PLAN anD
PREPARE

Main Ideas

In this chapter, students will use
inductive reasoning to make and
test conjectures. They will analyze
conditional statements and write
the converse, inverse, and contra-

positive of a conditional statement.

Students will use deductive rea-
soning, the Law of Detachment,
and the Law of Syllogism to
develop simple logical arguments.
Finally, they will use properties of
equality and the laws of logic to
prove basic theorems about con-
gruence, supplementary angles,
complementary angles, and verti-
cal angles.

Prerequisite Skills

Skills Readiness, available online,
provides review and practice for
the Skills and Algebra Check por-
tion of the Prerequisite Skills quiz.

Additional skills review and
practice is available in the
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Reasoning and Proof

Use Inductive Reasoning
Analyze Conditional Statements
Apply Deductive Reasoning

Use Postulatesand Diagra. h
Reason Using Properties frorﬁ- Rlgebra

Proye Statements about Segments and Angles

Prove Angle Pair Relationships ==

Previously, you learned the following skills, which you’ll use in this chapter:
naming figures, using notations, solving equations, and drawing diagrams.

Prerequisite Skills

. VOCABULARY CHECK
::::’Nset:'sd&'g }Irllohl:tstzie;lsssmn Use the diagram to name an exar;lp‘}esof thle described figure.
exercises Readiness 1. Aright angle ~AGC —4. Sample answers are given.
Any of Exs.5-8 | Skill 22 Identify 2. Apair of vertical angles ~ BGC, ~ EGF
answered segments, rays, A ; . )
incorrectl and lines 3. A pair of supplementary angles
y _ 2 BGC, 2 CGE
Any of Exs. 9-11 | Skill 69 Solve 4. A pair of complementary angles
answered multi-step £ AGB, 2 BGC
incorrectly equations SKILLS AND ALGEBRA CHECK
Any of Exs. 12-13 | Skill 25 Use angle Describe what the notation means. Draw the figure. 5-8.
?nncs::fer:t[: pair relationships 5. AB segment AB 6. CD line €D 7. EF lengthof 8. GH See margin for art.
Y segment EF  ray GH
All exercises Chapter Solve the equation.
answered Enrichment 9.3x+5=20 5 10 4x—7)=—-12 4 11 5(x+8) = 4x —40
incorrectly

Draw the angles.

12. £1 and £2 are vertical angles.
Check drawings.

13. ZABD and £ DBCare complementary.

Skills Review Handbook and the

Check drawings.
@HomeTutor. .

The Common Core Standards for Mathematical Practice describe varieties
Ceaisaba® of expertise that mathematics educators at all levels should seek to develop
in their students. Opportunities to develop these practices are integrated throughout this
program. Some examples are provided below.

Mathematical Practices

SMP 3 Construct viable arguments and critique the reasoning of others.

Reasoning with Equations and Inequalities
CC.9-12.A.REL1

1. Make sense of problems and persevere
in solving them. Pages 78, 95, 112.

2. Reason abstractly and quantitatively.
Pages 64, 71,79, 86, 114.

3. Construct viable arguments and critique
the reasoning of others. Pages 64, 68,
71,79, 96.

4, Model with mathematics. Pages 66, 69,
99, 107.

2

5. Use appropriate tools strategically.
Pages 78, 87, 113.

6. Attend to precision. Pages 74, 91, 100.

Explain each step in solving a simple equation as following from the equality of
7. Look for and make use of structure. numbers asserted at the previous step, starting from the assumption that the
Pages 88, 89, 97, 98, 99, 105. original equation has a solution. Construct a viable argument to justify a solution
8. Look for and express regularity in method.
repeated reasoning. Pages 97, 98, 106.




Warm-Up Exercises

Also available online

1. Find the length of a segment
with endpoints A(1, —3) and
B(—2,-17). 5

2.1f M(4, —3) is the midpoint of
RS, and the coordinates of Rare

(8, —2), find the coordinates of S.

(0, —4)

3. ZAand £ B are supplementary.
If the measure of ZA s three
times the measure of £ B, find
the measure of £ B. 45°

Notetaking Guide
Available online

Promotes interactive learning and
notetaking skills.

Pacing

Basic: 1 day

Average: 1 day

Advanced: 1 day

Block: 0.5 block with next lesson

« See Teaching Guide/Lesson Plan.

% FOCUS AnD
' MOTIVATE

Essential Question

Big Idea 1

How do you use inductive reason-
ing in mathematics? Tell students
they will learn how to answer this
question by describing patterns
suggested by geometric figures
and numbers.

-if°°MM°“ —Standards for Mathematical Content High School

[\J
—

Use Inductive
Reasoning

Why?

You will describe patterns and use inductive reasoning.

So you can make predictions about baseball, as in Ex. 32.

Key Vocabulary

 conjecture

« inductive
reasoning

Geometry, like much of science and mathematics, was developed partly as a
result of people recognizing and describing patterns. In this lesson, you will
discover patterns yourself and use them to make predictions.

* counterexample M Describe a visual pattern

Standard for Mathematical
Practice 3 Construct viable
arguments and critique the
reasoning of others.

: READ SYMBOLS

{ The three dots (.. ) tell
: you that the pattern
¢ continues.

Describe how to sketch the fourth figure in the pattern. Then sketch the
fourth figure.

Figure 1 Figure 2 Figure 3

Solution

Each circle is divided into twice as many equal regions
as the figure number. Sketch the fourth figure by
dividing a circle into eighths. Shade the section just
above the horizontal segment at the left.

Figure 4

Describe a number pattern

Describe the pattern in the numbers -7, —21, —63, —189, . .. and write the
next three numbers in the pattern.
Notice that each number in the pattern is three times the previous number.
7, —63, -189, ...
~N T~ 7
X3 X3 X3 X3
» Continue the pattern. The next three numbers are —567, —1701, and —5103.

