZRPR' a rotation about a point

and PQ' = PR’ + R'Q'. Using the 2. mZQPQ = mZQPR + mZRPQ' 2. _2 _ Angle Addition Postulate
Transitive Property of Equality, m<£ RPR' = m£RPQ + mZ QPR’

PR+ RQ = PR’ + R'Q'. Using the 3. m£ZQPR' + mZR'PQ = 3. _2 Property of Equality Transitive
Subtraction Property of Equality, mZRPQ + mZ£ QPR

RO= R0 4. m£ QPR = m£Q'PR’ 4. _2 Property of Equality Subtraction
35. Given: A rotation about Pmaps 5._2 =_2 ARPQ= ARPQ 5. SAS Congruence Postulate

QOto @' and Rto R'. Pand R are the 6. QR=QR’ 6. _2  Corr. Parts of = A are =

same point. Using the definition of 7. QR= Q'R 7. _2_ definition of segment congruence

rotation about a point P, PQ = PQ'
and P, R, and R’ are the same point. PROVING THEOREM 9.3 Write a proof for Case 2 and Case 3. (Refer to the
Substituting Rfor P on the left and diagrams below the theorem box.) 34, 35. See margin.

R’ for P,O'f the right side, you get 34. Case 2 The segment is collinear with 35. Case 3 The center of rotation is one
Ra=rRa. the center of rotation. endpoint of the segment.
36a. Rotating 90° produces perpen-

. . . o GIVEN P A rotation about P maps Q to GIVEN P> A rotation about P maps Q
dicular lines. thatmg 180_ pro- i Q and Rto R.. to Q' and Rto R'.
duc:s parallel IInde_s. ?Oti'_tmg 270 P, Q, and R are collinear. Pand R are the same point.
produces perpendicular lines. P IR
. PROVE R= Q'R PROVE R= Q'R
Rotating 360° produces the same > QR=Q > QR=Q
line.
= See WORKED-OUT SOLUTIONS % = STANDARDIZED
596 in Student Resources TEST PRACTICE
37a. b 38. y 39. v |G"
1 / F / /
-1 X G’ £
G
\p 1
! ! F' X
-1 X \
G

596
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36b. Yes; choose
two points on
the line and
rotate the two
points and look
at the slope of
each image.

36. MULTI-STEP PROBLEM Use the graph of y = 2x — 3.
a. Rotate the line 90° 180°, 270°, and 360° about the origin.

Describe the relationship between the equation of the

preimage and each image. See margin.

b. Do you think that the relationships you described in part (a)

are true for anyline? Explain your reasoning.

37. % EXTENDED RESPONSE Use the graph of the quadratic equation

y=x*+ 1 at the right.

a. Rotate the parabola by replacing y with x and x with yin the

original equation, then graph this new equation. See margin.

b. What is the angle of rotation? 270°

c. Are the image and the preimage both functions? Explain.

No; the image does not pass the vertical line test.

TWO ROTATIONS The endpoints of FG are F(1, 2) and G(3, 4). Graph F'G’
and F''G"’ after the given rotations. 38, 39. See margin.

38. Rotation: 90° about the origin
Rotation: 180° about (0, 4) Rotation: 90° about (-2, 0)

40. CHALLENGE A polar coordinate system
locates a point in a plane by its distance from
the origin O and by the measure of an angle
with its vertex at the origin. For example, the
point A(2, 30°) at the right is 2 units from the
origin and m« XOA = 30°. What are the polar
coordinates of the image of point A after a 90°

90°

39. Rotation: 270° about the origin

rotation? 180° rotation? 270° rotation? Explain.
(2,120°); (2, 210°); (2, 300°); the distance from the
origin to A never changes. Add 90°, 180°, and 270°
to 30° to find each angle measure.

270°

see EXTRA PRACTICE in student Resources @ ONLINE QUIZ at my.hrw.com
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i ASSESS aAnD
RETEACH

(@

Daily Homework Quiz
Also available online

1. Construct an equilateral
triangle DEF. Then draw the
image of A DEFfor a 30°
rotation about the center C of

the triangle.

E
E

D
For Exercises 2 and 3, use the
quadrilateral HIJK with vertices
H(3,0), /(1, —4), J(0, —4), and
K(—1, =3).

2. Use the coordinate rules to name
the vertices of the image of HIJK
for a rotation of 180° about the
origin. H'(=3,0), I'(—1, 4),
J'(0,4), K(1,3)

3. Use matrix multiplication to find
the image matrix that represents
a 270° rotation of HIJK about the
origin. Then graph the polygon

and its image.
H I J K
0 -4 —4 -3
-3 -1 0 1
K’ ¥
JI/N\ '] H

4> Online Quiz
Available at my.hrw.com

Diagnosis/Remediation

* Practice A, B, C in Chapter
Resource Book

« Study Guide in Chapter Resource
Book

* Practice Workbook
» @HomeTutor

Challenge

Additional challenge is available
in the Chapter Resource Book.
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SATHEMATICAL mk;:;:‘s,‘:giﬂmb'ems 4 PROBLEM SOLVING L’S’.ﬂ ALTERNATIVE M ETHODS

k PR'ACTICES solving them. WORKSHOP
Alternative Strategy LESSON 9.4
Example 2 in this lesson can be Another Way to Solve Example 2

solved by using tracing paper. This

method allows the studentto MULTIPLE REPRESENTATIONS In Example 2, you saw how to use a coordinate
visualize how the figure is rotating rule to rotate a figure. You can also use tracing paper and move a copy of the

about the point. Make sense of problems and figure around the coordinate plane.
persevere in solving them.

MATHEMATICAL

Avoiding Common Errors

Students need to be sure to keep . . .

o e T G e B G e L. PROBLEM | Greziphlqu;ﬁrllateral RflTUWIEh'YerUC?SzR(?’ t), S(5,hl), T!Sz —3), and
tracing paper in the same place as U(2, —1). Then rotate the quadrilateral 270° about the origin.

the origin on the graph in Practice
Exercises 1-3.

: L\ IR0 LV Using Tracing Paper You can use tracing paper to rotate a figure.

Mathematical Reasoning

Multiple Representations Extend STEP T Graph the original figure in the coordinate plane.
Practice Exercise 5 to have the stu-

dents generalize what happens to
the x-coordinate and y-coordinate
of a pointwhen itis rotated 90°
about the origin. The x-coordinate
becomes the opposite of the
original y-coordinate and the

STEP 2 Trace the quadrilateral and STEP 3 Rotate the tracing paper 270°.
the axes on tracing paper. Then transfer the resulting
image onto the graph paper.

- . o (N y \ y
y-coordinate hecomes the original , : T % } } -
x-coordinate. \| | B=TAS A i

1 | |
P NN T AmE
y \ =X WY
1.| |c & \| U NI 7}
D ‘\ NP
7/ T
’ N 7 :
A 1 Y - A 1<
=il x
A
B
D " PRACTICE |
c _—
2. iR 1. GRAPH Graph quadrilateral ABCD with 4. SHORT RESPONSE Explain how you could
vertices A2, —2), B(5, —3), C4, —5), and use tracing paper to do a reflection.
S D(2, —4). Then rotate the quadrilateral 180° See margin.
T about the origin using tracing paper. 5. REASONING If you rotate the point (3, 4)
r See margin. 90° about the origin, what happens to the
1 KR’ 2. GRAPH Graph ARSTwith vertices R(0, 6), x-coordinate? What happens to the
= - S(1, 4), and T(-2, 3). Then rotate the triangle y-coordinate? The x-coordinate is now —4;
s : 270° about the origin using tracing paper. the y-coordinate is now 3.
) See margin. 6. GRAPH Graph AJKLwith vertices J(4, 8),
4. Trace the figure then reflect the 3. SHORT RESPONSE Explain why rotating a K(4, 6), and L(2, 6). Then rotate the triangle
figure across the line of reflection. figure 90° clockwise is the same as rotating 90° about the point (-1, 4) using tracing
6. K y the figure 270° counterclockwise. paper. See margin.
J Since they are rotating in opposite directions they
will each place you at 90° below your reference line.
L /L 598 Chapter 9 Properties of Transformations
L K
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Warm-Up Exercises
Also available online

Find the image of (2, 3) under each

transformation.

1.translation (x, y) — (x — 6, y — 2)
(—4,1)

2.reflection in the y-axis (-2, 3)

3.reflection in the line y =6 (2, 9)

4. rotation 90° about the origin
(-3,2)

Notetaking Guide
Available online

Promotes interactive learning and
notetaking skills.

Pacing

Basic: 2 days

Average: 2 days

Advanced: 2 days

Block: 1 block

« See Teaching Guide/Lesson Plan.

<32 FOCUS AnD
<~ MOTIVATE

Essential Question

Big Idea 1

Whatis a glide reflection? Tell
students they will learn how to
answer this question by studying
compositions of two or more trans-
formations.

: COMMON

9.5

Apply Compositions
of Transformations

, O D ormed ro on e on O N on

@78  You will perform combinations of two or more transformations.

@RI so you can describe the transformations that represent a rowing crew, as in Ex. 30. |
Key Vocabulary A translation followed by a reflection can be performed one

« glide reflection

« composition of
transformations

CC.9-12.G.C0.5 Givena
geometric figure and a rotation,
reflection, or translation, draw

after the other to produce a glide reflection. A translation

can be called a glide. A glide reflection is a transformation pr o
in which every point P is mapped to a point P” by the

following steps.

STEPT First, a translation maps Pto P

STEP2 Then, areflection in a line k parallel to the P e
direction of the translation maps P’ to P". P

the transformed figure using,
e.g., graph paper, tracing m Find the image of a glide reflection
paper, or geometry software.

Specify a sequence of
transformations that will carry
a given figure onto another.

: AVOID ERRORS

The line of reflection
{ must be parallel to

: the direction of the

! translation to be a

: glide reflection.

The vertices of A ABC are A(3, 2), B(6, 3), and C(7, 1). Find the image of
A ABC after the glide reflection.

Translation: (x, y) - (x — 12, )
Reflection: in the x-axis
Solution

Begin by graphing A ABC. Then graph A A'B’'C’ after a translation 12 units
left. Finally, graph A A"B"C" after a reflection in the x-axis.

