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INSTRUCTIONAL SUPPORT TOOLS

FOR ACHIEVING NEW STANDARDS

Precalculus e Unpacked Contents
For the new Standard Course of Study that will be effective in all North Carolina schools in the 2020-21 School Year.

This document is designed to help North Carolina educators teach the Precalculus Standard Course of Study. NCDPI staff are continually updating
and improving these tools to better serve teachers and districts.

What is the purpose of this document?

The purpose of this document is to increase student achievement by ensuring educators understand the expectations of the new standards. This
document may also be used to facilitate discussion among teachers and curriculum staff and to encourage coherence in the sequence, pacing, and units
of study for grade-level curricula. This document, along with on-going professional development, is one of many resources used to understand and teach
the NC SCOS.

What is in the document?

This document includes a detailed clarification of each standard in the grade level along with a sample of questions or directions that may be used during
the instructional sequence to determine whether students are meeting the learning objective outlined by the standard. These items are included to
support classroom instruction and are not intended to reflect summative assessment items. The examples included may not fully address the scope of
the standard. The document also includes a table of contents of the standards organized by domain with hyperlinks to assist in navigating the electronic
version of this instructional support tool.

How do | send Feedback?
Link for: Feedback for NC’s Unpacking Documents.
We will use your input to refine our unpacking of the standards. Thank You!

Just want the standards alone?
Link to: North Carolina Mathematics Standards




Precalculus Standards

Number and
Quantity

Algebra

Functions

Standards for Mathematical Practice

PC.N.1 Apply
properties of complex
numbers and the
complex number
system.

PC.N.1.1

PC.N.1.2

PC.N.2 Apply
properties and
operations with
matrices.
PC.N.2.1
PC.N.2.2
PC.N.2.3
PC.N.2.4
PC.N.2.5

PC.N.3 Understand
properties and
operations with
vectors.

PC.N.3.1

PC.N.3.2

PC.A.1 Apply properties of

solving inequalities that
include rational and
polynomial expressions in
one variable.

PC.A.1.1

PC.A1.2

PC.F.1 Understand key features
of sine, cosine, tangent,
cotangent, secant and cosecant
functions.

PC.F.1.1

PC.F.1.2

PC.F.1.3

PC.F.1.4

PC.A.2 Apply properties of
solving equations involving
exponential, logarithmic, and

PC.F.2 Apply properties of a unit

circle with center (0,0) to

trigonometric functions.
PC.A.2.1
PC.A.2.2
PC.A.2.3
PC.A2.4

determine the values of sine,
cosine, tangent, cotangent,
secant, and cosecant.
PC.F.2.1

PC.F.2.2

PC.F.3 Apply properties of
trigonometry to solve problems
involving all types of triangles.
PC.F.3.1

PC.F.3.2

PC.F.3.3

PC.F.4 Understand the relationship of
algebraic and graphical representations
of exponential, logarithmic, rational,
power functions, and conic sections to
their key features.

PC.F.4.1

PC.F.4.2

PC.F.4.3

PC.F.4.4

PC.F.4.5

PC.F.4.6

PC.F4.7

PC.F.4.8

PC.F4.9

PC.F.5 Apply properties of function
composition to build new functions from
existing functions.

PC.F.5.1

PC.F.5.2

PC.F.5.3

PC.F.54

PC.F.5.5

PC.F.5.6

PC.F.5.7

PC.F.6 Apply
mathematical reasoning
to build recursive
functions and solve
problems.

PC.F.6.1

PC.F.6.2

PC.F.7 Apply
mathematical reasoning
to build parametric
functions and solve
problems.

PC.F.7.1

PC.F.7.2



Standards for Mathematical Practice

Practice

Explanation and Example

Make sense of
problems and
persevere in solving
them.

In Precalculus (PC), students solve real world problems using their knowledge of numbers, functions, and algebra. Students seek the meaning of a problem and
look for efficient ways to represent and solve it. They may check their thinking by asking themselves, “What is the most efficient way to solve the problem?”,
“Does this make sense?”, and “Can | solve the problem in a different way?” Students also consider the reasonableness of intermediate results while applying
processes to solve complex equations.

Reason abstractly
and quantitatively.

In PC, students use algebraic, tabular, and graphical representations to reason about mathematical and real-world contexts. They examine patterns in their
processes. Students contextualize to understand the meaning of the number or variable as related to the problem. They mathematize problem situations to
manipulate symbolic representations by applying properties of operations.

Construct viable
arguments and

In PC, students construct arguments using verbal or written explanations accompanied by matrices, expressions, equations, functions, graphs, and tables. They
further refine their mathematical communication skills through mathematical discussions in which they critically evaluate their own thinking and the thinking of

critique the other students. They construct arguments to defend functions they have created to model contextual situations. They pose questions like “How did you get
reasoning of others. | that?”, “Why is that true?” “Does that always work?” They explain their thinking to others and respond to others’ thinking.
Model with In PC, students model problem situations symbolically, graphically, tabularly, and contextually. Students form expressions, generate functions, equations, or

mathematics.

inequalities from real world contexts and connect symbolic and graphical representations. Students determine whether the model and the constraints they
have constructed makes sense given the context of the problem.

Use appropriate
tools strategically.

In PC, students consider available tools when solving mathematical problems and decide when particular tools might be helpful. It is assumed that students in
PC will have access to graphing technologies (e.g., graphing calculator, Desmos) and spreadsheets. Students should examine results produced using technology
to determine if the solution makes sense and be aware of issues that may arise when selecting an appropriate scale for a graph or mode to evaluate an
expression. Students should also recognize when solving a problem by-hand is more efficient than a technology-assisted approach.

Attend to precision.

In PC, students use clear and precise language in their discussions with others and in their own reasoning. Students are aware of the effects of rounding on a
solution. They recognize the importance and meaning of the symbols they use. They attend to units when solving real-world problems and appropriately label
and interpret axes in graphs.

Look for and make
use of structure.

Students routinely seek patterns or structures to model and solve problems. In PC, students reason about the solution and determine whether a simplified form
is helpful for interpreting or using the result. Students are able to recognize key features of the graph of a function from its algebraic structure that may include
asymptotes, end behavior, zeroes, amplitude, or period.

Look for and
express regularity in
repeated reasoning.

In PC, students use repeated reasoning to make generalizations about patterns and structures. By using repeated reasoning students are able to synthesize
processes. For example, when examining a sequence of values students are able to develop a recursive function rule by identifying the repeated operations.

Use strategies and
procedures flexibly.

In PC, students make choices in using algebraic procedures and selecting mathematical representations to solve problems. Students should recognize that an
equation can be solved many ways which can include guess and check, algebraic, graphical, and tabular methods. Students should be able to use and make
sense of different solution strategies and determine which approach may be most efficient. For example, students solving the inequality 3x2 — 2x < 1 may
choose to solve this algebraically or graphically and recognize relationships between the two solution strategies.

Reflect on mistakes
and
misconceptions.