@'M&' Geometry  at my.hrw.com

GUIDED PRACTICE = for Examples 1 and 2

1. Sketch the fifth figure in the pattern in Example 1. See margin.
2. Describe the pattern in the numbers 5.01, 5.03, 5.05, 5.07, . . .. Write the

next three numbers in the pattern. The numbers are increasing by 0.02; 5.09, 5.1, 5.13.

64 Chapter 2 Reasoning and Proof

CC.9-12.G.C0.9 Prove theorems about lines and angles.

(preparation for)

CC.9-12.G.C0.10 Prove theorems about triangles. (preparation for)

CC.9-12.G.C0.11 Prove theorems about parallelograms. (preparation for)

64
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INDUCTIVE REASONING A conjecture is an unproven statement that is based
on observations. You use inductive reasoning when you find a pattern in
specific cases and then write a conjecture for the general case.

m Make a conjecture

Given five collinear points, make a conjecture about the number of ways to
connect different pairs of the points.
Solution

Make a table and look for a pattern. Notice the pattern in how the number of
connections increases. You can use the pattern to make a conjecture.

Number of

points 1 2 3 4 5
Picture . o Paarany @ @
Number of 0 1 3 6 )

connections

+1 +2 +3 +2

» Conjecture You can connect five collinear points 6 + 4, or 10 different ways.

Make and test a conjecture

4. The product of

three negative integers
is a negative integer.
Sample answer:

—2 .+ (=5) « (—4) = —40.

Numbers such as 3, 4, and 5 are called consecutive integers. Make and test a
conjecture about the sum of any three consecutive integers.
Solution
STEPT Find a pattern using a few groups of small numbers.
3+4+5=12=4+3 7+8+9=24=8-3
10+11+12=33=11-3 16+17+18=51=17+3
» Conjecture The sum of any three consecutive integers is three times the
second number.
STEP2 Test your conjecture using other numbers. For example, test that it
works with the groups —1, 0, 1 and 100, 101, 102.
-1+0+1=0=0+3V 100 + 101 + 102 =303 =101 - 3 v/

GUIDED PRACTICE = for Examples 3 and 4

3. Suppose you are given seven collinear points. Make a conjecture about the

number of ways to connect different pairs of the points. You can connect
seven collinear points 15 + 6 or 21 different ways.
4. Make and test a conjecture about the sign of the product of any three

negative integers.

2.1 Use Inductive Reasoning

~ Differentiated Instruction ————

strategies.

Below Level If students have difficulty with Example 2,
encourage them to concentrate on successive pairs of numbers.
Ask students whether they can add the same number each time
to get from one number to the next or whether they can multiply
by the same number each time to get from one number to the next.

See also the Differentiated Instruction Resources for more

Motivating the Lesson

Your favorite sports team has

won 6 consecutive games. Do you
think the team will win or lose the

7th game? If you answered, “win”,
you used inductive reasoning.

€3 TEACH

Extra Example 1

Describe how to sketch the fourth
figure in the pattern.
Figure 1 Figure 2 Figure 3

Each large region has twice as
many equal regions as the previ-
ous figure. Sketch the fourth figure
by dividing a square into 16 equal-
sized vertical rectangles. Shade
alternate regions.

Extra Example 2

Describe the pattern in the num-
bers 1000, 500, 250, 125, .. . and
write the next three numbers in the
pattern. Each number in the
pattern is one-half of the previous
number; 62.5, 31.25, 15.625

(Animated Geometry

my.hrw.com

An Animated Geometry activity is
available online for Example 2. This
activity is also part of Power
Presentations.

Extra Example 3

Given the pattern of triangles
below, make a conjecture about
the number of segments in a
similar diagram with 5 triangles.

JANVAVAVAVAN

71+ 2 + 2 = 11 segments

1. See Additional Answers.
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DISPROVING CONJECTURES To show that a conjecture is true, you must show
that it is true for all cases. You can show that a conjecture is false, however, by
simply finding one counterexample. A counterexample is a specific case for
which the conjecture is false.

Extra Example 4
Numbers such as 3, 11, 15, and 29 .

are odd numbers. Make and test a m Find a counterexample
conjecture about the product of

any two odd numbers The product Find a counterexample to disprove the student’s conjecture.
of any two odd numbers is odd.

A student makes the following conjecture about the sum of two numbers.

Conjecture The sum of two numbers is always greater than the
Extra Example 5 larger number.

Find a counterexample to disprove

the conjecture:
Supplementary angles are always To find a counterexample, you need to find a sum that is less than the

Solution

adjacent. larger number.
Sample: —2+-3=-5
—5%-2
= 135°
» Because a counterexample exists, the conjecture is false.
Extra Example 6 . .
Which conjecture could you make WGV R Standardized Test Practice
based on the graph? D
Drama Production Participation Which conjecture could a high school athletic director
S make based on the graph at the right?
@ : ELIMINATE CHOICES .
15 ! fecaise the sraph does ™ @ More boys play soccer than girls. Girls' Soccer Participation
£2 e : not show data about More girls are playing soccer 400
%8 i boys or the World today than in 2001. @ A
55 40 ¢ Cup games, you can S _ 300
23 : : =
ES ¢ eliminate choices @© More people are playing soccer Eg
238 204 ‘Aand C. today than in the past because 2§ 200
e the 2000 World Cup games were | £ 3
0 i i ©2 = 100
1984 1988 1992 1996 2000 2004 el i e Wl S =
Year (@ The number of girls playing soccer ?995 2000 2008
@ Participants have remained was more in 2001 than in 2007. Voar
steady since 1984.
The number of girls partici- Solution
pating in a drama production Choices A and C can be eliminated because they refer to facts not presented
exceeds the number of boys. by the graph. Choice B is a reasonable conjecture because the graph shows an
(© The number of participants increase over time. Choice D is a statement that the graph shows is false.
for West Side Story s over 50. » The correct answerisB. ® ® © ®@

(D) Participants have increased
steadily since 1990.

i GUIDED PRACTICE  for E les 5 and 6
Closing the Lesson v or Examples 5 an

Have students summarize the major 6. The number of girls

5. Find a counterexample to show that the following conjecture is false.

) playing soccer will .
points pfthe |es_50” and answer the increase; the number of Conjecture The value of x? is always greater than the value of x. Samfle ;‘ins;/ver.
Essential Question: How do you use girls playing soccer has 6. Use th binE le 6 « ) b Wb X=X =7
inductive reasoning in mathematics? increased every year for - Use the graph in Example 6 to make a conjecture that could be true.

more than 10 years. Give an explanation that supports your reasoning.