B/(—6,3) y B(6, 3]
_— \ =
I I

B ||
C(-5,1) C(7,1)
c'(-5-1) x

| —
~

B"(—6, —3)

\/ GUIDED PRACTICE  for Example 1

600

Chapter 9 Properties of Transformations

1. Suppose AABCin Example 1 is translated 4 units down, then reflected

in the y-axis. What are the coordinates of the vertices of the ima%e?
A(=3, -2), B(-6, —1), C(-1, —3)
2. In Example 1, describe a glide reflection from A A"B"C" to A ABC.
(x, y) = (x + 12, y) followed by a reflection in x.

© Joel W. Rogers/Corbis

— Standards for Mathematical Content High School

CC.9-12.G.C0.2 Represent transformations in the plane using, e.g., transpar-
encies and geometry software; describe transformations as functions that
take points in the plane as inputs and give other points as outputs. Compare

transformations that preserve distance and angle to those that do not

(e.g., translation versus horizontal stretch).

600

CC.9-12.G.C0.5 Given a geometric figure and a rotation, reflection, or
translation, draw the transformed figure using, e.g., graph paper, tracing paper,
or geometry software. Specify a sequence of transformations that will carry a
given figure onto another.




COMPOSITIONS When two or more transformations are combined to form a
single transformation, the result is a composition of transformations. A glide
reflection is an example of a composition of transformations.

In this lesson, a composition of transformations uses isometries, so the final
image is congruent to the preimage. This suggests the Composition Theorem.

Motivating the Lesson

Tell students that patterns in tiled
floors are often created by combin-
ing reflections, translations, and
rotations. Tell students thatin this
lesson they will learn about the
results of performing more than
one transformation.

j- THEOREM For Your Notebook

- THEOREM 9.4 Composition Theorem

. The composition of two (or more) isometries is an isometry.

i

A B

€) TEACH

Extra Example 1

The vertices of A PQRare P(2, 6),
(4, —2), and R(—3, —3). Find the
image of A PQR after the glide
reflection.

Translation: (x, y) — (x + 4, y);
Reflection: in the x-axis

m Find the image of a composition

The endpoints of RS are R(1, —3) and S(2, —6). Graph the image of RS after
the composition.

Reflection: in the y-axis
Rotation: 90° about the origin

Solution |

;- THEOREM

If P” is the image of P, then:

1. PP"is perpendicular to k and m, and

2. PP" = 2d, where d is the distance between

k and m.

TWO REFLECTIONS Compositions of two reflections result in either a
translation or a rotation, as described in the following two theorems.

For Your Notebhook

THEOREM 9.5 Reflections in Parallel Lines Theorem

If lines k and m are parallel, then a reflection in line k followed by a
-~ reflection in line m is the same as a translation.

k m
a$af$m

9.5 Apply Compositions of Transformations

601

M \ \ y|P| |P
STEPT Graph RS. - ~_[R"3, 1) x o
: AVOID ERRORS $7€P2 Reflect RSin the y-axis. sl U s TS bl ¢
i Unless you are told R’'S’ has endpoints ’ : ’ -4 L Q x
: otherwise, do the R'(-1, —3) and S'(-2, —6). = \ i R’ @
¢ transformations in the P =5
* order given. STEP3 Rotate R'S' 90° about the P
origin. R"S” has endpoints S(-2 —6) S(2, -6)
R"(3, —1) and (6, —2). | ] ||

Extra Example 2

The endpoints of MN are M(—2, 1)
and N(3, 4). Graph the image of
MN after the composition.
Reflection: in the line (x, y)
Rotation: 180° about the origin

Key Question
Example 2

» Would you get the same result if
you performed the rotation first?
Explain. No; the final image
would have endpoints at (—3, 1)
and (—6, 2).

601



Extra Example 3

In the diagram, a reflection in line a
maps XYto X'Y". A reflection in
line b maps XY to X"Y". Also,

XD =6and EX" = 9.

a b
X D X' £ X"
/. _pn N\ h/
Y € Y’ F Y

a.Name any segments congruent
to each segment: XY, XD, and YC.
XY, XY .DX";Y'C

b.Does CF = DE? Explain. Yes,
CDEFis a rectangle.

¢.What is the length of YY”? 30

Key Question
Example 3

- What type of figure is HGG"H"?
parallelogram

v
4
s S
S R | R —"
=2 X
Y

S

602

m Use Theorem 9.5

In the diagram, a reflection in line k maps GHto G H'. A reflection in line m
maps G'H to G"H". Also, HB =9 and DH" = 4.

a. Name any segments congruent to H
each segment: HG, HB, and GA.

b. Does AC = BD? Explain.
c. What is the length of GG"?

Solution
a. HG=HG,and HG=H"'G". HB= HB. GA= G A.
b. Yes, AC= BD because GG" and HH" are perpendicular to both kand m,
so BD and AC are opposite sides of a rectangle.

c. By the properties of reflections, H'B=9 and H'D = 4. Theorem 9.5 implies
that GG" = HH" = 2 + BD, so the length of GG" is 2(9 + 4), or 26 units.

/ GUIDED PRACTICE  for Examples 2 and 3

3. See margin for art; 3. Graph RS from Example 2. Do the rotation first, followed by the reflection.
yes; the resulting Does the order of the transformations matter? Explain.

segment R"S” is not .

the same. 4. In Example 3, part (c), explain how you know that GG" = HH".

They are opposite sides of a parallelogram.

Use the figure below for Exercises 5 and 6. The distance between line k and
line m is 1.6 centimeters.

5. The preimage is reflected in line k, k m
then in line m. Describe a single
transformation that maps the blue elp pr
figure to the green figure. translation @ @ @
6. What is the distance between Pand P"?
If you draw PP’, what is its relationship
with line k? Explain. 3.2 cm; they are perpendicular.

}> THEOREM For Your Notebhook

= THEOREM 9.6 Reflections in Intersecting Lines Theorem

Iflines k and m intersect at point P, then a m
- reflection in k followed by a reflection in m B T
i+ is the same as a rotation about point P.

B’

%

ny

The angle of rotation is 2x°, where x° is the
- measure of the acute or right angle formed
> by kand m.

mZBPB" = 2x°

602 Chapter 9 Properties of Transformations

" Differentiated Instruction :

Inclusion Some students may have difficulty grasping how
two reflections can result in a translation. Assist students with
Guided Practice Exercise 5 by having them trace the preimage
P. Ask them to cut out the preimage and place it over Pon the
page. Then have them manipulate Pto create P". Help them to
describe in words how Pis transformed to create P”.

See also the Differentiated Instruction Resources for more
strategies.




Use Theorem 9.6

In the diagram, the figure is reflected in line k.
The image is then reflected in line m. Describe
a single transformation that maps Fto F".

Solution

=

The measure of the acute angle formed
between lines kand m is 70°. So, by
Theorem 9.6, a single transformation that
maps Fto F" is a 140° rotation about point P.

You can check that this is correct by tracing
lines kand m and point F, then rotating the
point 140°.

@‘ﬂ'—"mﬂceometry at my.hrw.com

\/ GUIDED PRACTICE = for Example 4

1. a rotation of 160°
about point P

7. In the diagram at the right, the preimage is
reflected in line k, then in line m. Describe
a single transformation that maps the blue
figure onto the green figure.

8. Arotation of 76° maps Cto C'. To map 80°
Cto C' using two reflections, what is the P
angle formed by the intersecting lines of
reflection? 38°

r
E

) =S5See WORKED=-OUT SOLUTIONS

Exs. 7, 17, and 27

% = STANDARDIZED TEST PRACTICE
Exs. 2, 25,29, and 34

95 EXERCISES —

' SKILL PRACTICE

[A] 1. vVOCABULARY Copy and complete: In a glide reflection, the direction of
the translation must be _? _to the line of reflection. parallel
2. % WRITING Explain why a glide reflection is an isometry.
It preserves length and angle measure.

: EXAMPLE 1 | GLIDE REFLECTION The endpoints of ‘CD are C(2, —5) and D(4, 0). Graph the
: for Exs. 3—6 image of CD after the glide reflection. 3-6. See margin.
3. Translation: (x, ) - (x,y— 1) 4. Translation: (x, y) > (x — 3, )
Reflection: in the y-axis Reflection: in y = -1
5. Translation: (x, y) - (x, y + 4) 6. Translation: (x, y) > (x + 2,y + 2)
Reflection: in x = 3 Reflection:in y = x
9.5 Apply Compositions of Transformations 603
3 iR 4 cl by 5 y
D"
D’ -1 x \
! \ x
1
‘ D" -1 \ =
ol
fol

Extra Example 4

In the diagram, the figure is
reflected in line a. The image is
then reflected in line b. Describe
a single transformation that maps
Hto H". 100° rotation abhout P

(pnimated Geometry

my.hrw.com

An Animated Geometry activity is
available online for Example 4. This
activity is also part of Power
Presentations.

Closing the Lesson

Have students summarize the major

points of the lesson and answer the

Essential Question: What is a glide

reflection?

* The composition of two or more
isometries is an isometry.

¢ Successive reflections in two
parallel lines give a translation.

e Successive reflections in two
intersecting lines give a rotation.

A glide reflection is a translation

followed by a reflection over a line

parallel to the direction of the

translation.
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i EXAMPLE2 |
i for Exs. 7-14

@ PRACTICE

= anp APPLY

Assignment Guide

Answers for all exercises

available online

Basic

Day 1

Exs. 1-14,27-30

Day 2:

Exs. 15-23, 31-35 13. (% 1)

. L (x, y) >
Average: (X +5,y+1)
Day 1: followed by a
Exs.1,2,4-6,8-14, 23, 24, 27-30 rotation of 180°
Day 2: about the origin.
Exs. 15-22, 25, 31-39 14. a reflection
Advanced: in the y-axis
Day 1: followed by a
Exs. 1,2,4-6,9-14, 23, 24, 26—-30* reflection in the
Day 2: X-axis
Exs. 15-22, 25, 31-41*

Block:
Exs. 1,2, 4-6,8-25,27-39 { EXAMPLE 3

Differentiated Instruction

@Translation: Xy —->xy—>5

GRAPHING COMPOSITIONS The vertices of /A PQR are P(2, 4), Q(6, 0),
and R(7, 2). Graph the image of A PQR after a composition of the
transformations in the order they are listed. 7-10. See margin.