In PC, it is essential for students to reflect upon mistakes and misconceptions. Mistakes are often the cornerstone of learning. Successful students in this course
will reflect upon their own thinking and learning to maximize their potential to find optimal solutions efficiently. For example, when students are generating a
model of a situation they may need to assess the model and make refinements so that it represents the contextual situation more accurately.




Precalculus Instructional Blueprint

D
Unit Concept Duration Priori tyosct:m dards Supporting Standards oc:amg::t
PC.F.4.6 PC.F.4.5
Building Classroom Community
1 with Parent Functions & Key 2 -3 Days PC.F.4.9 PC.F.4.8 8-10
Features
PC.A.1.1 PC.A.1.2
PC.F.5.5 PC.F.5.1
PC.F.5.6 PC.F.5.2
Extending Polynomial and
2 ng roynor 4 Weeks PC.F.5.3 11-20
Rational Functions
PC.F.5.4
PC.F.5.7
PC.F.5.5 PC.F.5.1
PC.F.5.6 PC.F.5.2
Composition and Inverse
3 posttion : Y 1.5 - 2 Weeks PC.F.5.3 21-30
Functions
PC.F.5.4
PC.F.5.7
PC.F.4.2 PC.F.4.1
PC.F.4.4 PC.F.4.3
PC.F.5.6 PC.F.4.7
a Exponential and Logarithmic 3.5 4 Week PCE.6.1 p—
Functions ’ eeks e e 31-46
PC.A.2.2 PC.F.5.7
PC.F.6.2

PC.A2.1




Precalculus Instructional Blueprint

Unit Concept Duration Priorityosct:n dards Supporting Standards Do::gr::-nt

PC.F.1.3 PC.F.1.1
PC.F.1.4 PC.F.1.2
PC.F.3.2 PC.F.2.1

5 Trigonometry 4 — 4.5 Weeks 47-62
PC.F.5.6 PC.F.2.2
PC.A.2.3 PC.F.3.1
PC.F.3.3
PC.F.7.1 PC.F.7.2

6 Parametric Equations 3 Days 63 - 67
PC.A2.4
PC.N.2.5 PC.N.1.1
PC.N.3.1 PC.N.1.2
PC.N.2.1

7 ACT Prep 2 Days PC.N.2.2 68—-76
PC.N.2.3
PC.N.2.4
PC.N.3.2




Online Resources

e Mathematics | NC DPI NCDPI K-12 Mathematics Site.

e https://www.nc2ml.org/ (North Carolina Collaborative for Mathematics Learning, i.e. NC?ML) - NC network of support for teachers. Provides

resources, the ability to share best practices, and develop mathematical mindsets.



Conceptual
Category

Counting and

Cardinality Ratio and Proportions Algebra

Operations and Algebraic Thinking Functions

Number and Operations Base Ten

Number and
Quantity

Number and Operations
Fractions

Statistics and

Measurement and Data Probability

Statistics and Probability

Geometry
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Building Classroom Community with Parent Functions
& Key Features
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Unit 1: Building Classroom Community with Parent Functions & Key Features

Source: NC2ML Retrieved from: https://www.nc2ml.org/wp-content/uploads/2020/04/Precalculus-Instructional-FrameworkFINAL.pdf

Standards (Content):

It is recommended that the first week of the school year be spent engaging students with open-ended mathematics problems designed to support the students’
growth mindset. This first week is also an opportune time for setting up the classroom expectations and norms for collaborating with classmates and
participating in whole class discussions. Using this week strategically, this cluster is designed to also review prior knowledge involving Parent Functions & Key
Features of functions. This grounds the work of building mathematical community in a content area that will serve both the needs of the students (to review)
and the teacher (in terms of pacing).

What is the Mathematics?

e Recognize constant, linear, exponential, quadratic, square root, cubic, and absolute value functions from multiple representations including tables,
graphs, function rules, and verbal descriptions.
e Discuss the key features (including domain, range, intervals where the function is increasing, decreasing, positive, or negative, end behavior, minimum
and maximum ) from Math 1-3 courses.
e Develop mathematicians with positive attitudes about their ability to do mathematics by:
o Creating opportunities to develop an appreciation for mistakes
o Seeing mistakes as opportunities to learn
o Teaching students to take responsibility for their learning
e Develop mathematicians who respect others by:
o Demonstrating acceptance, appreciation, and curiosity for different ideas and approaches
o Establishing procedures and norms for productive mathematical discourse
o Consider other solution paths
e Develop mathematicians with a mindset for problem solving by:
o Encouraging student authority and autonomy when problem solving
o Emphasizing questioning, understanding, and reasoning about math, not just doing math for the correct answer
o Asking follow-up questions when students are both right and wrong
o Allowing students to engage in productive struggle and moving them along by questioning, not telling




Important Considerations:

For success, significant time should be spent setting up the classroom culture. This includes:

Developing classroom norms for communication (ex: non-verbal signals, listening and speaking expectations, talk moves for math discussions)
Developing math routines
Setting various expectations for the structure of the math block (ex: expectations for whole class instruction, cooperative learning, independent
learning, effective integration of technology, etc.)
Math discourse needs explicit modeling and practice. This includes students:

o Sharing their thinking

o Actively listening to the ideas of others

o Connecting to others’ ideas

o Asking questions to clarify understanding
Mathematical norms: http://www.youcubed.org/wp-content/uploads/Positive-Classroomhttp://www.youcubed.org/wp-content/uploads/Positive-
Classroom-Norms2.pdfNorms2.pdf

Formative Assessments/Tasks:

Parent Functions Card Sort http://www.mrseteachesmath.com/2014/12/parent-functionshttp://www.mrseteachesmath.com/2014/12/parent-
functions-matching-activity.htmlmatching-activity.html

Parent Function Polygraph: https://teacher.desmos.com/polygraph/custom/560ad6907701¢c30306330608
https://www.insidemathematics.org/sites/default/files/materials/sorting%20functions.pdf

Exponential Marble Slides: https://teacher.desmos.com/activitybuilder/custom/566b317b4e38ele21al0aafb

Linear Marble Slides: https://teacher.desmos.com/activitybuilder/custom/566b31734e38ele21al0aac8

Quadratic Marble Slides: https://teacher.desmos.com/activitybuilder/custom/566b31784e38ele21al0aade

Which One Doesn’t Belong: http://wodb.ca/graphs.html Graphs 16, 22, 27

Key Features of a Function exploration: https://teacher.desmos.com/activitybuilder/custom/564b8b6fa8e7fefaObad36b7

See https://www.youcubed.org/ for suggested activities on building classroom community
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Unit 2

Extending Polynomial and Rational Functions
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Unit 2: Extending Polynomial and Rational Functions

Source: NC2ML Retrieved from: https://www.nc2ml.org/wp-content/uploads/2020/04/Precalculus-Instructional-FrameworkFINAL.pdf

OCS Priority Standard(s):

Supporting Standard(s):

PC.F.4.6

Implement graphical and algebraic methods to solve optimization problems
given rational and polynomial functions in context with support from
technology.

PC.F.4.9

Interpret algebraic and graphical representations to determine key features of
conic sections (ellipse: center, length of the major and minor axes; hyperbola:
vertices, transverse axis; parabola: vertex, axis of symmetry).