* A conjecture is an unproven
statement based on observations.

¢ You use inductive reasoning to find 66 Chapter 2. Reasoning and Proof

patterns and make conjectures. Differentiated Instruction

¢ A counterexample disproves a

conjecture. Below Level In Example 4, students can systemati- ~ Advanced Ask students to use algebra to examine
You use inductive reasoning to dis- cally examine the possible sums 0+ 1+ 2,1+ 2+ 3, the conjecture for Example 4. Ask them to describe
cover patterns. You conjecture that 2 + 3 + 4, and so on. The sums are the successive what they observe when they simplify n + (n + 1) +
the pattern will continue to hold multiples of 3. Students can factor 3 out of each sum (n + 2) and factor the result.
unless you find a counterexample. and note that each time, the other factor is the middle  See also the Differentiated Instruction Resources for
number in the expression. more strategies.
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2.1

EXERCISES

HOMEWORK: (7) = See WORKED-OUT SOLUTIONS |

KEY Exs. 7,15, and 33

X = STANDARDIZED TEST PRACTICE
Exs. 2,5, 19,22, and 36

| 4% = MULTIPLE REPRESENTATIONS
i EX.35

" SKILL PRACTICE

(]

: EXAMPLE 1

i for Exs. 3-5

7. The numbers
are 4 times the

previous number;

768.

8. The numbers
are % of the

previous number;

0.625.
: EXAMPLE 2

11. The numbers
are increasing
by successive
multiples of 3;
25.

: EXAMPLE 3

: EXAMPLE 4

1. VOCABULARY Write a definition of conjecture in your own words.

Sample answer: A guess based on observation
2. % WRITING The word counter has several meanings. Look up the word in

a dictionary. Identify which meaning helps you understand the definition
of counterexample. Sample answer: Contrary, opposite, opposing

SKETCHING VISUAL PATTERNS Sketch the next figure in the pattern. 3, 4. See margin.

. A A A 4,
s &by bt

PR

5. % MULTIPLE CHOICE What is the next
figure in the pattern? C

DESCRIBING NUMBER PATTERNS Describe the pattern in the numbers.
Write the next number in the pattern.

6. 1,5,9,13,... The numbers @3, 12,48,192,. ..
are increasing by 4; 17.

9. 4,3,1, -2, ... The rate of
decrease is increasing by 1;

8. 10,5,2.5,1.25,...

10. 1, %, %, 0,... The numbers 11. -5, -2,4,13,...
are decreasing by 1; -1

MAKING CONJECTURES In Exercises 12 and 13, copy and complete the
conjecture based on the pattern you observe in the specific cases.

12. Given seven noncollinear points, make a conjecture about the number of
ways to connect different pairs of the points.

Number of
points 3 4 5 6 7
Picture A W ?
Number of

?
connections 3 6 10 15

Conjecture You can connect seven noncollinear points _2? _ different ways. 21
13. Use these sums of odd integers: 3 + 7 =10,1+ 7 = 8,17 + 21 = 38
Conjecture The sum of any two odd integersis _? . even

2.1 Use Inductive Reasoning 67

= PRACTICE
AND APPLY

&

Assignment Guide

Answers for all exercises
available online

Exs. 1-8,12-22,32-34

Average:

Day 1:

Exs. 1-5, 8-20, 22-28 even, 32-36
Advanced:

Day 1:

Exs.1,2,4,5,610-13, 16, 17-21 odd,
22,23-27 odd, 29-38*

Block:

Exs. 1-5, 8-20, 22-28 even, 32-36
(with next lesson)

Differentiated Instruction

See Differentiated Instruction
Resources for suggestions on
addressing the needs of a diverse
classroom.

Homework Check

For a quick check of student under-
standing of key concepts, go over
the following exercises:

Basic: 3, 6, 12, 14, 33
Average: 4, 8, 13, 16, 33
Advanced: 5, 10, 13, 17, 33

Extra Practice
« Student Edition

- Chapter Resource Book:
Practice levels A, B, C

Practice Worksheet

An easily-readable reduced
practice page can be found at
the beginning of this chapter.

Differentiated Instruction

Visual Learners Before assigning Exercises 6-12, remind
students that they should always write a list of the differences
or ratios of consecutive numbers in each list of numbers in order
to see if there is a pattern.

See also the Differentiated Instruction Resources for more blue
strategies.

green
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: EXAMPLE 5 FINDING COUNTEREXAMPLES In Exercises 14-17, show the conjecture is false

i for Exs. 14-17 by finding a counterexample. 14-17. Sample answers are given.

14. If the product of two numbers is positive, then the two numbers

Teaching Strategy ﬁil::;ltl:rus must both be positive. —4 - —7 = 28
Exercises 6-11 If students have becomes @ The product (a + b)? is equal to a® + b?, for a # 0 and b # 0. (E; +42=7=49#3"+
difficulty describing the pattern in the next 16. All prime numbers are odd. 2 4=9+16=25
the numbers, ask them to write a denominator P TP '
separate phrase for each number while thte ) 17. If the product of two numbers is even, then the two numbers
and the next and then generalize "m':)"r':::a%rt'ﬁeo"e must both be even. 3-6 =18
from the phrases. For example, the denominator; & 18. ERROR ANALYSIS Describe and correct
DIERIEE 7 BETIBE ) Ml o2 .S o the error in the student’s reasoning. True conjecture: All angles are acute.
subtract 1, subtract 2, subtract 3, - duccessive All angles are not acute; some angles are _
and so on. ::l;u;all)::n;l;grs obtuse angles, some angles are acute, and Example: C
ubed; 21b. some angles are right.
Mathematical Reasoning 25.0.25 i being
Exercise 12 Ask students if itis added to each A B
possible to write a rule for the number; 1.45. B
number of connections by using n 26. The rate 19. % SHORT RESPONSE Explain why only one counterexample is necessary
for the number of number of points. of increase is to show that a conjecture is false. To be true, a conjecture must be true for all cases.