8. Translation: (x, y) > (x — 3,y + 2)

Reflection: in the y-axis Rotation: 90° about the origin

10. Reflection: in the x-axis
Rotation: 90° about the origin

9. Translation: (x,)) - (x + 12,y + 4)
Translation: (x, y) - (x =5,y —9)

REVERSING ORDERS Graph F'G” after a composition of the transformations
in the order they are listed. Then perform the transformations in reverse
order. Does the order affect the final image F'G"? 11, 12. See margin for art.

11. F(-5,2), G(-2,4) 12. F(-1, —8), G(—6, —3)
Translation: (x, y) > (x + 3, y — 8) Reflection: in the line y = 2
Reflection: in the x-axis yes Rotation: 90° about the origin

yes

DESCRIBING COMPOSITIONS Describe the composition of transformations.
13. 14.

y Yy
o o o
A ~
1 le B 2
¢ B B A
> B alal 2 B x
3 o
™~
Vg o D C

USING THEOREM 9.5 In the diagram, k|| m, A ABCis reflected in line k, and
AA'B'C' is reflected in line m.

15. A translation maps A ABC onto which triangle? AA"B"C”

See Differentiated Instruction — “k 1"
Resources for suggestions on 16. Which lines are perpendicular to AA"? line kand line m B B B
addressing the needs of a diverse Name two segments parallel to lﬁ. cle c
classroom. . Sample answer: AA', AA”
18. If the distance between kand m is 2.6 inches,
Homework Check what is the length of CC™? 5.2 in. i A
For a quick check of student under- 19. Is the distance from B’ to m the same as the
standing of key concepts, go over distance from B” to m? Explain.
the following exercises: yes; definition of reflection of a point over a line
Basic: 4, 8, 16, 20, 27 : EXAMPLE 4 | USING THEOREM 9.6 Find the angle of rotation that maps A onto A".
Average: 5, 12, 18, 21, 28 PforExs.20-21 | 54 4900 m 21. 30°
Advanced: 6, 14,19, 21, 30 A Il
. A
Extra Practice "
.. 15°
- Student Edition e >
- Chapter Resource Book: )
Practice levels A, B, C A|7
~—Practice Worksheet
An easily-readable reduced
practice page can be found at See WORKED-OUT SOLUTIONS % = STANDARDIZED
e . — See - -
the beginning of this chapter. 604 in Student Resources TEST PRACTICE
1 NE 8. R" y 9. 1|y 10. v | g
a
—3 |P" x Q" -2 P x
1
R" R
V =1l x
pi B
O// OH 1

604
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© Greg Pease/Getty Images

22. The line of
reflection is not
parallel to the
direction of the
translation; this
is not a glide
reflection.

25. Check
students work.
Since the three
transformations
are isometries,
the preimage
and the final
image are
congruent
because an
isometry [c]
preserves

length and angle
measure.

22. ERROR ANALYSIS A student A y A’
described the translation of AB to ~ "
A'B followed by the reflection of B’ B’
A'B to A'B’ in the y-axis as a A x
glide reflection. Describe and —
correct the student’s error. B

USING MATRICES The vertices of A PQR are P(1, 4), Q(3, —2), and R(7, 1). Use
matrix operations to find the image matrix that represents the composition
of the given transformations. Then graph A PQR and its image. 23, 24. See margin.

24. Reflection: in the x-axis
Translation: (x, y) > (x — 9,y — 4)

23. Translation: (v, y) - (x, y + 5)
Reflection: in the y-axis

25. % OPEN-ENDED MATH Sketch a polygon. Apply three transformations of
your choice on the polygon. What can you say about the congruence of
the preimage and final image after multiple transformations? Explain.

26. CHALLENGE The vertices of AJKL are J(1, —3), K(2, 2), and L(3, 0). Find
the image of the triangle after a 180° rotation about the point (-2, 2),
followed by a reflection in the line y = —x. J"(-17,5), K"(—2, 6), L'(—4,7)

. PROBLEM SOLVING

: EXAMPLE 1 [A]

21. Sample
answer: (x, y) —
(x+9,y)
reflected over a
horizontal line
that separates
the left and right
prints

1.

ANIMAL TRACKS The left and right prints in the set of animal tracks can be
related by a glide reflection. Copy the tracks and describe a translation and
reflection that combine to create the glide reflection.

@ bald eagle (2 legs) 28. armadillo (4 legs)
’|—18in.—| N I—15in.f|
S €& €&
. _(_ . _4. €& €«

Sample answer: (x, y) — (x + 1.5, y),
reflected over a horizontal line that
separates the left and right prints
29. % MULTIPLE CHOICE Which is not a glide reflection? C

The teeth of a closed zipper
The tracks of a walking duck

The keys on a computer keyboard

CACRCRS

The red squares on two adjacent rows
of a checkerboard

30. ROWING Describe the transformations
that are combined to represent an
eight-person rowing shell. glide reflection

9.5 Apply Compositions of Transformations 605

12. ¥

Avoiding Common Errors

Exercises 23—-24 Some students
may attempt to use matrix multipli-
cation to perform the translations.
Remind them that translations are
performed by using matrix addition.

PI al Br

-1 -3 -7
2|7 3
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Teaching Strategy
Exercises 35—-38 Divide the stu-
dents into groups and assign one
problem to each group. Have them
present their proofs to the class.

36. A reflection followed by a rota-
tion, a reflection followed by a
translation, a rotation followed by
a translation, a rotation followed
by a reflection, a translation fol-
lowed by a rotation, or a transla-
tion followed by a reflection.
Sample answer: Given: a reflec-
tion in m mapping Pto P’ and Qto
Q' followed by a rotation about R
mapping P’ to P” and @' to Q".
Using the Reflection Theorem,

PO = P'Q'. Using the Rotation
Theorem, P'Q' = P"Q". Using the
Transitive Property of Equality,

PQ = P"Q".

37a. Given: A reflection in £ maps
JK to J'K’, a reflection in m maps
J'K’ to J'K”, L || m, and the dis-
tance between / and mis d. Using
the definition of reflection, £ is the
perpendicular bisector of KK’ and
mis the perpendicular bisector of
K’K” . Using the Segment Addition
Postulate, KK’ + K'K" = KK". It
follows that KK” is perpendicular
to £ and m.

37b. Using the definition of reflec-
tion, the distance from Kto £ is the
same as the distance from [ to K’
and the distance from K’ to mis
the same as the distance from mto
K". Since the distance from  to K’
plus the distance from K’ to mis d,
it follows that K'K” = 2d.

38a-h. See Additional Answers.

606

34. Reflect the
object across
two parallel
lines, and then
reflect it across
a third line
perpendicular
to the first two
lines.

39b. One

transformation
is not followed
by the second.
They are done

simultaneously.

606

SWEATER PATTERNS In Exercises 31-33, describe the transformations that
are combined to make each sweater pattern.

s il
translatlon and reflectlon

reﬂectlon and translatlon rotatlon and translatlon

34. % SHORT RESPONSE Use the Reflections in Parallel Lines Theorem

to explain how you can make a glide reflection using three
reflections. How are the lines of reflection related?

Q' m
35. PROVING THEOREM 9.4 Write a plan for proof for /

one case of the Composition Theorem.
GIVEN P A rotation abqut Rmaps Qto Q' and R .\”. o

to R'. Areflection in m maps Q' to Q" 4 5

and R’ to R".

*-—9

PROVE » QR = Q'R" R" a

Use the Rotation Theorem followed by the Reflection Theorem.

36. PROVING THEOREM 9.4 A composition of a rotation and a reflection, as
in Exercise 35, is one case of the Composition Theorem. List all possible
cases, and prove the theorem for another pair of compositions. See margin.
37. PROVING THEOREM 9.5 Prove the Reflection in Parallel L m
Lines Theorem. See margin. J % J * J7

GIVEN P A reflection in line £ maps JKto JK, a reflection
in line m maps J'K to J’K", and £ | m.

PROVE P a. KK” is perpendicular to £ and m. |k K

—a—

b. KK” = 2d, where d is the distance between [ and m.

38. PROVING THEOREM 9.6 Prove the Reflection in Intersecting Lines
Theorem. See margin.

GIVEN P Lines kand m intersect at point P. Qis any point
not on k or m.
PROVE P a. If you reflect point Qin k, and then reflect
its image Q' in m, Q" is the image of Q after a
rotation about point P.
b. m£QPQ’" = 2(m.£APB)

Plan for Proof First show kL QQ  and QA = Q'A. Then show

A QAP = AQ'AP. In the same way, show A Q'BP = A Q"BP. Use congruent
triangles and substitution to show that QP = Q"P. That proves part (a) by
the definition of a rotation. Then use congruent triangles to prove

part (b).

39. VISUAL REASONING You are riding a bicycle along a flat street.
a. What two transformations does the wheel’s motion use? translation and a rotation
b. Explain why this is not a composition of transformations.

% = STANDARDIZED
TEST PRACTICE



[C] 40. MULTI-STEP PROBLEM A point in space has three

41. Sample
answer: The
conjecture is
not always
true. Consider
a reflection of
a point (a, b)
in the x-axis
followed by a
reflection in the
liney=x.

coordinates (x, y, 2). From the origin, a point can be
forward or back on the x-axis, left or right on the
y-axis, and up or down on the z-axis. The endpoints
of segment ABin space are A(2, 0, 0) and B(2, 3, 0), as
shown at the right.

a. Rotate AB 90° about the x-axis with center of
rotation A. What are the coordinates of A'B’? A’(2,0,0), B'(2,0,3)
b. Translate A’B’ using the vector (4, 0, —1). What are the coordinates of A"B"?
A’(6,0, 1), B"(6,0,2)
41. CHALLENGE Justify the following conjecture or provide a counterexample.
Conjecture When performing a composition of two transformations of
the same type, order does not matter.

The vertices of A ABCare A(7, 1), B(3, 5), and C(10, 7). Graph the reflection
in the line. 1-3. See margin.

1. y-axis 2. x=-4 3. y=—x
Find the coordinates of the image of P(2, —3) after the rotation about the
origin.

4. 180° rotation (—2,3) 5. 90° rotation (3,2)

The vertices of A PQR are P(-8, 8), Q(—5, 0), and R(—1, 3). Graph the image
of A PQR after a composition of the transformations in the order they are
listed. 7-10. See margin.