PC.A.1.1

Implement algebraic (sign analysis) methods to solve rational and polynomial
inequalities.

PC.F.4.5

Interpret algebraic and graphical representations to determine key features of
rational functions. Key features include:

domain, range, intercepts, intervals where the function is increasing,
decreasing, positive or negative, concavity, end behavior, continuity, limits,
and asymptotes.

PC.F.4.8

Identify the conic section (ellipse, hyperbola, parabola) from its algebraic
representation in standard form.

PC.A.1.2

Implement graphical methods to solve rational and polynomial inequalities.

What is the Mathematics?

e Emphasis in this unit should be on the idea that many concepts they initially learned in M1-M3 we will now extend and apply to varied situations. (i.e.

discussing domain in context for polynomials and rational functions).

e Throughout the unit, the key features listed in 4.5 should be addressed, but every key feature does not need to be included in every problem.

e The standards related to Conic Sections include parabolas, ellipses, and hyperbolas in standard form. In Math 3, students “Translate between the

geometric description and the equation for a conic section. Derive the equation of a circle of given center and radius using the Pythagorean Theorem;
complete the square to find the center and radius of a circle given by an equation” (M3.G-GPE.1). Here, we build on these ideas so that Students can
identify each based on its algebraic representation in standard form, identify the key features included in F.4.9, and use these to graph conic sections

both by hand and with technology.

e Solving inequalities can be motivated by finding domains of square roots of rational/polynomial functions that leads to the sign analysis (A.1.1).

e For the benefit of student learning and engagement, utilize multiple representations (tabular, algebraic, graphical) to complement each standard within

this unit.

Important Considerations:

e Launch the unit with an optimization problem as an interesting hook (F.4.6). This can lead into theoretical work specific to finding domains of functions

and solving inequalities, then come back to this standard throughout the unit (classic box problem, cone, zip line task).

12




Students are asked to both build models given optimization problems and to analyze models given to them in context. Students can use technology to
find extreme values of the function.

Development of “sign chart” approach to characterizing positive/negative intervals (for use with inequalities, A.1.1), make connections to graphical
representations of polynomial/rational functions (A.1.2).

In Math 3, students work with rational expressions and solving rational equations when the denominator is linear (see for example, M3.A-APR.7, M3.A-
REI.2, M3.F-IF.7, and M3.F-IF.9). Now, the denominator may not be linear, so students should explore how this change affects key features including
domain, range, intercepts, intervals, concavity, end behavior, continuity, limits, and asymptotes.

In this early unit, limits should be addressed in terms of end behavior of functions or the behavior of functions near vertical asymptotes. The emphasis
should be on the qualitative behavior of functions. Notation will be introduced, and concepts formalized in later units.

Students should use both algebra and technology to understand continuity informally.

Global Perspectives:

Using optimization problems here sets students up for further exploration of optimization contexts in Calculus.

From an algebraic standpoint, we start with optimization, so we can talk about domain, etc., and inequalities can be analyzed using sign analysis. While
these same ideas can easily be determined using technology, the algebraic procedures are critical for derivative tests in Calculus.

A significant amount of time in this unit should be devoted to key features of rational functions (4.5) as this builds a foundation for exploration of the
behavior of functions in Calculus around first and second derivatives.

Formative Assessments/Tasks:

Zipline Task (optimization problem)

Key features of graphs: Lake Sonoma Task (lllustrative Mathematics)
Polygraph: Conics (Desmos)

Building Conic Sections (Desmos)

Polygraph: Rational Functions (Desmos)

Solving Polynomial Inequalities (Desmos)

13




Unit 2 Unpacking

Source: NC DPI Precalculus Unpacking Documents. Retrieved from https://www.dpi.nc.gov/nc-precalculus-unpacking-rev-june-2022

Supporting Standard: PC.F.4.5

PC.F.4.5 Interpret algebraic and graphical representations to determine key features of rational functions. Key features include:
domain, range, intercepts, intervals where the function is increasing, decreasing, positive or negative, concavity, end behavior, continuity, limits, and

asymptotes.

Clarification

Checking for Understanding

Students will extend the key features learned in Math 1-3 to include concavity,
horizontal, vertical and slant asymptotes and limits to describe end behavior
and asymptotes.

In Precalculus students are asked to interpret the features of the graph in
context. For example: The horizontal asymptote of a drug concentration
function indicates the concentration of the drug in the blood over the long-
term.

. . . 2x2—5x+2 .
Indicator: Given the function f(x) = 4 describe the key features.

Include domain and range, intercepts, intervals of increasing or decreasing,
intervals where the function is positive or negative, concavity, end behavior,
continuity, and asymptotes.

Answer:

Domain: (=0, —2) U (—2,0)  Range: (—,2) U (2, )
x—intercept:% y-intercept: —%
Increasing: (—oo, —2) U (—2,0) Decreasing: @

Positive: (—oo0,—2) U (%, ) Negative: (—2,%)
Concave Up: (—o0, —2) Concave Down: (—2, o)
lim f(x) =2 lim f(x) =2

Continuity: Hole at (2, z)
Vertical Asymptote: x = —2 Horizontal Asymptote: y = 2

Indicator: Use the given graph to
label and describe the key
features. Include domain and
range, intercepts, intervals where
the function is positive or
negative, and asymptotes.

14



Answer:

Domain (-, -2)u(-2,2)u(2,)
Range (==, ©)

Positive Intervals
(21)v@2, %)

yeint: (0, %)

-

\ Horizontal
Asymptote
=0

4

x-int: (1,0)

B i e Sttt
T D mmmmmmmmmmm oo

Negative Intervals
(-, -2)u(1,2)

Indicator: Given the function

2-4
fx) = );T' describe the key features. Include domain, range, intercepts,
and asymptotes.

Answer:

Domain: (—o,—1) U (—=1,0)  Range: (—o0, )

x-intercept: —2 and 2 y-intercept: —4

Vertical Asymptote: x = —1 Horizontal Asymptote: none

Slant Asymptote: y =x — 1

. . 5t : .
Indicator: The function: C(t) = 00iZi33 describes the concentration of a

drug in the bloodstream over time. In this case, the medication was taken
orally. Cis measured in micrograms per milliliter and t is measured in
minutes.
a. Sketch a graph of the function over the first two hours after the
dose is given. Label the axes.
b. Determine when the maximum amount of the drug is in the body
and the amount of that time.
c. Explain within the context of the problem the shape of the graph

between taking the medication orally (t=0) and the maximum point.

What does the shape of the graph communicate between the
maximum point and two hours after taking the drug?

15



5t

d. What are the asymptotes of the rational function C(t) = m?
What is the meaning of the asymptotes within the context of the
problem?

e. Expand the window of the graph to include negative values for t.
Discuss asymptotes.
Answers:
a.