They may discover that the number increasing by

.. nln=1) L2 € ALGEBRA In Exercises 20 and 21, write a function rule relating x and y.
of connections is — 27. Multiply the
first number 20. x 1 > 3 21. x 1 > 3
Avoiding Common Errors by 10 to get the
. second number, y -3 -2 -1 )4 2 4 6
Exercise 16 Students may over- take half of the
look the one exception to the state- second number y=x-4 y=2x
P 22. % MULTIPLE CHOICE What is the first ber in th ttern? B
ment. Suggest that they list the to get the third . at1s the rst number 1n the pattern:
first 12 counting numbers and put a "“mhehha"d 2,2 2 81,243,729
check mark above those that have repeat the
oy ttern; 500. ® 1 3 © 9 @ 27
exactly two divisors. paftern:
28. The numbers D b in th b Write th
Mathematical Reasomng are 6 times MAKING .PREDICTIONS escribe a pattern in the num er.s. rite the next )
) . the previous number in the pattern. Graph the pattern on a number line. 23-28. See margin for art.
Exercises 20-21 Remind students number; 0.4(6)%.
that a function rule will express the 29, 1> 1:0 1| 282, 345 24. 1,8,27,64,125, ... 25. 0.45,0.7,0.95,1.2, . ..
alue of y, the dependent variable > 234
Y b A raising numbers 2 3
in terms of the value of x, the inde- greater than one 26. 1,3,6,10,15,... 27. 2,20, 10, 100, 50, . . . 28. 0.4(6), 0.4(6)7, 0.4(6)°, . ..
pendent variable. To discover the by successive ,
function rule, students can find the natural [C] 29. ®.ALGEBRA Consider the pattern 5, 57, 5r2,51°, ... For what values of
differences in successive y-values pumber powers rV\lnll th?f Val}ﬁes}?f thel: numfblilrs in thg patlger(ril be 1nc'rea?smg?lF(.)r what
and then use guess-and-checkto ::(;Ltita:::“t:e values of rwill the values of the numbers be decreasing? Explain.
Y"“t.e yltn ter:msk?;xi fﬁressl that IT( raising a number| 30, REASONING A student claims that the next number in the pattern
'fs BE D € .ecf T & ruhe Worl £ between 0 and 1,2,4,... is 8, because each number shown is two times the previous
or every pair of values in the table. 1 hty sulccesi)lve number. Is there another description of the pattern that will give the
":W":;?s"“m er same first three numbers but will lead to a different pattern? Explain. Yes; the rate of
P increase is increasing by 1, which would make the next number 7.
decreases the
result. 31. CHALLENGE Consider the pattern 1, 1%, 12, 1%, e

31a. Successive
powers of Tare
being added to

a. Describe the pattern. Write the next three numbers in the pattern.
b. What is happening to the values of the numbers? They are getting larger.

each number; c. Make a conjecture about later numbers. Explain your reasoning. They are getting
115 431 463 closer and closer to the number 2; the difference between 2 and each new term is getting smaller.
16° 32" 64
= See WORKED-OUT SOLUTIONS % = STANDARDIZED % = MULTIPLE
68 in Student Resources TEST PRACTICE REPRESENTATIONS
23. 26.
6 543
233 : 13 6 10 15 21
o1~
u ! i 0 6 12 18 24
21.
24. 2 10 20
1.8 27 64 125 216 oo | | L | | ¢
~—¢o{o—o——jo———+—o— 0 00 200 300 400 500
0 20 40 60 80 100 120 140 160 180 200 220 28
25. 0.4(6) 0.4(6)°
0.45,0.7, 0.95 /1.2/1.45 \0.4(6)2/ 0.4(6)*
| o | | | | | | | e

[l T T T T T T T T T
0 1 2 0 100 200 300 400 500
68



. PROBLEM SOLVING

[A] 32. BASEBALL You are watching a pitcher who throws two types of pitches, a
fastball (F, in white below) and a curveball (C, in red below). You notice
that the order of pitches was F, C, F, F, C, C, F, F, F. Assuming that this
pattern continues, predict the next five pitches. C,C,C,F F

: EXAMPLE6 @ STATISTICS The scatter plot shows the number of person-to-person

i for Ex. 33 e-mail messages sent each year. Make a conjecture that could be true.

Give an explanation that supports your reasoning. Sample answer: The number of e-mail
m ges will increase in

Worldwide E-mail Messages Sent 2004; the number of e-mail

m ges has incr d

for the past

7 years.

~

(=2

N

Number (trillions)
'S

1996 1997 1998 1999 2000 2001 2002 2003 X

34. VISUAL REASONING Use the pattern below. Each figure is made of squares
that are 1 unit by 1 unit.

L] | | | |

1 2 3 4 5
a. Find the distance around each figure. Organize your results in a table. See margin.

b. Use your table to describe a pattern in the distances. The distances are increasing each

c. Predict the distance around the 20th figure in this pattern. 80 units time hy 4 units.