7. Translation: (x, ) = (x + 6, )
Reflection: in the y-axis

8. Reflection: in the line y = -2
Rotation: 90° about the origin

9. Translation: (x, ) = (x — 5, ))
Translation: (x,)) > (x + 2,y + 7)

10. Rotation: 180° about the origin
Translation: (x, y) > (x + 4,y — 3)

see EXTRA PRACTICE in student Resources ) ONLINE QUIZ at my.hrw.com

6. 270° rotation (—3, —2)

607

i ASSESS aAnD
RETEACH

(@

Daily Homework Quiz

Also available online

1. The endpoints of ABare A(3, 2)
and B(1, 4). Graph the image of

AB after the glide reflection.
Translation: (x, y) — (x, y — 2)
Reflection: in the line x = 1

—1 X
x=1

2.The vertices of A MNK are
M(1, 1), N(2,3), and K{(0, 2).
Graph the image of A MNK after
the composition of the reflection
followed by the rotation.
Reflection: in the y-axis
Rotation: 180° about the origin

@ Online Quiz
Available at my.hrw.com

Diagnosis/Remediation

* Practice A, B, C in Chapter
Resource Book

» Study Guide in Chapter Resource
Book

* Practice Workbook
* @HomeTutor

Challenge

Additional challenge is available
in the Chapter Resource Book.

An easily-readable reduced
copy of the quiz from the

Assessment Book can be
found at the beginning of this
chapter.

Quiz 1-3, 7-10. See Additional
Answers.
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m Draw a tessellation using one shape

Change a triangle to make a tessellation.

Solution
STEP 1 STEP2 STEP 3

A & B

Cut a piece from the Slide the piece to Translate and reflect
triangle. another side. the figure to make a
tessellation.

m Draw a tessellation using two shapes

Draw a tessellation using the given floor tiles.

: READ VOCABULARY STEP 1 STEP 2

¢ &

Combine one octagon and one Translate the pair of polygons
square by connecting sides of to make a tessellation
the same length.

Solution

¢ Notice that in the

! tessellation in

: Example 3, the same

i combination of regular
: polygons meet at each
i vertex. This type of

: tessellation is called

: semi-regular.

@'/"—"’—‘"chometry at my.hrw.com

. PRACTICE

: EXAMPLE 1 | REGULAR TESSELLATIONS Does the shape tessellate? If so, tell whether the
i for Exs. 1-4 tessellation is regular.

1. Equilateral triangle 2. Circle no 3. Kite yes; not regular

yes; regular
4. % OPEN-ENDED MATH Draw a rectangle. Use the rectangle to make two
different tessellations. See margin.
Extension: Tessellations 609
4, Sample:

WA Key Question

: Example 1

» Why can a regular polygon with
more than six sides not tessellate
a plane? The measure of each
angle will not be a factor of 360°.

PRACTICES

Extra Example 2

Change a quadrilateral to make a
tessellation. Cuta piece from the
quadrilateral, slide it to another
side, and translate the figure.

g7 S

Step 1 Step 2

Step 3

Extra Example 3

Draw a tessellation using the given
polygons.

Teaching Strategy

Have the students bring in real
world examples of tessellations.
For example, floor tile patterns,
brick patterns, patio paver stone
patterns, and so on. Have students
discuss these tessellations in class.

Closing the Lesson

Have students summarize the major

points of the lesson and answer the

Essential Question: What regular

polygons can tessellate a plane?

¢ A tessellation is a collection of
figures that cover a plane.

¢ A regular tessellation is a
tessellation of congruent regular
polygons.

An equilateral triangle, square,

and regular hexagon can tessellate

a plane.
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y; (cr), James Carmichael Jr./NHPA/Photoshot

y; (9, Saulius T.

(bl), Rod Planck/Photo Researchers, Inc.; (bc), ©PhotoDisc/Getty Images; (br), Arco/C.+

@7 You will identify line and rotational symmetries of a figure.
So you can identify the symmetry in a bowl, as in Ex. 11.
Key Vocabulary A figure in the plane has line symmetry if the figure
« line symmetry can be mapped onto itself by a reflection in a line.
« line of symmetry This line of reflection is a line of symmetry, such as
« rotational line m at the right. A figure can have more than one
symmetry line of symmetry.
« center of
symmetry

CC.9-12.6.C0.3 Givena
rectangle, parallelogram,
trapezoid, or regular polygon,
describe the rotations and
reflections that carry it onto
itself.

! REVIEW
{ REFLECTION

i Notice that the lines of
¢ symmetry are also lines
. of reflection.

m Identify lines of symmetry

How many lines of symmetry does the hexagon have?

Solution

>

c. One line of
symmetry

b. Sixlines of
symmetry

a. Two lines of
symmetry

o

i//ﬁ" dtedGeometry  at my.hrw.com

GUIDED PRACTICE | for Example 1

How many lines of symmetry does the object appear to have?

4. Draw a hexagon with no lines of symmetry. See margin.

9.6 Identify Symmetry 611

-::j"C%’gc:g" ——Standards for Mathematical Content High School

*2 PLAN AnD
PREPARE

Warm-Up Exercises
Also available online

Find the coordinates of the image of
A(—3, 8) for each transformation.
1. Reflection in the line y = x
(8, —3)
2. Rotation of 90° about the origin
(—8, —3)
3. Translation 4 units down (-3, 4)
Notetaking Guide

Available online

Promotes interactive learning and
notetaking skills.

w

Pacing

Basic: 1 day

Average: 1 day

Advanced: 1 day

Block: 0.5 block with next lesson

- See Teaching Guide/Lesson Plan.

32 FOCUS AnD
< MOTIVATE

Essential Question

Big Idea 2

When does a figure have line sym-
metry? Tell students they will
learn how to answer this question
by studying how to draw symmetry
lines.

4. See Additional Answers.

CC.9-12.G.C0.3 Given a rectangle, parallelogram, trapezoid, or regular polygon,
describe the rotations and reflections that carry it onto itself.

611




Motivating the Lesson

Tell students that artists use sym-
metry to create designs. Tell them
thatin this lesson they will study
line symmetry and rotational
symmetry of various figures.

€3 TEACH

Extra Example 1

How many lines of symmetry does
each octagon have?

a. 2

Key Question
Example 1

» How many lines of symmetry will
a regular polygon with nsides
have? Describe them. It will
have n symmetry lines. If nis
even, then half of them will be
perpendicular bisectors of a pair
of sides and the others will pass
through a pair of vertices. If nis
odd, then the lines of symmetry
will be the perpendicular
bisectors of the sides.

(Animated Geometry

my.hrw.com

An Animated Geometry activity is
available online for Example 1. This
activity is also part of Power
Presentations.

612

ROTATIONAL SYMMETRY A figure in a plane has rotational symmetry if the

figure can be mapped onto itself by a rotation of 180° or less about the center
of the figure. This point is the center of symmetry. Note that the rotation can
be either clockwise or counterclockwise.

: REVIEW ROTATION For example, the figure below has rotational symmetry, because a rotation

: For a figure with of either 90° or 180° maps the figure onto itself (although a rotation of 45°
rotational symmetry, does not).
: the angle of rotation 0 5

: is the smallest angle #
: that maps the figure m
! onto itself.

612

The figure above also has point symmetry, which is 180° rotational symmetry.

M Identify rotational symmetry

Does the figure have rotational symmetry? If so, describe any rotations that
map the figure onto itself.

a. Parallelogram b. Regular octagon c. Trapezoid

L/ O

Solution
a. The parallelogram has rotational symmetry.
The center is the intersection of the diagonals.
A 180° rotation about the center maps the
parallelogram onto itself.

b. The regular octagon has rotational symmetry.
The center is the intersection of the diagonals.
Rotations of 45°, 90°, 135°, or 180° about the
center all map the octagon onto itself.

c. The trapezoid does not have rotational
symmetry because no rotation of 180° or less
maps the trapezoid onto itself.

\/ GUIDED PRACTICE  for Example 2

Does the figure have rotational symmetry? If so, describe any rotations that
map the figure onto itself.

5. Rhombus yes; 180° about 6. Octagon yes; 90° or 180° 7. Right triangle no
the center about the center

Chapter 9 Properties of Transformations



* m Standardized Test Practice

Identify the line symmetry and rotational symmetry of the equilateral
triangle at the right.

Extra Example 2

Does the figure have rotational
symmetry? If so, describe the
rotations that map the figure onto
itself.

(A 3 lines of symmetry, 60° rotational symmetry
3 lines of symmetry, 120° rotational symmetry

(© 1line of symmetry, 180° rotational symmetry a.rectangle

(D 1 line of symmetry, no rotational symmetry

Solution

: ELIMINATE CHOICES . . .
R T T LT P TR OO T » The triangle has line symmetry. Three lines of

An equilateral triangle symmetry can be drawn for the figure.
¢ can be mapped onto

: itself by reflecting over
: any of three different

: lines. So, you can 360° . .
{ eliminate choices C measure =. So, the equilateral triangle has
fandD. %, or 120° rotational symmetry.

» The correct answer is B. ® © @

yes, 180° about the intersection

of the diagonals
For a figure with slines of symmetry, the smallest b.regular hexagon
rotation that maps the figure onto itself has the

120°

yes, 60°, 120°, 180° about the
center

c.kite no

\/ GUIDED PRACTICE  for Example 3

8. Describe the lines of symmetry and rotational symmetry of a

non-equilateral isosceles triangle.
the altitude, no rotational symmetry

Extra Example 3

Identify the line symmetry and
rotational symmetry of the square
shown. A

HOMEWORK =

9.6 EXERCISES KEY% G—SEFWORKED-OUT SOLUTIONS

Exs. 7, 13, and 31

% = STANDARDIZED TEST PRACTICE
Exs.2,13,14,21,and 23

' SKILL PRACTICE

[A] 1. VOCABULARY What is a center of symmetry?
If a figure has rotational symmetry it is the point about which the figure is rotated.
2. % WRITING Draw a figure that has one line of symmetry and does not
have rotational symmetry. Can a figure have two lines of symmetry and

@A 4lines of symmetry,
90° rotational symmetry

no rotational symmetry? See margin for art; no.

: EXAMPLE 1

3. 4.