C(t) (micrograms)

20

[ 20 40 60 80 100
t (min)

b. Maximum occurs at 18.17 minutes and that maximum is 13.76
micrograms.

c. Att=0, the concentration of the drug increases rapidly, and as it
approaches 18.17 minutes, the concentration is still increasing but it
increases at a slower pace. After t=18.17 min, the concentration of
the drug decreases slowly. At t=120 min, the concentration of the
drug is 4 micrograms.

d. The horizontal asymptote is C=0. This indicates that the
concentration of the drug in the blood system will eventually be
close to 0 micrograms.

e. The graph is asymptotic to the t-axis for negative values of
t. lim C(t) =0

to—oco

OCS Priority Standard: PC.F.4.6

PC.F.4.6 Implement graphical and algebraic methods to solve optimization problems given rational and polynomial functions in context with support from
technology.

Clarification Checking for Understanding

16



In Math 1 students solve optimization problems involving areas using quadratic
functions. In Math 3 students use polynomial functions to express and solve
problems involving volume and surface area

In Precalculus, students will create models from descriptions of scenarios in
real-world contexts. These models can include rational functions (which goes
beyond the models studied in Math 3). The creation of these models can also
include the algebraic skills of solving for one variable in terms of another in
order to create a function of one variable when the context involves more than
one variable as well as utilizing available technology.

Indicator: A container with a square base, rectangular sides, and no top is to
have a volume of 4m3.
a. Write a function of one variable for the surface

area of the container. i
b. Find the dimensions of the box with the 4\(
minimum surface area.
Lo
X

Answers:
a. Letxbe the length of the side of the base of the
box and h the height.
e 4 = x?h(volume formula)
. iz = h(solved for h)
X
e S =x?+ 4xh(surface area
formula)
o S=x%+4x (i) (substitute for h)
xZ

16 ™ oo
(] S = xz +7 21

S{x) (m"2)

b. Minimum surface area occurs when x =2
meters, the height of the box is 1 meter.

Indicator: A farmer wants to build a rectangular pen for her goats by
enclosing a rectangle of land bordered with a side of the barn as one side of
the region and with a fence on the other 3 sides. The farmer has a total of
125 feet of fencing.

a. Write a function of one variable for the area of the pen.

b. Find the dimensions of the rectangular region of maximum area.
Answers:

a. Create a model/function for the area of X
the pen in terms of one variable: -
2x+y=125and A =xy y_ /6[.\&\1
Using substitution, A = x(125 — 2x) -

b. The dimensions of the pen of maximum —
of area: x = 31.25ftand y = 62.5ft .

17




Supporting Standard: PC.F.4.8

PC.F.4.8 Identify the conic section (ellipse, hyperbola, parabola) from its algebraic representation in standard form.

Clarification

Checking for Understanding

In Math 1 students are familiar with the relationship between a quadratic
equation and a parabola. In Math 3 students demonstrate an understanding of
the equation of a circle by writing the equation using the center and radius or
by completing the square.

In Precalculus, they build on this knowledge to include other conic sections
(ellipses and hyperbolas) and describe conic sections in terms of a locus of
points.

Indicator: Identify the following conic section equations as an ellipse,
hyperbola, or parabola.

G=3) v X2 _v2 =
a. +9—1 b.16 ye=1 cx—y =1
Answers:
a. ellipse b. hyperbola c. parabola

OCS Priority Standard: PC.F.4.9

PC.F.4.9 Interpret algebraic and graphical representations to determine key features of conic sections (ellipse: center, length of the major and minor axes;

hyperbola: vertices, transverse axis; parabola: vertex, axis of symmetry).

Clarification

Checking for Understanding

In Math 1 and 2 students focus on vertical quadratics.

In Math 3, students utilize completing the square to write the equation of a
circle.

In Precalculus, students extend their knowledge of completing the square to
include horizontal parabolas, horizontal and vertical hyperbolas and horizontal
and vertical ellipses as well as describe the key features of each (e.g. ellipse:
foci, center, length of the major and minor axes; hyperbola: foci, vertices,
transverse axis; parabola: focus, vertex, axis of symmetry). Students should be
able to graph conic sections and identify key features.

Formative check:

Given the conic section 4x2 — 24x — 25y2 + 250y — 489 = 0, name the
conic and then use completing the square to write in standard form.
Answer:

r-57%  (x=3)* _
Hyperbola, T = 1

Indicator: Based on your identification of conic section equations below,
provide the appropriate key features for that conic section.

(x—3)2_y_2_ x_z_ 2 2
P 9—1 b.16 ye = cx—y =1
Answers:
a. Horizontal Ellipse with center at (3, 0); Major Axis length 8; Minor
axis length 6

b. Vertical Hyperbola with center at (0,0); Vertices at (0,4) and (0, -4);
Transverse Axis length 2
c. Horizontal Parabola with vertex at (1,0); Axis of Symmetry: y = 0

OCS Priority Standard: PC.A.1.1

PC.A.1.1 Implement algebraic (sign analysis) methods to solve rational and polynomial inequalities.

Clarification

Checking for Understanding

18



In Math 1, students solve linear inequalities in one variable. In Math 3, students
create inequalities in one variable that represent absolute value, polynomial,
exponential, and rational functions.

In Math 3, students solve rational and polynomial equations and are expected
to represent the solutions of an inequality using a number line and compound
inequalities using inequality and interval notation.

In Precalculus, students build on these concepts by creating and solving
inequalities in order to find the domain of various functions involving rational
and factorable polynomial functions and stating the domain of the function
using interval notation. Solutions include only real numbers. They also solve
more complex inequalities outside of finding domains.

Formative Check: Use sign analysis to identify the domain of

f -2 . . .
f where f(x) = fm. Use interval notation to describe your answer.

Answer: - -
f— XN~ - , -—

ad 2 >0 X+4- “+ R

x+4 &g

Domain: (—o0, —4) U [2, ) @—* é 2 &

Formative check: Use algebraic methods and sign analysis to find the

domain of the function f(x) = v3x? — 2x — 1. Use interval notation to
describe your answer.

Answer:
Gx+1Dx—-1)=0 Fr -" = b
Domain: (—00, —1] U[1, ) ' - *
3 @5 o
| 91 @

Formative check: Solve 2x* < —3x3 + 9x? using algebraic methods and
sign analysis. Use interval notation to describe your answer.

Answer:

x2(2x—3)(x+3) <0 x5 -\ - 4+

Solution: (—3,%) 45 -+ L+

Z—l—)—_; @0 % ®

Indicator: A ball is thrown vertically upward with an initial velocity of 80
feet per second. In the formula s = 80t — 16t?2, s is the height of the ball
from the ground in feet after t seconds. For what interval is the ball more
than 96 feet above ground?

Answer:

2<t<3

Supporting Standard: PC.A.1.2

PC.A.1.2 Implement graphical methods to solve rational and polynomial inequalities.

Clarification

\ Checking for Understanding
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In Math 3 students factor and solve equations involving higher-order
polynomials. They extend an understanding that the x-coordinates of the
points where the graphs of two equations y = f(x) and y = g(x) intersect are
the solutions of the equation f(x) = g(x) and approximate solutions using a
graphing technology.

In Precalculus, students apply their knowledge of factoring quadratics and
higher-order polynomials and extend this knowledge using technology to solve
inequalities.