35. 0:0 MULTIPLE REPRESENTATIONS Use the given % y
function table relating x and y. 3 _5
a. Making a Table Copy and complete the table. 20 1
b. Drawing a Graph Graph the table of values. 5 1
ee margin.
c. Writing an Equation Describe the pattern i 21 15
words and then write an equation relating 12 ? 25
xand y. Double the value of xand add 1 to the result, 15 31
y=2x+1.
2.1 Use Inductive Reasoning 69
34a. Figure number 1 2 | 3|4 |5 35b. J
(15, 31)
Distance around (units) ( 4 | 8 | 12 | 16 | 20 (12, 25)
(7, 15)
(5, 11)
Yo, 1)
=5 X
(=3, -5)




Analyze Conditional

! 2.2 Statements

[ Before You used definitions

@7 You will write definitions as conditional statements.

*2 PLAN AnD
PREPARE

Warm-Up Exercises
Also available online

w

@707 so you can verify statements, as in Example 2. Classify each of the following
’ angles as acute, right, or obtuse.
1.102° obtuse  2.37° acute

Key Vocabulary A conditional statement is a logical statement that has two parts, a .

« conditional hypothesis and a conclusion. When a conditional statement is written in 3.Find the Compl_ement and SUPPJE'
statement if-then form, the “if” part contains the hypothesis and the “then” part ment of ZXYZif m£XYZ = 80°.
converse, inverse, contains the conclusion. Here is an example: 10° 100°
contrapositive e . 4.1f XY = YZ,is Ythe midpoint of XZ?
. If it is raining, then there are clouds in the sky. . = p :

° ;‘f‘th‘:l‘ll form . . g, R g y, If not, give a counterexample.

D Hypothesis Conclusion No; X, ¥, and Zneed not be

« negation collinear.

* equivalent @ Rewrite a statement in if-then form Notetaking Guide
statements

Available online

* perpendicular lines Rewrite the conditional statement in if-then form. . . .
Promotes interactive learning and

« biconditional

statement a. All birds have feathers. notetaking skills.
b. Two angles are supplementary if they are a linear pair. Pacin g
Solution Basic: 2 days
Standard for Mathematical First, identify the hypothesis and the conclusion. When you rewrite Average: 2 days
Practice 3 Construct viable the statement in if-then form, you may need to reword the hypothesis Advanced: 2 days
?«;gsgnnei:;so?::hce"r?ueme or conclusion. Block: 0.5 block with previous lesson
a. All birds have feathers. 0.5 block with next lesson

If an animal is a bird, then it has feathers. + See Teaching Guide/Lesson Plan.

b. T 1 1 tary if th li ir.
I wo angles are  lincar pat,thn they are supplementary: €3 FOCUS anp
= MOTIVATE

Essential stion
/ GUIDED PRACTICE  for Example 1 € Questio

Big Idea 1
Rewrite the conditional statement in if-then form. How do you rewrite a biconditional
1. If the measure of an 1. All 90° angles are right angles. 2. 2x + 7 = 1, because x = —3. statement? Tell students they will
angle is 90°, then it is a Wh 9 n2 =81 - If x= —:ihthznl 2x+7=1 . learn how to answer this question
. ! 3. enn=29,n" =8l 4. Tourists at the Alamo are in Texas. s P
right angle. If n =9, then n? = 81. If tourists are at the Alamo, then by rewriting a statement and its

they are in Texas. converse.

NEGATION The negation of a statement is the opposite of the original statement.
Notice that Statement 2 is already negative, so its negation is positive.

Statement 1 The ball is red. Statement 2 The cat is not black.
Negation 1 The ball is not red. Negation 2 The cat is black.

Martha Granger/Edge Productions/HMH Photo

2.2 Analyze Conditional Statements 71

— Standards for Mathematical Content High school

CC.9-12.G.C0.9 Prove theorems about lines and angles.

(preparation for)

CC.9-12.G.C0.10 Prove theorems about triangles. (preparation for)
CC.9-12.G.C0.11 Prove theorems about parallelograms. (preparation for)
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Motivating the Lesson
Students have encountered many
situations in which one event leads
to another. For example, if they do
their homework, then they can
watch TV. Ask them about other
real-world situations that can be
described in if-then form.

€3 TEACH
Extra Example 1

Rewrite the conditional statement

in if-then form.

a.All whales are mammals. If an
animal is a whale, then itis a
mammal.

b.Three points are collinear if
there is a line containing them.
If there is a line containing three
points, then the points are
collinear.

W Key Question

Example 1

» How can you tell which statement
is the hypothesis in part (b). The
hypothesis follows the word “if.”

RACTICES

Extra Example 2

Write the if-then form, the con-
verse, the inverse, and the contra-
positive of the statement “Soccer
players are athletes.” Decide
whether each statement is true or
false.

If-then form: If you are a soccer
player, then you are an athlete;
true.

Converse: If you are an athlete,
then you are a soccer player; false.
Inverse: If you are not a soccer
player, then you are not an athlete;
false.

Contrapositive: If you are not an
athlete, then you are not a soccer
player; true.

: READ VOCABULARY

i Tonegatepartofa
: conditional statement,
t you write its negation.

VERIFYING STATEMENTS Conditional statements can be true or false. To
show that a conditional statement is true, you must prove that the conclusion

is true every time the hypothesis is true. To show that a conditional statement

is false, you need to give only one counterexample.

RELATED CONDITIONALS To write the converse of a conditional statement,
exchange the hypothesis and conclusion.

To write the inverse of a conditional statement, negate both the hypothesis
and the conclusion. To write the contrapositive, first write the converse and
then negate both the hypothesis and the conclusion.

Conditional statement If m£A = 99°, then A is obtuse. <—|

Converse If ZA is obtuse, then m£A = 99°. <“——oth  both
Inverse If mZA # 99° then A is not obtuse. <« false  true

Contrapositive If ZA is not obtuse, then m«£A # 99°.

m Write four related conditional statements

v

5.1f a dog is large, then
itis a Great Dane, false;
if a dog is not a Great
Dane, then it is not
large, false; if a dog is
not large, then it is not a
Great Dane, true.

6. If a polygon is regular,
then it is equilateral,
true; if a polygon is not
equilateral, then itis
not regular, true; if a
polygon is not regular,
then it is not equilateral,
false.