Differentiated Instruction

Kinesthetic Learners Have students work with a partner
to find an object in the classroom that has both line symmetry
and rotational symmetry. Have them determine how many lines
of symmetry the object has and what the angle of rotation is.
Invite pairs of students to describe their findings to the class.

See also the Differentiated Instruction Resources for more
strategies.

LINE SYMMETRY How many lines of symmetry does the triangle have?

5.

9.6 Identify Symmetry 613

2. Sample:
4

4 lines of symmetry,

45° rotational symmetry
(© 2lines of symmetry,

90° rotational symmetry
(D 2lines of symmetry,

no rotational symmetry

Closing the Lesson

Have students summarize the major
points of the lesson and answer the
Essential Question: When does a
figure have line symmetry?

¢ A line of symmetry for a figure is
a line in which you can reflect
the figure to map it onto itself.

e A figure has rotational symmetry
if it can be mapped onto itself by
a rotation of 180° or less abhout
the center of the figure.

A figure has line symmetry when it

can be mapped onto itself by a

reflection in a line.

613



= PRACTICE
AND APPLY

&

Assignment Guide

Answers for all exercises
available online

Exs. 1-8, 10-18, 27-32

Average:

Day 1:

Exs.1,2,4,5,7-16,19-23, 28-35
Advanced:

Day 1:
Exs.1,2,4,5,8-14,19-26%,29-36*
Block:

Exs.1,2,4,5,7-16,19-23, 28-35
(with next lesson)

Differentiated Instruction

See Differentiated Instruction
Resources for suggestions on
addressing the needs of a diverse
classroom.

Homework Check

For a quick check of student under-
standing of key concepts, go over
the following exercises:

Basic: 3, 6, 10, 17, 28
Average: 4,8, 11, 20, 29
Advanced: 5, 9, 12, 20, 30

Extra Practice

- Student Edition

 Chapter Resource Book:
Practice levels A, B, C

—Practice Worksheet

An easily-readable reduced
practice page can be found at
the beginning of this chapter.

11. Line symmetry, rotational sym-
metry; there are four lines of sym-
metry, two passing through the
outer opposite pairs of leaves and
two passing through the inner
opposite pairs of leaves; 90° or
180° about the center.

614

: EXAMPLE 2

for Exs. 6—-9

: EXAMPLE 3

i for Exs. 10-16

10. Line
symmetry,
rotational
symmetry;

the 5 lines of
symmetry run
through the
center of each
seed; 72° or 144°
about the center.

12. Line
symmetry,

no rotational
symmetry; the
line of symmetry
runs through the
violin between
the 2 center
strings.

15. There is

no rotational
symmetry; the
figure has 1 line
of symmetry but
no rotational
symmetry.

16. There

are 2 lines of
symmetry;

the figure
has 2 lines of
symmetry and
180° rotational
symmetry.

614

17. Sample:

D

ROTATIONAL SYMMETRY Does the figure have rotational symmetry? If so,
describe any rotations that map the figure onto itself.

6. S @ . LAy 9.

yes; 90° or 180° yes; 72° or 144° yes; 45°, 90°, 135°, no
about the center about the center or 180° about the center
SYMMETRY Determine whether the figure has line symmetry and whether

it has rotational symmetry. 1dentify all lines of symmetry and angles of
rotation that map the figure onto itself.

10.

12.

See margin.
@ % MULTIPLE CHOICE Identify the line symmetry and rotational
symmetry of the figure at the right. C

(A 1line of symmetry, no rotational symmetry
1 line of symmetry, 180° rotational symmetry

(© No lines of symmetry, 90° rotational symmetry

(D No lines of symmetry, no rotational symmetry

14. % MULTIPLE CHOICE Which statement best describes the rotational
symmetry of a square? D

(& The square has no rotational symmetry. [T t ]
The square has 90° rotational symmetry.
(© The square has point symmetry.

(D Both B and C are correct. L T

ERROR ANALYSIS Describe and correct the error made in describing the

symmetry of the figure.
15. 16.
The figure has 1 line of symmetry >< The figure has 1 line of symmetry ><
and 180° rotational symmetry. and 180° rotational symmetry.
DRAWING FIGURES In Exercises 17-20, use the description to draw a
figure. If not possible, write not possible.

17. A quadrilateral with no line
of symmetry See margin.

18. An octagon with exactly two lines
of symmetry not possible

19. A hexagon with no point symmetry
See margin.

20. A trapezoid with rotational symmetry
not possible

% = STANDARDIZED
TEST PRACTICE

= See WORKED-OUT SOLUTIONS
in Student Resources

19. Sample:
. A
B
E
N c

(c), Danny Lehman/Corbis; (r), Artville; (I), Jay Penni Photography/HMH Photo



(bl), Larry Grant/Taxi/Getty Images; (bc), David Crausby/Alamy; (br), David Monette/Alamy

23. No; what's
on the left and
right of the first
line would
have to be the
same as what's
on the left and
right of the
second line
which is not
possible.

21. % OPEN-ENDED MATH Draw a polygon with 180° rotational symmetry
and with exactly two lines of symmetry. See margin.

22. POINT SYMMETRY In the graph, ABis reflected y
in the point Cto produce the image A'B’. To make
areflection in a point Cfor each point Non the
preimage, locate N’ so that N'C = NCand N’ is
on NC. Explain what kind of rotation would
produce the same image. What kind of symmetry
does quadrilateral AB’A’B have? ¥ x
a rotation of 180° about C; rotational symmetry of 180°

23. % SHORT RESPONSE A figure has more than one line of symmetry. Can
two of the lines of symmetry be parallel? Explain.

24. REASONING How many lines of symmetry does a circle have? How many
angles of rotational symmetry does a circle have? Explain. See margin.

25. VISUAL REASONING How many planes of symmetry does a cube have? 9 planes

26. CHALLENGE What can you say about the rotational symmetry of a regular
polygon with » sides? Explain.
The regular polygon would have rotational symmetry about the center of the n-gon and the
smallest angle of rotation would be %

. PROBLEM SOLVING

: EXAMPLES [A] WORDS Identify the line symmetry and rotational symmetry (if any) of

:1and2

: for Exs. 27-30

27. No line
symmetry,
rotational
symmetry of 180°
about the center
of the letter 0.

28. No line
symmetry,
no rotational
symmetry

29.Ithas a

line of
symmetry
passing
horizontally
through the
center of each
0, no rotational
symmetry.

each word.

27. MOW 28. RADAR 29. OHIO 30. pod

No line symmetry, it has
rotational symmetry of
180° about the center of o.
KALEIDOSCOPES In Exercises 31-33, use the following information
about kaleidoscopes.

Inside a kaleidoscope, two mirrors are placed next to each other
to form a 'V, as shown at the right. The angle between the mirrors
determines the number of lines of symmetry in the image. Use
the formula n(m£1) = 180° to find the measure of £ 1 between
the mirrors or the number 7 of lines of symmetry in the image.

Calculate the angle at which the mirrors must be placed for the image of a
kaleidoscope to make the design shown.

9.6 Identify Symmetry 615

Avoiding Common Errors

Exercise 9 Students may think this
figure can be rotated 180° onto
itself. Have them copy it onto trac-
ing paper and rotate it so they can
see the image does not match the
original figure.

Mathematical Reasoning

Exercise 25 Challenge students to
devise models to illustrate the
planes of symmetry of a cube.

)@ Internet Reference

Exercise 35 More information
about the Castillo de San Marcos
can be found at www.nps.gov/casa

21. Sample:

\

\D A -

JoZ C B\\

\
24. Infinitely many; infinitely many;
any line passing through the cen-
ter of the circle is a line of symme-
try and any rotation about the
center is rotational symmetry.
There are an infinite number in
both cases.

615



Warm-Up Exercises | Before

9 7 Identify and
*4 Perform Dilations

Also available online

@7  You will use drawing tools and matrices to draw dilations.

If AABC ~ A DEF, find each value. @707 so you can determine the scale factor of a photo, as in Ex. 37.
= :
< 10{5
ig D 8 E Key Vocabulary A dilation is a transformation in which the original figure and its image
e scalar are similar.
A 50 5 $rlt}pllcatlon A dilation with center Cand scale factor k maps every point Pin a figure to a
ca atlof’ point P’ so that one of the following statements is true:
1.£F 3 9. AC 75 * reduction . .
L=y . « enlargement « If Pis not the center point C, then the P
5 image point P’ lies on CP. The scale , P
3.scale factor 2 factor ks a positive number such that — 7\
k=S and k# 1 e o
Notetaking Guide = cpandk#lor R ’
Available online [

CC.9-12.G.SRT.1 Verify
experimentally the properties
of dilations given by a center
and a scale factor; a. A dilation
takes a line not passing through
the center of the dilationto a

Promotes interactive learning and
notetaking skills.

Pacing

Basic: 1 day

Average: 1 day

Advanced: 1 day

Block: 0.5 block with previous lesson

unchanged. b. The dilation of a
line segmentis longer or shorter
inthe ratio given by the scale

e If Pis the center point C, then P = P'.

The dilation is a reductionif 0 < k< 1 and it is an enlargementif k> 1.

parallel line, and leaves a line . oy e
passing through the center ldentlfy dilations

Find the scale factor of the dilation. Then tell whether the dilation is a
factor. reduction or an enlargement.

« See Teaching Guide/Lesson Plan. a. b. A
£ FOCUS anD L
| oo

<~  MOTIVATE \
Essential Question
Big Idea 1 ) ¢

; Solution

How do you use matrices to draw a 12 3
dilation? Tell students they will a. Because N L the scale factor is k = 5 The image P’ is
learn how to answer this question an enlargement.
by studying how to use matrices to
find “_‘e c_oordlnates of the image b. Because o _ E, the scale factoris k = é. The image P’ is a reduction.
of a dilation. CP 30 5

@ﬂ"ﬂ‘&'ceometry at my.hrw.com

618  Chapter 9 Properties of Transformations

— Standards for Mathematical Content High School

CC.9-12.G.C0.2 Represent transformations in the plane using, e.g., transpar-
encies and geometry software; describe transformations as functions that
take points in the plane as inputs and give other points as outputs. Compare
transformations that preserve distance and angle to those that do not (e.g.,
translation versus horizontal stretch).