Indicator: Use graphical methods to solve the inequalities using interval
notation to describe your answer.
3x2-2x <1
x(x+3)%(x—4)<0

a.
b.

Answers:

!

\

(1,1) _‘j:y}:

MM

f!

(-0.333,1) ‘51
0

V2

1

L x(?
Yot

(0,0)  (4.0)

’(7("*)

)
(-3.0)

100

a.Using the graph to the left, we see

that the parabola is less than or equal

to y=1for x’s in the interval [-}5,1] or
[-0.33,1].

b. Using the graph to the left, we can
see that the 4th-degree polynomial is
strictly less than O for x-values in the

interval (0,4).
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Unit3

Composition and Inverse Functions
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Unit 3: Composition and Inverse Functions

Source: NC>ML Retrieved from: https://www.nc2ml.org/wp-content/uploads/2020/06/NC-Math-4-Instructional-FrameworkFINAL2.pdf

OCS Priority Standard(s):

Supporting Standard(s):

PC.F.5.5

Deconstruct a composite function into two functions.

PC.F.5.6

Implement algebraic and graphical methods to find an inverse function of an
existing function, restricting domains if necessary.

PC.F.5.1

Implement algebraic procedures to compose functions.

PC.F.5.2

Execute a procedure to determine the value of a composite function at a given
value using algebraic, graphical, and tabular representations.

PC.F.5.3

Implement algebraic methods to find the domain of a composite function.
PC.F.5.4

Organize information to build models involving function composition.
PC.F.5.7

Use composition to determine if one function is the inverse of another
function.

What is the Mathematics?

e Students will use the knowledge of evaluating functions at a specific value to extend into composition of functions. They can build on the discussion of

function families to compose and get new functions.

e Understanding that one can take the “output” of one function and use that as the “input” for another function is important in contextual problem:s.
Students can consider specific numerical examples and also more general examples when we use the expression of one function as the input for
another. Using algebra to simplify the composition of the two functions can provide some practice in these algebraic skills.

e Students will also explore the connection between composition and the domain of a composite function. They can revisit the algebra and graphical

methods for finding domain from Unit 1.

e Students use what they learn about composition of functions to further explore inverse functions and use composition to show that one function is the

inverse of another.

Important Considerations:

e In M3, students “Build new functions from existing functions. Find an inverse function. Understand the inverse relationship between exponential and

logarithmic, quadratic and square root, and linear to linear functions and use this relationship to solve problems using tables, graphs, and equations.

Determine if an inverse function exists by analyzing tables, graphs, and equations. If an inverse function exists for a linear, quadratic and/or exponential

function, f, represent the inverse function, f-1, with a table, graph, or equation and use it to solve problems in terms of a context.” (NC.M3.FBF.4)

e Composition requires some more in-depth instruction that then can be revisited throughout each function-type cluster.
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The idea of composition (5.4) can be introduced with a contextual problem (i.e. Kohl’s cash problem- does the order matter?) Then, move into
procedural standards (5.1, 5.2, 5.3). Standard 5.4 would be revisited in a more in-depth application problem after procedures are mastered.

Students should explore ideas of composition and inverse both algebraically, tabular, and graphically.

Global Perspectives:

In Calculus, it’s important for students to understand the composition and decomposition of functions when learning how to apply the Chain Rule for evaluating

derivatives of compositions of functions.
Inverse functions play an important role in considering the relationship between exponential and logarithmic functions and then later in the year when students

study inverse trig functions. Understanding the graphical relationship between a function and its inverse and the idea of restricting the domain of a function so

that is one-to-one will be important later in the course as students study trig functions.
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Unit 3 Unpacking

Source: NC DPI Precalculus Unpacking Documents. Retrieved from https://www.dpi.nc.gov/nc-precalculus-unpacking-rev-june-2022

Supporting Standard: PC.F.5.1

PC.F.5.1 Implement algebraic procedures to compose functions.

Clarification

Checking for Understanding

In Math 3, students build new functions using arithmetic operations but do not
build new functions using composition.

In Precalculus students will recognize composition and be able to apply it.
Given two functions, students will be able to create a new function using the
operation of composition. They need to reason about domains when two
functions are composed. They also need to be able to recognize functions
within functions to describe them using composition.

In problems involving roots in the denominator, it is not necessary to
rationalize the denominator.

1

and g(x) = vx + 1. Find f(g(x)) and

Formative check: Given f(x) =

x2+4
g(f (x)).
Answers:
1 x+5
flg) = m and g(f(x)) = Py

Indicator: The price, p, and the quantity sold, x, of a certain product follow
the demand equation x = —5p + 100, where 0 < x < 20. The revenue for
the product is R = px.

a. Expressrevenue, R, as a function of x.

b. What price should the company charge to maximize revenue?
Answers:

R(x) = (—§+ ZO)x

b. Find the vertex, (50,500). The quantity sold is 50 units. The
maximum revenue is $500. —5?0 + 20 = p, the company should
charge $10 per unit.

Supporting Standard: PC.F.5.2

PC.F.5.2 Execute a procedure to determine the value of a composite function at a given value using algebraic, graphical, and tabular representations.

Clarification

Checking for Understanding

Students compare key features of two functions using different representations
by comparing the properties of the two functions, each with a different
representation. However, they do not do anything with composition of
functions in Math 3.

In Precalculus students will build an understanding of the fact that the input of
the first function produces an output, which then becomes the input for the

Indicator:
X -2 -1 0 1 2 3 4 5
f(x) 5 2 1 2 5 10 17 26
X -2 -1 0 1 2 3 4 5
gx) -1 1 3 5 7 9 11 13

Given the two functions above, find the following:
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second function. The output that is produced by this input is the output of the
composition. Students will be able to use multiple representations (algebraic,
graphical, and tabular) to evaluate the composition of two functions.

a. f(g(=2)) b. g(f(2))
c.(f - 9D d(g - HED
Answers:

a.2 b.13 c. 26 d.7

Indicator: Given the two functions, f(x) = 2x — 3 and g(x) = x% + 1, find
the following with the given values:

a. f(g(1)) b.g(f(—1))
c.(f - I3 d. (g ° 9)(0)
Answers:

a. 1 b. 26 c.—21 d.2

Indicator: Given the two functions in the graph, find the following:

a. f(g(=2))

b, 9(f@) L T A

¢ (f g4 S

d. (g H) B = et P I
Answers: s T e T e e N B O I O

a. —2 - =

b. 0.5 3

C 2 fi 0.: r:’

ool N SEdESsS ESETon

Supporting Standard: PC.F.5.3

PC.F.5.3 Implement algebraic methods to find the domain of a composite function

Clarification

Students are introduced to the concept of domain (input) and range (output) of
linear, exponential, and quadratic functions in Math 1. In Math 2, the concepts
of domain and range are extended to square root, inverse variation, and
transformed functions. In Math 3, the concept of domain and range is again
extended to piecewise, absolute value, polynomials, exponential, rational, and
trigonometric functions (sine and cosine).