Write the if-then form, the converse, the inverse, and the contrapositive of
the conditional statement “Guitar players are musicians.” Decide whether

each statement is true or false.

Solution

If-then form If you are a guitar player, then you are a musician.
True, guitars players are musicians.

Converse If you are a musician, then you are a guitar player.
False, not all musicians play the guitar.

Inverse If you are not a guitar player, then you are not a musician.
False, even if you don’t play a guitar, you can still be a musician.

Contrapositive If you are not a musician, then you are not a guitar
player. True, a person who is not a musician cannot be a guitar player.

e

GUIDED PRACTICE | for Example 2

Write the converse, the inverse, and the contrapositive
of the conditional statement. Tell whether each
statement is true or false.

5. If a dogis a Great Dane, then it is large.

6. If a polygon is equilateral, then the polygon is regular.

EQUIVALENT STATEMENTS A conditional statement and its contrapositive
are either both true or both false. Similarly, the converse and inverse of a
conditional statement are either both true or both false. Pairs of statements
such as these are called equivalent statements. In general, when two

statements are both true or both false, they are called equivalent statements.
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" Differentiated Instruction :

Inclusion One way for students to remember the four types of
statements discussed in this lesson is to study the following:

Conditional (If x, then y.) Contrapositive (If not y, then not x.)
Converse (If y, then x.) Inverse (If not x, then not y.)

Stress that the form of each of the last three types is based on
the conditional statement.

See also the Differentiated Instruction Resources for more
strategies.
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: READ DIAGRAMS

: In a diagram, a red

i square may be used to
¢ indicate a right angle
or that two intersecting
¢ lines are perpendicular.

DEFINITIONS You can write a definition as a conditional statement in if-then
form or as its converse. Both the conditional statement and its converse are
true. For example, consider the definition of perpendicular lines.

i

> KEY CONCEPT For Your Notebook
Perpendicular Lines

Definition If two lines intersect to form a right angle, L

then they are perpendicular lines.

The definition can also be written using the converse: -
-~ If two lines are perpendicular lines, then they intersect

~ to form a right angle.

You can write “line £ is perpendicular to line m” as £ L m. L1lm

m Use definitions

1. True; linear

Decide whether each statement about the
diagram is true. Explain your answer using
the definitions you have learned.

«> «—>
a. ACL BD
b. ZAEBand £ CEB are a linear pair.

— —> .
c. EA and EB are opposite rays.

Solution

a. This statement is true. The right angle symbol in the diagram indicates
that the lines intersect to form a right angle. So you can say the lines
are perpendicular.

b. This statement is true. By definition, if the noncommon sides of adjacent
angles are opposite rays, then the angles are a linear pair. Because EA
and EC are opposite rays, ZAEB and £ CEB are a linear pair.

c. This statement is false. Point E does not lie on the same line as A and B,
so the rays are not opposite rays.

’Zﬂ'ﬂ‘&’ Geometry at my.hrw.com

pairs of angles are / GUIDED PRACTICE = for Example 3

supplementary.

8. False; itis not known
that FII =MH.

9. True; two intersecting
lines form 2 pairs of
vertical angles.

10. False; it is not known
that the lines intersect
to form right angles.

Use the diagram shown. Decide whether each statement is true.
Explain your answer using the definitions you have learned.

7. ZJMF and Z FMG are supplementary.
8. Point M is the midpoint of FH.
9. ZJMF and £ HMG are vertical angles.
<> >
10. FH1 ]G

2.2 Analyze Conditional Statements

Extra Example 3

Decide whether each statement
about the diagram is true. Explain
your answer using the definitions
you have learned.

«> «>

a.AC L BC True; the right angle
symbol indicates that the lines
intersect to form a right angle.
So you can say the lines are
perpendicular.

b.ZACD and 2 DCB are
complementary. True; by the
Angle Addition Postulate,
m~«£ACD + m~/ DCB = 90°, so
the angles are complementary
bl)definition.

¢. CD bisects £ ACB. False; since
X is positive, x° and 2x° cannot
be equal.

(fnimated Geometry

my.hrw.com

An Animated Geometry activity is
available online for Example 3. This
activity is also part of Power
Presentations.
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Extra Example 4

Write the definition of supplemen-
tary angles as a biconditional.
Definition: If the sum of the mea-
sures of two angles is 180°, then
the angles are supplementary.
Converse: If two angles are sup-
plementary, then the sum of their
measures is 180°. Biconditional:
The sum of the measures of two
angles is 180° if and only if the
angles are supplementary.

Key Question

Example 4

» What are the key words that let
you identify a statement as a
biconditional? if and only if

THEMATICAL
PRACTICES

Closing the Lesson

Have students summarize the major

points of the lesson and answer the

Essential Question How do you

rewrite a biconditional statement?

¢ A conditional statement can be
written in if-then form. The if part
is the hypothesis. The then part
is the conclusion. The statement
can be true or false.

¢ You can write the converse,
inverse, and contrapositive of a
conditional.

¢ A biconditional statement can bhe
written when a conditional
statement and its converse are
both true.

Write or rewrite the statement in

if-then form. Write its converse in

if-then form. Determine if both are

true. If so, rewrite them together

using if and only if.
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: READ DEFINITIONS

All definitions can be

BICONDITIONAL STATEMENTS When a conditional statement and its converse
are both true, you can write them as a single biconditional statement. A

: interpreted forward and biconditional statement is a statement that contains the phrase “if and only if.”

i backward in this way.

“

B2V IR Write a biconditional

Any valid definition can be written as a biconditional statement.

Solution

Write the definition of perpendicular lines as a biconditional.

Definition If two lines intersect to form a right angle, then they are perpendicular.

Converse If two lines are perpendicular, then they intersect to form a right angle.

Biconditional Two lines are perpendicular if and only if they intersect to form
aright angle.

11. An angle is a

right angle if and /
only if the measure

of the angle is 90°.