CC.9-12.G.C0.5 Given a geometric figure and a rotation, reflection, or transla-
tion, draw the transformed figure using, e.g., graph paper, tracing paper, or
geometry software. Specify a sequence of transformations that will carry a
given figure onto another.

618

CC.9-12.G.SRT.1 Verify experimentally the properties of dilations given by a
center and a scale factor: a. A dilation takes a line not passing through the
center of the dilation to a parallel line, and leaves a line passing through

the center unchanged. b. The dilation of a line segment is longer or shorter

in the ratio given by the scale factor.

CC.9-12.G.SRT.2 Given two figures, use the definition of similarity in terms of simi-
larity transformations to decide if they are similar; explain using similarity transfor-
mations the meaning of similarity for triangles as the equality of all corresponding
pairs of angles and the proportionality of all corresponding pairs of sides.

© Raeanne Rubenstein/Photolibrary.com



CITED oo a ditation

Draw and label 7 DEFG. Then construct a dilation of =7 DEFG with
point D as the center of dilation and a scale factor of 2.

Solution

STEP T

D

STEP 3

E

Draw DEFG. Draw Open the compass Add a second label D’
rays from D through  to the length of DE. to point D. Draw the
vertices E, F, and G. Locate E' on DE so sides of D'E'F'G'.

DE'" = 2(DE). Locate F’
and G’ the same way.

/ GUIDED PRACTICE  for Examples 1 and 2

1.

In a dilation, CP’ = 3 and CP = 12. Tell whether the dilation is a reduction
or an enlargement and find its scale factor. reduction, %

. Draw and label A RST. Then construct a dilation of A RST with R as the

center of dilation and a scale factor of 3. See margin.

MATRICES Scalar multiplication is the process of multiplying each element
of a matrix by a real number or scalar.

m Scalar multiplication

L. 3 0 1
Simplify the product: 4 |: 2 _1 — 3].

Solution

A3 0 1| 4(3)
2 -1 =3| 4@ 4(-1

GUIDED PRACTICE

4(0) Multiply each element

in the matrix by 4.

4(1)
4(-3)

12 0 4
] 8 -4 —12

for Example 3

Simplify.

Simplify the product.

2 1 -10][10 5 —50 -4 1 0 8 -2
. 4. -2
3 5[3 -4 7] [15 -20 35} [ 9 -5 —7} [—13 10

2, Sample:
S

9.7 Identify and Perform Dilations

0
14

619

]

Motivating the Lesson

Tell students that enlarging a pho-
tograph involves creating a dilation
with a scale factor greater than 1.
Tell them that in this lesson they
will learn two methods for creating
dilations of geometric figures.

€3 TEACH

Extra Example 1

Find the scale factor of the dilation.
Then tell whether the dilation is a
reduction or an enlargement.

a.%, reduction

K&
(&

(fnimated Geometry

my.hrw.com

An Animated Geometry activity is
available online for Example 1. This
activity is also part of Power
Presentations.

Extra Example 2

Draw and label parallelogram
ABCD. Then construct a dilation of
ABCD with point C as the center
and a scale factor of 3.

s/ A

619



Extra Example 3
Simplify the product:

72—15 14 -7 35
3 4 =2 |21 28 —14

Extra Example 4

The vertices of XYZW are X(—4, 4),
Y(2,8), Z(6,2), and W(—2, —4).

S . Solution I ¥
Use scalar multiplication to find the
image of XYZWW/ after a dilation with K L MN K L' M N 5
its center at the origin and a scale 1 [—6 -3 0 —6] B [—2 -1 0 —2} w
factorof%.GraphXYZWand its 5L 6 63 0 2. 21 0 K AT
image. et i e N
XYz w I T

-2 13 -1
2 41 -2

DILATIONS USING MATRICES You can use scalar multiplication to represent
a dilation centered at the origin in the coordinate plane. To find the image
matrix for a dilation centered at the origin, use the scale factor as the scalar.

Use scalar multiplication in a dilation

The vertices of quadrilateral KLMN are K(—6, 6), L(-3, 6), M(0, 3), and
N(—6, 0). Use scalar multiplication to find the image of KLMN after a

dilation with its center at the origin and a scale factor of % Graph KLMN

and its image.

@ Find the image of a composition

Extra Example 5
The vertices of A LMN are L(2, —3),

The vertices of A ABCare A(—4, 1), B(—2, 2), and C(-2, 1). Find the image

of A ABC after the given composition.

Translation: (x, ) > (x+ 5,y + 1)

Dilation: centered at the origin with a scale factor of 2

Solution

M(3,—1), and N(4, —2). Find the STEPT Graph the prgimage AABC y ‘
image of A LMN after the given on the coordinate plane. B'(6, 6)
composition. STEP2 Translate A\ ABCS5 units to
Translation: (x, y) = (x = 3, y + 2) the right and 1 unit up. Label ,
Dilation: centered at the origin with it AAB'C. A124) g | C16.9)
S Bl B Qi STEP3 Dilate A A'B'C’ using the ST

origin as the center and A cl!

a scale factor of 2 to find

AABC.

\/ GUIDED PRACTICE  for Examples 4 and 5

5. The vertices of A RST are R(1, 2), S(2, 1), and T(2, 2). Use scalar
multiplication to find the vertices of A R'S'T" after a dilation with its
center at the origin and a scale factor of 2. R'(2,4), §'(4, 2), T'(4, 4)

Closing the Lesson

Have students summarize the major
points of the lesson and answer the
Essential Question: How do you use
matrices to draw a dilation?

e A dilation results in an image
similar to the preimage. Lines
through corresponding points are
concurrent.

e A dilation can be found by scalar
multiplication.

Multiply each element of the matrix

for the preimage by the scale factor.

Then use the resulting matrix

to draw the image.

6. A segment has the endpoints C(—1, 1) and D(1, 1). Find the image of CD
after a 90° rotation about the origin followed by a dilation with its center
at the origin and a scale factor of 2. €'(-2, -2), D'(-2, 2)

620 Chapter 9 Properties of Transformations

620



9.7 EXERCISES M O nanoTo

% = STANDARDIZED TEST PRACTICE
Exs. 2, 24, 25, 27,29, and 38

PRACTICE

" SKILL PRACTICE anp APPLY

&

[A] 1. VOCABULARY What is a scalar? a real number
Assignment Guide
2. % WRITING If you know the scale factor, explain how to determine if an Answers for all exercises
image is larger or smaller than the preimage. If the scale factor is greater available online
than 1, the image is larger. If the scale factor is between 0 and 1, the image is smaller. .
{ EXAMPLE 1 IDENTIFYING DILATIONS Find the scale factor. Tell whether the dilation is a Basic:
PExs. 3-6 reduction or an enlargement. Find the value of x. Day 1:

/\ 5 Exs. 1-10, 15-25, 33-38

Average:
\/ Day 1:
c Exs.1,2,4-6,10-12, 16, 17, 19-30,
34-41
}7154‘ P 3 Advanced:
kS enlargement 8 Z: reduction; 6 > enlargement; 10 Day 1:
6. ERROR ANALYSIS Describe and correct the error in flnding the scale Exs.1,2,4,5,13-16, 20—24 even,
factor k of the dilation. The ratio should be Sk = CP % = %_ 25-32%,35-42%
Block:
B k=2<F Exs. 1,2, 4-6,10-12, 16, 17, 19-30,
\/ p’ P % 34-41 (with previous lesson)
3 k=2=24
3 . . .
c Differentiated Instruction
See Differentiated Instruction
Resources for suggestions on
addressing the needs of a diverse
{EXAMPLE2 | CONSTRUCTION Copy the diagram. Then draw the given dilation. 7-14. See margin. classroom.
i for Exs. 7-14 @Center Hik=2 8. Center H: k=3 Homework Check
9. Center J; k=2 10. Center F; k=2 D £ 3 For a quick check of student under-
standing of key concepts, go over
11. Center J: k = % 12. Center F. k = % He the following exercises:
G £ Basic: 8, 15, 18, 21, 33
13. Center D; k = % 14. Center G; k = % Average: 10, 16, 20, 22, 34

Advanced: 14, 16, 20, 22, 35

{ EXAMPLE 3 SCALAR MULTIPLICATION Simplify the product. 15-17. See margin. Extra Practice

4 o 2 . .
5. 4[3 7 ] 6. _5[ 57 3] 1. 9[ 03 } Student Edition
09 -1 1 40 -1 -170 « Chapter Resource Book:
Practice levels A, B, C

¢ for Exs. 15-17

{ EXAMPLE 4 DILATIONS WITH MATRICES Find the image matrix that represents a

{ for Exs. 18-20 dilation of the polygon centered at the origin with the given scale factor. “ Practice Worksheet - A
Then graph the polygon and its image. 18-20. See margin. .
An easily-readable reduced
DEF GH J J LM N practice page can be found at
235 _ -20 6] -6 -3 3 3| o the beginning of this chapter.
18- [1 6 4]"“2 [—4 2—2}"“5 20‘[ 0 30 —3]”“‘5

9.7 Identify and Perform Dilations ~ 621

7-14. See Additional Answers. 12 28 16 18-20. See Additional Answers.
10 36 -4
10 25 -35 —-15
Bl5 -2 o 5}

[ 0 27 18
7|9 63 0}

621



Mathematical Reasoning

Exercise 29 Students may have
difficulty with this exercise. Since
xis multiplied in choice A and yis
multiplied in choice B, they may not
realize that both coordinates must
be multiplied by the same number
to be a dilation. Have them experi-
ment by graphing a point and its
image under the transformations in
choices A and B to see whether the
line through the image and preim-
age passes through the origin.

21. 2[)‘
=2 F x
H' G’
22. ][y
R T
N
G'| |H'
23. y

30. Sample:

©

622

: EXAMPLE 5 COMPOSING TRANSFORMATIONS The vertices of A FGH are F(-2, —2),
G(—2, —4), and H(—4, —4). Graph the image of the triangle after a
composition of the transformations in the order they are listed. 21-23. See margin.

31. Sample  [C]
answer: Dilation
with its center

at the origin and
a scale factor of
2 followed by a
translation (x, y)
—>(xy+1)

622

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

32.