In Precalculus students will build an understanding of the fact that the input of
the first function produces an output, which then becomes the input for the
second function. The output that is produced by this input is the output of the

Checking for Understanding
Formative check: If f(x) = ﬁ and g(x) = xz—J;l, find f(g(x)) and identify

its domain.
Answers:

%; In the function g(x), x # 0 and in the function f(x),x #

3, therefore g(x) # 3. This means that xz—J;l # 3.
The Domain is (—o0,0) U (0,%) U (%, )
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composition. Since this is the case, students will be able to find the domain of
the composition of two functions by first eliminating any value that cannot be
utilized in the domain of the inside function. Secondly, they will set the inside
function equal to value(s) that cannot be utilized in the outside function and
solve this equation. They must also eliminate this solution from the domain of
the composition.

Indicator: Jim works full time at an electronics store. His weekly salary is
$500 per week, plus a 4% commission for any sales over $6000. Jim sells
enough this week to earn his commission. If

f(x) =x—6000and g(x) = 0.04x, find g(f (x)), and explain what the
composition means. Identify its domain.

Answers:

g(f(x)) = 0.04(x — 6000);The composition represents the commission
Jim earns for one week. The domain of this function is x = 6000.

Supporting Standard: PC.F.5.4

PC.F.5.4 Organize information to build models involving function composition.

Clarification

Checking for Understanding

Precalculus students should be able to build algebraic models involving
function composition of existing models and interpret the meaning in terms of
a context. Students are not expected to use tables or graphs to build models.

Indicator: Suppose a group of students collected and analyzed data and
found that the number of hours per week that a college student studied and
the student’s final grade point average (GPA) could be modeled by
gpa(h) =+v0.5r + 0.9.
In this expression h represents the number of hours studied per week,
where h can take on any value from 0 hours to 30 hours. Another group
found that the relationship between students’ final GPAs and their first
salaries after college could be modeled by sal(g) = 6(2.7g + 3.8)% +
10,500, where g represents the GPA and can take on any value from 0 to 4.
a. Inthe context of the problem, consider the meaning of the
composition of these two functions.
b. Write an expression for the composition of the functions gpa(h)
and sal(g).
c. Find the domain of the composition.
Find the value of sal(g(ZS)) and explain its meaning in context.

Answers:
a. The composition represents the relationship between the number
of hours spent studying and their starting salary.

b. sal(g(h)) = 6(2.7V05h + 0.9 + 3.8)° + 10,500

Domain of composition [0,30] given in context

d. sal(g(h)) = $25872.86 is the starting salary for a student who
studies 25 hours per week.

o
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OCS Priority Standard: PC.F.5.5

PC.F.5.5 Deconstruct a composite function into two functions.

Clarification

Checking for Understanding

In Math 1 students are taught about different structures of functions when
they solve linear equations for y and when they factor polynomials. In Math 2
students expand on this concept when they complete the square and when
they transform functions. Math 3 students rewrite exponential functions,
polynomial functions, and rational functions using algebraic properties.

In Precalculus students will decompose the composition of functions into two
functions such that (f - g(x)) = H.

Indicator: Find functions f and g sothat (f = g) = H.
a. H(x)=3x-2)3
b. H(x) = V4 + x2
c. H(x)=|2x—5|
Answers:
a. f(x)=x%andg(x)=3x-2
b. f(x)=3VYxandg(x) =4+ x?
c. f(x)=|x]andg(x) =2x—-5

OCS Priority Standard: PC.F.5.6

PC.F.5.6 Implement algebraic and graphical methods to find an inverse function of an existing function, restricting domains if necessary.

Clarification

Checking for Understanding

In Math 3 students build an understanding of the inverse relationship between
exponential and logarithmic functions, quadratic and square root functions,
and linear to linear functions. They determine if an inverse exists by examining
tables, graphs, and equations. Students should be able to tell if a function or a
portion of the function has an inverse from the above-mentioned
representations. If an inverse exists for a linear, quadratic, or exponential
function, students find this inverse and represent it using inverse function
notation, f 1 (x). For quadratic functions students must be able to determine
the appropriate domain for the function to have an inverse.

In Precalculus students will extend their understanding of the inverse
relationship to polynomial functions, as well as the six trigonometric functions.
They will build an understanding of a function being one-to-one using the
horizontal line test. Students will also build on their ability to restrict the
domain of the original function in order for this function to be one-to-one.
Students will find an inverse graphically and algebraically.

Formative check:
2x+1

x+3°

a. Find the inverse of the function, f(x) =

b. State the domain of f.

c. State the domain and range of f ~1(x).
Answers:

a. fYx)= 32x__x1

b. Domain of f: (—o0,—3) U (=3, )

c. Domain of f71:(—,2) U (2,) and range of f~1: (—o0,—3) U

(_3' Oo)

Formative check: The function C(x) = %(x — 32) converts Fahrenheit

temperatures to Celsius temperatures.
a. Find the inverse.
b. Interpret its meaning.
Answers:

_ 9
a. C7l'(x)= SX +32
b. The function converts temperature measurements from Celsius to
Fahrenheit.
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Formative check: A rock is thrown into a puddle creating a ripple in the
water that travels outward at 30 cm/s.

a. Write a rule that models the radius as a function of time.

b. Find the inverse of the function.

c. Describe what the inverse represents.

Answers:
a. r(t) =30t
T
b. T(T) =5

c. The inverse tells us how long ago the rock was thrown based on the
largest radius.

Indicator: For the function graphed below: (Note: this is the same example

as the first Formative check with the Precalculus extension added.)
a. Graph the inverse. ; [

/
/

b. Istheinverse a function?

c. Explain how you know the new il
graph is the inverse of the original fiiiee
graph? 5w—~425 245 o 05 15 2l 3

d. Explain the relationship between

the two graphs

Answers:
a. Graph
b. Theinverse is a function because 2 i
the original graph passes the 2 r‘f
horizontal line test. Also, the 1= (f"'
inverse passes the vertical line test. ,-*/
c. The new graph is the inverse of the ,,,-;‘-“1‘

original graph because the x and y- ’ﬁ,,ﬁ»«'TL“’ﬁ

values for each ordered pair of the
original function have been [ A s

interchanged. This fact makes the
new function a reflection of the
original function over the line y = x.

28



d. This tells us that the original function is one-to-one.

Indicator: The function f(x) = x* is not one-to-
one. \
a. Find a suitable domain restriction for f ‘
that will result in a one-to-one function. —“‘_ .

b. Find the inverse of f. ‘

Answers:
a. One possible restriction is f(x) = x* whenx > 0.

This will make f(x) one-to-one.

1
b. f~1(x) = x+, whenx > 0.

N

J

Indicator: A large set of dice hanging from the rear-view mirror of a car has
a side that measures 3.5 cm.
a. Write a rule that models the Volume of the die as a function of its
side length.
b. Find the inverse of the function.
c. Describe what the inverse represents.

d.
Answers:
a. V(§)=S3
b. S(V) = ¥V
c. Theinverse tells us the length of the side of a cube given the

volume.
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Supporting Standard: PC.F.5.7

PC.F.5.7 Use composition to determine if one function is the inverse of another function.