12. Mary is in the
theater class if and
only if she will be
in the fall play.

2.2 EXERCISES

GUIDED PRACTICE

for Example 4

HOMEWORK
KEY ;

11. Rewrite the definition of right angle as a biconditional statement.

12. Rewrite the statements as a biconditional.

If Mary is in theater class, she will be in the fall play. If Mary is in
the fall play, she must be taking theater class.

Exs. 11, 17 and 3

i % = STANDARDIZED TEST PRACTICE |

" SKILL PRACTICE

Exs. 2,25, 29, 33, 34, and 35

: EXAMPLE 1

6. The hypothesis 5,
and conclusion
are not written 6.
correctly; ifa
student is a high
school student,
then the student
takes four
English courses.

[A] 1. vOCABULARY Copy and complete: The _2

4. The measure of a straight angle is 180°.
If an angle is a straight angle, then its measure is 180°.

Only people who are registered are allowed to vote.

If a person is allowed to vote, then the person is registered to vote.

ERROR ANALYSIS Describe and correct the error in writing the if-then
statement.

Given statement: All high school students take four English courses.

If-then statement: If a high school student takes four courses, then
all four are English courses.
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1. If two angles are complemen-
tary, then they add to 90°; if two
angles add to 90°, then they are
complementary; if two angles are
not complementary, then they do
not add to 90°; if two angles do
not add to 90°, then they are not
complementary.

8. Ifitis an ant, then itis an insect;
ifitis an insect, then itis an ant;
ifitis not an ant, then it is not an
insect; if it is not an insect, then
itis not an ant.

of a conditional statement is
found by switching the hypothesis and the conclusion. converse

2. % WRITING Write a definition for the term collinear points, and show
how the definition can be interpreted as a biconditional. Points are collinear if one
line contains them; points are collinear if and only if one line contains the points.

REWRITING STATEMENTS Rewrite the conditional statement in if-then form.
3. When x = 6, x2 = 36. If x= 6, then x*> = 36.

X

9. If x=2, then 3x + 10 = 16;
if 3x + 10 = 16, then x = 2; if
x # 2, then 3x + 10 # 16; if
3x + 10 # 16, then x # 2.



: EXAMPLE 2

: for Exs. 7-15

: EXAMPLE 3

i for Exs. 16-18

16. True;

the diagram
indicates that

Z ABCis aright
angle and the
measure of a
right angle is 90°.

: EXAMPLE 4

17. False; there is
no indication of a
right angle in the
diagram.

18. True; by

the Angle
Addition
Postulate,
ms2+ m/3 =
mZ MNP, 2 MNP,
is a straight
angle and the
measure of a
straight angle

is 180°.

10. If a point is the midpoint of a segment, then the point bisects the
segment; if a point bisects a segment, then it is the midpoint of the
segment; if a point is not the midpoint of a segment, then the point
does not bisect the segment; if a point does not bisect a segment,

WRITING RELATED STATEMENTS For the given statement, write the if-then

form, the converse, the inverse, and the contrapositive. 7-10. See margin.
7. The complementary angles add to 90°. 8. Ants are insects.

9. 3x + 10 = 16, because x = 2. 10. A midpoint bisects a segment.

ANALYZING STATEMENTS Decide whether the statement is true or false. If
false, provide a counterexample.
@ If a polygon has five sides, then it is a regular pentagon.
. False; see margin forart.

12. If m£ Ais 85° then the measure of the complement of £ Ais 5°. true
13. Supplementary angles are always linear pairs.

False. Sample answer: m2 ABC = 60°, m£ GEF = 120°
14. If anumber is an integer, then it is rational. true
15. If a number is a real number, then it is irrational. False. Sample answer:2
USING DEFINITIONS Decide whether each statement about the diagram is
true. Explain your answer using the definitions you have learned.

16. m/ ABC = 90° @ PO L ST 18. mZ2 + mz3 = 180°

A

REWRITING STATEMENTS In Exercises 19-21, rewrite the definition as a
biconditional statement.

19. An angle with a measure between 90° and 180° is called obtuse.

An angle is obtuse if and only if its measure is between 90° and 180°.
20. Two angles are a linear pair if they are adjacent angles whose

noncommon sides are opposite rays. Two angles are a linear pair if and only if

they are adjacent angles whose noncommon sides are opposite rays.
21. Coplanar points are points that lie in the same plane.

Points are coplanar if and only if they lie in the same plane.
DEFINITIONS Determine whether the statement is a valid definition.

22, If two rays are opposite rays, then they have a common endpoint. not a good definition

23. If the sides of a triangle are all the same length, then the triangle
is equilateral. good definition

24. If an angle is a right angle, then its measure is greater than that of
an acute angle. nota good definition
25. % MULTIPLE CHOICE Which statement has the same meaning as the
given statement? A
GIVEN P You can go to the movie after you do your homework.
@® Ifyou do your homework, then you can go to the movie afterwards.
If you do not do your homework, then you can go to the movie afterwards.
(© Ifyou cannot go to the movie afterwards, then do your homework.

@ Ifyou are going to the movie afterwards, then do not do your homework.

2.2 Analyze Conditional Statements

11. Sample:

>

then it is not the midpoint of the segment.
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= PRACTICE
AND APPLY

&

Assignment Guide

Answers for all exercises
available online

Exs. 1-15, 31, 32

Day 2:

Exs. 16-25, 33, 34

Average:

Day 1:

Exs.1,2,4-10,13-15, 26-29, 31, 32
Day 2:

Exs. 16-25, 33-36

Advanced:

Day 1:

Exs.1,2,4,5,9,610, 14,15, 26-32*
Day 2:

Exs. 16—25, 33—39*

Block:

Exs.1,2,4-10,13-15, 26-29, 31, 32
(with previous lesson)

Exs. 16—25, 33—36 (with next
lesson)

Differentiated Instruction

See Differentiated Instruction
Resources for suggestions on
addressing the needs of a diverse
classroom.