= See WORKED-OUT SOLUTIONS
in Student Resources

. REASONING Verify that the two figures in the graph y

Translation: (x, )) > (x +3,y+ 1)
Dilation: centered at the origin with a scale factor of 2

Dilation: centered at the origin with a scale factor of %
Reflection: in the y-axis

Rotation: 90° about the origin
Dilation: centered at the origin with a scale factor of 3

% WRITING Is a composition of transformations that includes a dilation
ever an isometry? Explain. No; dilation does not preserve length.

% MULTIPLE CHOICE In the diagram, the
center of the dilation of 77 PQRS is point C.
The length of a side of 7 P’Q'R’S’ is what
percent of the length of the corresponding
side of 7 PQRS? A

® 25% 33% © 300%

REASONING The distance from the center of dilation to the image of
a point is shorter than the distance from the center of dilation to the
preimage. Is the dilation a reduction or an enlargement? Explain.
Reduction; the ratio of corresponding image to preimage lengths is between 0 and 1.
% SHORT RESPONSE Graph a triangle in the coordinate plane. Rotate the
triangle, then dilate it. Then do the same dilation first, followed by the
rotation. In this composition of transformations, does it matter in which
order the triangle is dilated and rotated? Explain your answer.

See margin for art; no; the result is the same.
REASONING A dilation maps A(5, 1) to A'(2, 1) and B(7, 4) to B'(6, 7).
a. Find the scale factor of the dilation. 2

b. Find the center of the dilation. (8,1)

@ 400%

% MULTIPLE CHOICE Which transformation of (x, y) is a dilation? C
® 6Bx, ) (=x, 3y) @© (x,3y) ® (x+3,y+3)

€ ALGEBRA Graph parabolas of the form y = ax? using three different

values of a. Describe the effect of changing the value of a. Is this a

dilation? Explain. See margin for art; as a increases the parabola hecomes
steeper; no; there is no center of dilation.

are similar by describing a composition of F

transformations, involving a dilation then a 7

translation, that maps ADEFto AD'E'F.

CHALLENGE A ABC has vertices A(4, 2), B4, 6), D E

and C(7, 2). Find the vertices that represent a D E’

dilation of A ABC centered at (4, 0) with a scale

factor of 2. A'(4,4), B'(4,12), C'(10, 4)

% = STANDARDIZED
TEST PRACTICE



(t) Nature cutout's/Alamy; (tc) John T. Fowler/The Image Finders; (t}) Rod Planck/Photo Researchers, Inc.

' PROBLEM SOLVING

: EXAMPLE 1[A] SCIENCE You are using magnifying glasses. Use the length of the insect and

¢ for Exs. 33-35

37. PHOTOGRAPHY By adjusting the distance between the

the magnification level to determine the length of the image seen through
the magnifying glass.

Dragonfly 940 mm
magnification 20x

33. Emperor moth 300 mm
magnification 5x

34. Ladybug 45 mm
magnification 10x

H 4.5 mm

D

| 60 mm |

I 47 mm |

36. MURALS A painter sketches plans for a mural. The plans are 2 feet by %,‘ yes; the center
point is (0, 0) with
scale factor %

4 feet. The actual mural will be 25 feet by 50 feet. What is the scale
factor? Is this a dilation? Explain.

negative and the enlarged print in a photographic enlarger,
you can make prints of different sizes. In the diagram
shown, you want the enlarged print to be 9 inches wide
(A'B). The negative is 1.5 inches wide (AB), and the distance
between the light source and the negative is 1.75 inches (CD).
a. What is the scale factor of the enlargement? %
b. What is the distance between the negative

and the enlarged print? 8.75 in.

38. % OPEN-ENDED MATH Graph a polygon in a coordinate plane. Draw a
figure that is similar but not congruent to the polygon. What is the scale
factor of the dilation you drew? What is the center of the dilation? See margin.

39. MULTI-STEP PROBLEM Use the figure at the right. y

a. Write a polygon matrix for the figure. Multiply the G
matrix by the scalar —2. a—c. See margin.

b. Graph the polygon represented by the new matrix.

c. Repeat parts (a) and (b) using the scalar —%.

H

d. Make a conjecture about the effect of multiplying
a polygon matrix by a negative scale factor.

A reflection in both the x-axis and y-axis occurs as well as dilation.

40. AREA You have an 8 inch by 10 inch photo.
a. What is the area of the photo? 80in.2

b. You photocopy the photo at 50%. What are the dimensions of the
image? What is the area of the image? 4 in. by 5in.; 20 in.?

c. How many images of this size would you need to cover the original
photo? 4images

9.7 Identify and Perform Dilations 623

Mathematical Reasoning
Exercise 39 Have students rotate
the given figure by 180° and then
dilate the image with a scale factor
of 2. How does the final image
compare with the image obtained
in parts (a) and (b)? The images
are the same.

@ Internet Reference

Exercise 33 More information
about the Emperor moth can be
found at www.arkive.org/emperor-
moth/saturnia-pavonia/info.html

38. Sample:
B}y c

B Cc

AlA 2 D D'

2;(0,0)
FGH F G H

04 —2]1[ 0 -8 4
39""[2 2 —z]'[—a -4 4]

39b. T
—4 x
G’ F
FF G" H"
-2 1
39c. [ -1 -1 1 }
1 | bt
7
1 X
G" [
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41. REASONING You put a reduction of a page on the original page.
Explain why there is a point that is in the same place on both pages.
It's the center point of the dilation.
[C] 42. CHALLENGE Draw two concentric circles with center A.

Y ASSESS AND Draw Eand ‘ACto the larger circle to_fqrm a 45° angle.
e W Label points D and F, where AB and ACintersect the B
- RETEACH smaller c_ircle. Locate point E at the intersection of (
g . BFand CD. Choose a point G and draw quadrilateral (‘
Dally Homework Quiz DEFG. Use A as the center of the dilation and a scale )&
Also available online C

factor of % Dilate DEFG, A DBE, and A CEF two times.

Sketch each image on the circles. Describe the result.
See margin for art; kaleidoscope image.

1. Find the scale factor. Tell whether
the dilation is a reduction or an
enlargement. Find the value of x.

1. line symmetry,| Determine whether the figure has line symmetry and/or rotational
enlargement; 1.2 no rotational symmetry. Identify the number of lines of symmetry and/or the rotations
symmetry; one | that map the figure onto itself.

5,
>

2.Find the image matrix that rep-

resents a dilation of A XYZwith 2.line symmetry, 1. 2. 3. .
vertices X(3, 2), ¥(8, —1), and rﬂtatwl:al_t
Z(—1, —1) centered at the origin :Xg},’gﬁgzt t‘l""e"'

with scale factor % Then graph center
the polygon and its image. 3. line symmetry, Tell whether the dilation is a reduction or an enlargement and find its scale
, , , . factor.
X 4 V4 rotational
15 4 —05 symmetry; four, 5. ///\ 6.
[ 1 —05 —0 5} 90° or 180° about 22 P P
. . the center %
¥ b% i g C
X' 4. no line c P
! x symmetry, \ 12
7 v o no rotational reduction, - enlargement, 3
Z Y symmetry 1 '
7. The vertices of A RST are R(3, 1), S(0, 4), and T(—2, 2). Use scalar

multiplication to find the image of the triangle after a dilation
4 q o centered at the origin with scale factor 41, B(131,41}, s7(0,18), 7'(~9,9)
4> Online Quiz 8 7 Bl143)

Available at my.hrw.com

Diagnosis/Remediation

* Practice A, B, C in Chapter
Resource Book

« Study Guide in Chapter Resource
Book

« Practice Workbook
- @HomeTutor

Challenge

Additional challenge is available
in the Chapter Resource Book.

624 see EXTRA PRACTICE in student Resources @ ONLINE QUIZ at my.hrw.com

An easily-readable reduced
copy of the quiz from the

Assessment Book can be
found at the beginning of this
chapter.

42. See Additional Answers.
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MIXED REVIEW. of Problem Solving ‘“'?l'fs“

2. y
F'lE
E’ 1. GRIDDED ANSWER What is the angle of 5. MULTI-STEP PROBLEM The diagram shows
D§7/\ rotation, in degrees, that maps A to A’ in the the pieces of a puzzle.
photo of the ceiling fan below? 216
N

Wi - bt
/ ' T

-

They are negative reciprocals of

each other. a. Which pieces are translated? 4,5
P 0 RS T b. Which pieces are reflected? 1
3a -6 -3 01 0 c. Which pieces are glide reflected? 2,3
13 441 1
POR S T 2. SHORT RESPONSE The vertices of A DEF are 6. OPEN-ENDED Draw a figure that has the
344 1 —1 D(=3,2), E2, 3), and F(3, —1). Graph A DEF. given type(s) of symmetry. a-c. See margin.
3b. [6 30 —1 0] Rotate A DEF90° about the origin. Compare a. Line symmetry only
- the slopes of corresponding sides of the .
. - . b. Rotational symmetry only
3c. ¥ P preimage and image. What do you notice? )
See margin. c. Both line symmetry and
3. MULTI-STEP PROBLEM Use pentagon PQRST rotational symmetry
Q' shown below.
, 7. EXTENDED RESPONSE In the graph below,
’ AAB'C is a dilation of A ABC.
T Q R
=Il R’ X ] y ’
& P \ B
6a. Sample: IRt B \

A

A1 x A \
T
M \
a—c. See margin. >
a. Write the polygon matrix for PQRST. \
b. Find the image matrix for a 270° rotation [4
about the origin. c
c | B c. Graph the image.

a. Is the dilation a reduction or an

6b. Sample: 4. SHORT RESPONSE Describe the enlargement? enlargement
v[cl o transformations that can be found in b. What is the scale factor? Explain your
A 2 B[] the quilt pattern below. steps. b-d. See margin.
. T c. What is the polygon matrix? What is the
| TF E image matrix?
Hl |6 d. When you perform a composition of a
6¢c. Sample: dilation and a translation on a figure, does

order matter? Justify your answer using

the translation (x, y) - (x + 3, y— 1) and
the dilation of A ABC.
translation, rotation and reflection

(b)¥ScottiBerner/bhotolibranycom () {Ohomas| Kolland]

7b. 3 find A B _35_3 626  Chapter 9 Properties of Transformations
2" AB a5 2
ABC ABC
7c.[2 6 8].[3 9 12} Jdves |26 8]_[59 1] _[75 135 165]
24 -2|"|36 -3 V€S 12 4 —2(7[13 3|7 |15 45 —45]

26 8 39 12 6 12 15
24 -2|"(36 -3|"|2 5 -4

626



BIG IDEAS

) — CHAPTER SUMMARY

For Your Notebook

Big ldea @ Performing Congruence and Similarity Transformations

Translation Reflection
Translate a figure right or left, up or Reflect a figure in a line.
down.
A Bl A8l B_A
‘ 4 A B’ ‘ 4 A\ ’
c VX c C'x
c m
Rotation Dilation

Rotate a figure about a point.