Clarification

Checking for Understanding

In Math 3 students build an understanding of the inverse relationship between
exponential and logarithmic functions, quadratic and square root functions,
and linear to linear functions.

They determine if an inverse exists by examining tables, graphs, and equations.
If an inverse exists for a linear, quadratic, or exponential function, students find
this inverse and represent it using inverse function notation, f‘l(x).

In Precalculus students will extend their understanding of the inverse
relationship to polynomial and rational functions. Students will understand that
a function whose inverse is also a function is called a one-to-one

function. Students will also use composition to verify that two functions are
inverses of each other.

Formative check: Find the inverse of the one-to-one function, f(x) =
2¥x, verify your answer using composition.
Answer:

F =3

Verification:

) =

x3

(23x)° 8x
8 8
1) = 23 x_3 =2 (E) =x
8 2

Indicator: A student was asked to find the inverse of
g(x) = 4x — 5. The student’s work is shown below. Use composition to
show that the student is incorrect. Explain why the student is incorrect and
what should have been done to arrive at the correct answer.

Student’s work: The function g(x) = 4x — 5 involves two operations,

multiplying by 4 and subtracting 5. So, the inverse would include dividing

by 4 and adding 5. The inverse function is g~1(x) = %+ 5.

Answer:
Composing the function with what the student believes is the inverse
yields:

(g7 () = 4G +5)

1 _4x -5
g (@) = 2

Since g(g™1(x)) # x and g~ 1(g(x)) # x then the student’s work is
incorrect. The student recognized that the inverse function uses inverse
operations but failed to apply these operations in reverse order. In other
words, switch the x and y and solve for y.

x= 4y—5

1 _x+5
g () = 2

x + 20

+5 > 5ox43s
X7t TATY
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Unit 4

Exponential and Logarithmic Functions
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Unit 4: Exponential and Logarithmic Functions

Source: NC2ML Retrieved from: https://www.nc2ml.org/wp-content/uploads/2020/04/Precalculus-Instructional-FrameworkFINAL.pdf

OCS Priority Standard(s):

Supporting Standard(s):

PC.F.4.2

Integrate information to build exponential functions to model phenomena
involving growth or decay.

PC.F.4.4

Implement graphical and algebraic methods to solve exponential and
logarithmic equations in context with support from technology.

PC.F.5.6

Implement algebraic and graphical methods to find an inverse function of an
existing function, restricting domains if necessary.

PC.F.6.1

Use algebraic representations to build recursive functions.

PC.A.2.2

Implement properties of exponentials and logarithms to solve equations.

PC.F4.1

Interpret algebraic and graphical representations to determine key features of
exponential functions. Key features include: domain, range, intercepts,
intervals where the function is increasing, decreasing, positive or negative,
concavity, end behavior, limits, and asymptotes.

PC.F.4.3

Interpret algebraic and graphical representations to determine key features of
logarithmic functions. Key features include: domain, range, intercepts,
intervals where the function is increasing, decreasing, positive or negative,
concavity, end behavior, continuity, limits, and asymptotes.

PC.F.4.7

Construct graphs of transformations of power, exponential, and logarithmic
functions showing key features.

PC.F.5.1

Implement algebraic procedures to compose functions.

PC.F.5.7

Use composition to determine if one function is the inverse of another
function.

PC.F.6.2

Construct a recursive function for a sequence represented numerically.
PC.A.2.1

Use properties of logarithms to rewrite expressions.

What is the Mathematics?

e What students know about transformations of functions from M2-M3 should be applied here to exponential and logarithmic functions.

e The recursion topics include arithmetic and geometric growth and a combination of these exclusively.

e Students use properties of exponents and logs to rewrite expressions, solve equations, and apply them to contextual situations.

e Power functions are included after students study the graphs of exponential functions to compare rates of growth and understand the difference
between characteristics of power functions and exponential functions, including equations, graphs, and tables.

e Students are asked to both build models and to analyze models given to them in context. Technology is used when appropriate.

e Throughout the unit, the key features listed in 4.1 and 4.3 should be addressed, but every key feature does not need to be included in every problem.
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Limits should be formalized to describe the end behavior of exponential and log functions and the behavior of logs close to the vertical asymptote. This
builds on the previous emphasis on the qualitative behavior of functions. Limit notation will be part of this formalization.

For the benefit of student learning and engagement, utilize multiple representations (tabular, algebraic, graphical) to complement each standard within
this unit.

Important Considerations:

The order for standards should begin with the use of recursion to build exponential functions, then graphing exponential functions, then building
exponential models for contextual problems.

Students study the behavior of power functions and compare that behavior to the behavior of exponential functions before moving to logarithms.
Students solve exponential equations using technology (without the use of logarithms). Then, students should be introduced to logarithms using the fact
that the logs are inverses of exponential functions.

The properties of logs should be introduced later and then students can use logs and the properties of logs to solve exponential and log equations both
in theoretical and contextual problems. Compositions can be used to verify that logs and exponential functions are inverses of one another.

In Math 3, students “Build a function that models a relationship between 2 quantities” (M3.F-BF.1), including polynomial and exponential functions
“with real solutions, given a graph, a description of a relationship, or ordered pairs (include reading these from a table).” (BF.1a). This unit builds on this
foundation to further explore key features of these functions, compare exponential functions to power functions, and use exponential functions to
develop an understanding of logarithmic functions.

While it is important for students to be familiar with algebraic procedures, the verb implement refers to using a procedure with an unfamiliar task.

Global Perspectives:

With the understanding of exponential functions, students are able to graph curves that could describe/model real-world situations such as the population of
bacteria or the temperature of an object over time. Using their knowledge of the end behavior of an exponential function, students can describe that end
behavior of the model in context and use that information to find parameter values for the exponential model. These applications are often studied in Calculus
where students are asked to both predict the long-term behavior of a function (limits) and the local behavior such as whether the function is increasing or
decreasing or concave up or down.

Formative Assessments/Tasks:

Medicine task
Logistic Growth Model (lllustrative Mathematics)
Feel the Noise (PBL unit on logarithms)
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Unit 4 Unpacking

Source: NC DPI Precalculus Unpacking Documents. Retrieved from https://www.dpi.nc.gov/nc-precalculus-unpacking-rev-june-2022

Supporting Standard: PC.F.4.1

PC.F.4.1 Interpret algebraic and graphical representations to determine key features of exponential functions. Key features include: domain, range, intercepts,

intervals where the function is increasing, decreasing, positive or negative,
concavity, end behavior, limits, and asymptotes.

Clarification

Checking for Understanding

In Math 1, students identify and interpret parts of an exponential equation as
well as evaluate exponential growth and decay. They also create and graph
exponentials.

In Math 3, students identify key features including asymptotes and end
behavior.

In Precalculus, students extend their knowledge of key features to include
concavity based on the graph of a function. Students should use limits to
describe asymptotes and end behavior. They should also describe limits from
the left, right and overall for rational functions.

Indicator: Given the function f(x) = 4x + 1, describe the key features.
Include domain, intercepts, range, intervals of increasing, decreasing,
positive or negative, concavity, end behavior, and asymptotes.