Homework Check

For a quick check of student under-
standing of key concepts, go over
the following exercises:

Basic: 3, 8, 16, 19, 31
Average: 4, 13, 17, 20, 31
Advanced: 5, 14, 18, 21, 32

Extra Practice
- Student Edition

» Chapter Resource Book:
Practice levels A, B, C

—Practice Worksheet

An easily-readable reduced

practice page can be found at
the beginning of this chapter.
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Avoiding Common Errors

Exercises 6-10 Students often
make errors in deciding which part
of the statement is the hypothesis
and which partis the conclusion.
Suggest that they think of the
phrase before the verb as corre-
sponding to the hypothesis and the
phrase after the verb as corre-
sponding to the conclusion.

Study Strategy

Exercises 22-24 Ask students to
think of counterexamples when
trying to decide if a definition is a
good definition.

)@ Internet Reference

Exercises 31-32 For more informa-
tion about volcanoes, visit www.
geology.sdsu.edu/how_volcanoes_
work/Home.html

34bh. If the mean of the data is
between x and y, then x and y are
the least and greatest values in the
data set; false; the mean can lie
between two numbers in the data
set neither of which is the smallest
and/or largest.

34c. Mode. Sample answer: The
mode is the number that occurs
most often and has to be an element
of the set. The mean and median
can both be a number that is not in
the set.

36a. If igneous rock is formed,
then molten rock was cooled; if
sedimentary rock is formed, then
the rock was formed from pieces
of other rocks; if metamorphic
rock is formed, then there were
changes in temperature, pressure,
or chemistry.

76

26. If x> 0, then
x> 4; false.
Sample answer:
2 is greater than
zero hut not

greater than 4.@ 30

€3) ALGEBRA Write the converse of each true statement. Tell whether the
converse is true. If false, explain why.

26. If x> 4, then x> 0. 27. If x <6, then —x > —6.

If —x > —6, then x < 6; true.
29. % OPEN-ENDED MATH Write a statement that is true but whose converse
is false. Sample answer:1f the dog sits, she gets a treat.

28. If x< —x, then x<0.

CHALLENGE Write a series of if-then statements that allow you to

find the measure of each angle, given that m~21 = 90°. Use the 4
definition of linear pairs. 3(2
If £1 and £2 are linear pairs, then m£2 is 90°; if £1 and £4 are linear pairs,

then the m24is 90°; if 24 and 23 are linear pairs, then the m/ 3 is 90°.

. PROBLEM SOLVING

: EXAMPLE 4 [A] In Exercises 31 and 32, use the information about volcanoes to determine

i for Exs. 31-32

32. False;
d =1 mm (ash).

whether the biconditional statement is true or false. If false, provide a
counterexample.

VOLCANOES Solid fragments are sometimes ejected from volcanoes during
an eruption. The fragments are classified by size, as shown in the table.

31. Afragmentis called a block or bomb if and only

if its diameter is greater than 64 millimeters. true Type of Diameter d
fragment (millimeters)
Ash a<2
32. A fragment is called a lapilli if and only if its -
<
diameter is less than 64 millimeters. Lapilli 2<d<64
Block or bomb d>64

@ % SHORT RESPONSE How can you show that the statement, “If you play a

sport, then you wear a helmet.” is false? Explain.

Find a counterexample. Sample answer: Tennis is a sport, but the participants do not wear helmets.

34. % EXTENDED RESPONSE You measure the heights of your classmates to

34a. True, the
mean is the
average which
lies between the
smallest value
and the largest
value unless all
heights are the
same.

35. Sample
answer:If a
studentis a
member of the
jazz band, then
the studentis a
member of the
band but not the
chorus.
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get a data set.

a. Tell whether this statement is true: If x and y are the least and
greatest values in your data set, then the mean of the data is between
xand y. Explain your reasoning.

b. Write the converse of the statement in part (a). Is the converse true?
Explain. See margin.

c. Copy and complete the statement using mean, median, or mode
to make a conditional that is true for any data set. Explain your
reasoning. See margin.

Statement If a data set has a mean, a median, and a mode, then the _?
of the data set will always be one of the measurements.

If x<0, then x< —x; true.

35. % OPEN-ENDED MATH The Venn diagram
at the right represents all of the musicians
at a high school. Write an if-then statement
that describes a relationship between the
various groups of musicians.

Musicians

% = STANDARDIZED
TEST PRACTICE

= See WORKED-OUT SOLUTIONS
in Student Resources

Ezio Genelstti/Getty Images.



Logic Puzzles

MATERIALS - graph paper - pencils

How can reasoning be used to solve a logic puzzle?

@2EIXT: T Solve alogic puzzle

Using the clues below, you can determine an important mathematical
contribution and interesting fact about each of five mathematicians.

Copy the chart onto your graph paper. Use the chart to keep track of the
information given in Clues 1-7. Place an X in a box to indicate a definite
“no.” Place an O in a box to indicate a definite “yes.”

Clue 1 Pythagoras had his contribution

named after him. He was known to avoid /S
eating beans. = § a 2
Clue 2 Albert Einstein considered §/8.5/88/ /s
Emmy Noether to be one of the greatest (S § N ,§,$° §IS/S
mathematicians and used her work to é’ \"g? ; Sy §’§ 5 § S
show the theory of relativity. 2 ‘535 5/§) S ,55' 5
/OIS 2/ S v/

Clue 3 Anaxagoras was the first to §/5/8 §‘§'.§ 3/5/8/S
theorize that the moon’s light is actually $/SJS/T/LS/5/S/T)T
the sun’s light being reflected. Maria Agnesi X
Clue ¢ Julio Rey Pastor wrote a book at Anaxagoras X
age 17. Emmy Noether X

Julio Rey Pastor X
Clue 5 The mathematician who is fluent T A

in Latin contribute DiiCTieaibaans

Studied moonlight
Wrote a math book at 17
Fluent in Latin

Played piano




















































































































