Dilate a figure to change the size

but not the shape.
A B

A B’

c c

1= You can combine congruence and similarity transformations to make a
. composition of transformations, such as a glide reflection.

8ig ldea @ ] Making Real-World Connections to Symmetry and Tessellations

Line symmetry

4 lines of symmetry

Rotational symmetry

90° rotational symmetry

Big ldea @ . Applying Matrices and Vectors in Geometry

< You can use matrices to represent points and polygons in the coordinate
I~ plane. Then you can use matrix addition to represent translations,

: matrix multiplication to represent reflections and rotations, and scalar

< multiplication to represent dilations. You can also use vectors to

: represent translations.

Chapter Summary

Additional Resources

The following resources are avail-

able to help review the materials in

this chapter.

Chapter Resource Book

« Chapter Review Games and
Activities

« Cumulative Practice

Student Resources in Spanish

@HomeTutor

Vocabhulary Practice

Vocabulary practice is available at
my.hrw.com

627



—
@HomeTutor -

|\ —_ CHAPTER REVIEW

A * Multi-Language Glossary
« Vocabulary practice

Extra Example 1
Name the vector aﬂwrite its REVIEW KEY VOCABULARY

component form. XY, (3,2)

For a list of «image » matrix « composition of transformations
i postulatesand . prejmage - element « line symmetry
Yy : theorems, see . ) - )
: p. PT2. - isometry - dimensions - line of symmetry
5% « vector « line of reflection « rotational symmetry
initial point, terminal point, « center of rotation « center of symmetry
horizontal component,
vertical component - angle of rotation « scalar multiplication
2. sample: « component form . gllde reflection

t
W VOCABULARY EXERCISES
1. Copy and complete: A(n) _? is a transformation that preserves lengths. isometry
2. Draw a figure with exactly one line of symmetry. See margin.

3. WRITING Explain how to identify the dimensions of a matrix. Include an
example with your explanation. See margin.
Y X
t
Match the point with the appropriate name on the vector.
3. Count the number of rows, n, P PPTOP

and the number of columns, m. 4. TB A. Initial point H\
T

The dimensions are n X m. 5. H A B. Terminal point
Sample answer: 203
P 1187
:‘ 2%3. REVIEW EXAMPLES AND EXERCISES
' c Use the review examples and exercises below to check your understanding
, mA' of the concepts you have learned in each lesson of this chapter.
N
B @XM Translate Figures and Use Vectors
11T, ; | ExampLe J
A = Name the vector and write its component form.
7] The vector is EF. From initial point E to terminal point E =
F, you move 4 units right and 1 unit down. So, the T
component form is @, 1). F
2
' EXERCISES
{ EXAMPLES 6. The vertices of A ABCare A(2, 3), B(1, 0), and C(-2, 4). Graph the image
il1and4 of A ABC after the translation (x, y) - (x + 3, ¥ — 2). See margin.

7. The vertices of ADEF are D(—6, 7), E(=5, 5), and F(—8, 4). Graph the
image of A DEF after the translation using the vector (-1, 6). See margin.

628  Chapter 9 Properties of Transformations

628



X)) use Properties of Matrices

: EXAMPLE 3

i for Exs. 8-9

@HomeTutor

my.hrw.com

Chapter Review Practice

-9 12 20 18
Add[ 5 —4]+[11 25]'

These two matrices have the same dimensions, so you can perform the
addition. To add matrices, you add corresponding elements.

-9+20 12+ 18

-9 12| 20 18] _
5 —4 11 25| |5+11 —4+25

EXERCISES

11 30
16 21

Find the image matrix that represents the translation of the polygon. Then

graph the polygon and its image. 8, 9. See margin.

A B C

8.281; 9.
4 3 2

5 units up and 3 units left

m Perform Reflections

D E F G
-2 3 4 -1
36 4 -1

2 units down

The vertices of A MLN are M(4, 3), L(6, 3), and N(5, 1). Graph the reflection

of AMLN in the line p with equation x = 2.

Point M is 2 units to the right of p, so its
reflection M’ is 2 units to the left of p at (0, 3).
Similarly, L' is 4 units to the left of p at (-2, 3)
and N’ is 3 units to the left of p at (-1, 1).

=

g

Iz

12. y=x

12.

Chapter Review

629

EXERCISES
! EXAMPLES Graph the reflection of the polygon in the given line. 10-12. See margin.
i1and2
{ forExs ooy 10 x=4 1. y=3
y ¥
B E
A !
! c H 3 X
! x |
10. B 1. y
H' G’
A
1 c
-1 l X = F’
1
=i

Extra Example 2

6 7 16 —9
Sub'(ract[_2 5] = [_” 3].
—10 16
9 2

Extra Example 3

The vertices of AABCare A(3,7),
B(4,9), and C(6, 6). Graph the
reflection of A ABCin the line g
with equation y = 4.

y B

4

>B,
A
[ B
c
! x

DI El F’ G’
—234 -1
9'[ 142 —3]'

¥ E

Q

629



|\ — CHAPTER REVIEW

Extra Example 4

A
Find the image matrix that m Perform Rotations
represents the 90° rotation of

EFGH about the origin. @

F Y G Find the image matrix that represents the 90° ¥
rotation of ABCD about the origin. A B
. . |l—2 1 2 -3
BT " The polygon matrix for ABCD is [ o 2:| . 5 I ¢
2 Z Multiply by the matrix for a 90° rotation. x
E2 F5 65 H2 ABC D A B C D
[—4—196] 0 -1f|-212 -3|_[-4-4 -2 =2
1 0 4 4 2 2 -2 1 2 -3
Extra Example 5
The vertices of A XYZare X(—5, —1), EXERCISES
Y(—3,4),and Z(2, 1). Graph the { EXAMPLE 3 | Find the image matrix that represents the given rotation of the polygon
image of A XYZ after the glide i for Exs. 13-14 about the origin. Then graph the polygon and its image. 13, 14. See margin.
reflectiop. QR S I MN P
Translation: (x, y) — (x — 2, y) 3 4 1 4 3 5 —2
Reflection: in the x-axis 13. [ ]; 180° 14. [ ]; 270°
I ) 0 5 —2 6 5 0 -3
2 - :
m Apply Compositions of Transformations

2 x

g _ExameLe J

The vertices of A ABC are A4, —4), B(3, —2), and C(8, —3). Graph the image
of A ABC after the glide reflection.

Translation: (x, y) — (x, y + 5)

Q R S’ Reflection: in the y-axis
-3 —4 -1 Begin by graphing A ABC RN
13. : egin by graphing . e ,
|: 0 -5 2:| Then graph the image —— £ 3'\3) l%'(3 3 SN
, AA'B'C' after a translation — ‘ —
Y R X ~ | — ,
of 5 units up. Finally, graph ~¢"(=8 2= FIETRTR A4 1) = et 2

the image A A’B"C" after a ‘
s’ reflection in the y-axis.

B(3,-2)
0,/1 ——__C(8, -3
=1 Q X //
/ A(4, —4)
S
EXERCISES
i

{ EXAMPLE 1 Graph the image of H(—4, 5) after the glide reflection. 15, 16. See margin.

r M N P’ 15. Translation: (x,)) > (x + 6,y — 2) 16. Translation: (x,)) > (x—4,y—5)
6 5 0 -3 Reflection: in x = 3 Reflection:in y = x
Wiy -3 -5 2f
R 630 Chapter 9 Properties of Transformations
M
15. ¥ 16. y
P’ .H’ =1l X
| £ (4, 3) L
s TiE I
! j X
P M
H'(0, —8)
N

630
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Chapter Review Practice

m Identify Symmetry

: EXAMPLES

Determine whether the rhombus has line symmetry and/or
rotational symmetry. Identify the number of lines of symmetry
and/or the rotations that map the figure onto itself.

The rhombus has two lines of symmetry. It also has
rotational symmetry, because a 180° rotation maps the
rhombus onto itself.

EXERCISES

Determine whether the figure has line symmetry and/or rotational
symmetry. Identify the number of lines of symmetry and/or the rotations

that map the figure onto itself.
17. 18. 19. ‘
line symmetry, rotational

no line symmetry, rotational
symmetry; 180° about the center

symmetry; two, 180° about
the center

line symmetry, no rotational
symmetry; one

Identify and Perform Dilations

: EXAMPLE 4

Quadrilateral ABCD has vertices A(1, 1), B(1, 3), C(3, 2), and D(3, 1). Use
scalar multiplication to find the image of ABCD after a dilation with its
center at the origin and a scale factor of 2. Graph ABCD and its image.

To find the image matrix, multiply each element of y
the polygon matrix by the scale factor. B’
A B CD A B C D c
o1 13 3|1_12 2 6 6 B
/ 1 3 2 1 2 6 4 2 c
) A D
Scale factor Polygon matrix Image matrix “a D
1 X

EXERCISES

Find the image matrix that represents a dilation of the polygon centered
at the origin with the given scale factor. Then graph the polygon and
its image. 20, 21. See margin.

QR S

2 4 8 1
w2t 5

L MN
-1 1 2

21. k=3
[—2 3 4]

Chapter Review 631

Extra Example 6

Determine whether the rectangle
has line symmetry and/or rotational
symmetry. ldentify the number of
lines of symmetry and/or the rota-
tions that map the figure onto itself.

2 lines of symmetry,
180° rotational symmetry

Extra Example 7
Quadrilateral PGRS has vertices
P(2,6),Q(4,4), R(2,0), and
S(—2,2). Use scalar multiplication
to find the image of PQRS after a
dilation with its center at the origin

and a scale factor of % Graph PGRS

and its image.
P! alR' s!

121 -1
320 1

o
1
2
20. 1 1]
2 2
y R
As
R Q
1 Asr
=l jO’ X
L M N
-3 3 6
21'[—6 9 12}'
y I\
w
M
N
2
= X
L
¥
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