Answer:

Domain: all real numbers
x-intercept: @

Increasing: all real numbers
Positive: all real numbers
Concave Up: all real numbers
lim f(x) = o

X—>00

Vertical Asymptotes: none

Range: [1, o)
y-intercept: 2
Decreasing: @
Negative: @
Concave Down: @
xgmmf(x) =1
Horizontal Asymptotes: y = 1
Indicator: Use the given graph to label and 2
describe the key features. Include domain
and range, intercepts, intervals of increasing
or decreasing, concavity, end behavior, and

asymptotes. /

Answer:
Domain: all real numbers
x-intercept: @

Range: (—oo0, —1)

y-intercept: —2

Increasing: all real numbers Decreasing: @

Concave Up: @ Concave Down: all real numbers
lim f(x) = -1 lim f(x) = —o

X—00 X—>—00

Vertical Asymptotes: none Horizontal Asymptotes: y = —1
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OCS Priority Standard: PC.F.4.2

PC.F.4.2 Integrate information to build exponential functions to model phenomena involving growth or decay.

Clarification

Checking for Understanding

In Math 1 students build exponential functions from geometric sequences to
model growth and decay. They know that the base, 1 + r, is the growth/decay
factor, where r is the growth/decay rate.

Students have NOT been exposed to continual growth and decay with a base of
e.

Precalculus students should be familiar with exponential functions and
recognize situations for which an exponential function is an appropriate model.
They are expected to use logarithms to solve exponential equations.

Indicator: A new computer cost $1500 but it depreciates in value by about
18% each year. Write a model that indicates the value of the computer at t
years.

Answer:

y = 1500(1 — 0.18)¢

Indicator: A biologist is researching a newly discovered species of bacteria.
Attimet = 0 hours, he puts 150 bacteria into what he has determined to
be a favorable growth medium. Six hours later, he measures 600 bacteria.
Use the formula N = Nye*t, where N, is the original population, k is the
growth constant and t is time passed.
a. Assuming exponential growth, what is the growth constant "k" for
the bacteria? (Round k to two decimal places.)
b. When will the biologist have a population of 5000 bacterium?
(Round to two decimal places)
Answers:
a. k=023
b. 15.25 hours

Supporting Standard: PC.F.4.3

PC.F.4.3 Interpret algebraic and graphical representations to determine key features of logarithmic functions. Key features include: domain, range, intercepts,
intervals where the function is increasing, decreasing, positive or negative, concavity, end behavior, continuity, limits, and asymptotes.

Clarification

Checking for Understanding

Students will extend the key features learned in Math 1-3 to include concavity,
horizontal, vertical and slant asymptotes and limits to describe end behavior
and asymptotes for logarithmic functions.

Indicator: Given the function f(x) = logs x — 1, describe the key features.
Include domain and range, intercepts, intervals of increasing or decreasing,
intervals where the function is positive or negative, concavity, end behavior,
and asymptotes.
Answer:

Domain: (0, )
x-intercept: 3
Increasing: (0, o)
Positive: (3, )

Range: (—o0, )
y-intercept: @
Decreasing: @
Negative: (0,3)
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Concave Up: @
lim f(x) = o
X—00

Vertical Asymptotes: x = 0

Concave Down: (0, o)
lim f(x) = —
x—0%

Horizontal Asymptotes: none

Indicator: Use the given graph to label and
describe the key features. Include
intercepts, intervals of increasing or
decreasing, Intervals of where the function
is positive or negative, concavity and
asymptotes.

Answer:

Decreasing (-, «)

Positive (- =, 3)

X-intercept (3, 0)

Negative (3, «)

“| Concave up - graph is
above all tangent lines

Vertical Asymptote at
Jgx=2

OCS Priority Standard: PC.F.4.4

PC.F.4.4 Implement graphical and algebraic methods to solve exponential and logarithmic equations in context with support from technology.

Clarification

Checking for Understanding

In Math 3 (NC.M3.F-LE.4) students solve exponential and logarithmic equations
algebraically using their understanding of the inverse relationship between the
two functions. They are also able to solve graphically with the use of
technology or solve using tables.

In Precalculus students use properties of logarithms to solve real-world
problems with and without technology.

Indicator: The function T(t) = 115e %943t + 70 represents the
temperature of a cup of hot chocolate on a cold winter’s day, where t is the
time after the liquid is served (measured in minutes), and T is temperature
measured in degrees Fahrenheit.

a. What is the initial temperature of the liquid?

b. When will the temperature of the hot chocolate be 85 degrees

Fahrenheit?

Answers:
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a. 185°F
b. approximately 47 min

Indicator: The number, n, of college graduates in thousands after t years
can be modeled by n = 48logs(t + 5). Lett = 0 represent 1985.

a. How many college graduates were there in 20117?

b. What year will there be 125,000 college graduates?
Answers:

a. 102,000 graduates

b. 2046

Supporting Standard: PC.F.4.7

PC.F.4.7 Construct graphs of transformations of power, exponential, and logarith

mic functions showing key features.

Clarification

Checking for Understanding

Students will extend the key features learned in Math 1-3 to include concavity,
horizontal, vertical and slant asymptotes as well as limits to describe end
behavior and asymptotes. Students can solve exponential and log equations to
give the exact values of x- and y-intercepts.

Indicator: Construct a graph for each of the functions without the use of
technology. Label and describe the key features of each function. Include:
domain, range, intercepts, intervals where the function is increasing or
decreasing, intervals where the function is positive or negative, concavity,
end behaviors, and asymptotes.

a. f(x)=3Vx+1

b. f(x) =2In(x —4)

c. f(x)=e*-=5
Answers:
a.
Domain: [0, o) Range: [1, o)
x-intercept: none  y-intercept: (0,1)
Increasing: (—oo, 00)
The function is positive for all x-values in the
domain: (—o0, )
The function is always concave down.
lmfG)=e  lm f(x)=1

No asymptotes
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b.

Domain: (4, )
x-intercept: (5,0)
Increasing: (—oo, )
The function is positive when x is (5, o)
The function is negative when x is (4,5)
The function is always concave down.

lim fG) =0 lim f(x) = —oo

X—00

Vertical asymptote: x = 4
Horizontal asymptote: none

Range: (—oo, 00)
y-intercept: none

c.
Domain: all real numbers
Range: (=5, o)

x-intercept: (—1In(5),0)
y-intercept: (0, —4)
The function is always decreasing:

(=00, )

The function is positive when x is
(=0, =1In(5))

The function is negative when x is
(=In(5), )

The function is always concave up.
lmf@)=~5  lim f() =0
Vertical asymptote: none

Horizontal asymptote: y = —5

Supporting Standard: PC.F.5.1

PC.F.5.1 Implement algebraic procedures to compose functions.

Clarification

Checking for Understanding

In Math 3, students build new functions using arithmetic operations but do not
build new functions using composition.

In Precalculus students will recognize composition and be able to apply it.
Given two functions, students will be able to create a new function using the
operation of composition. They need to reason about domains when two
functions are composed. They also need to be able to recognize functions
within functions to describe them using composition.

Formative check: Given f(x) = le
g(f (x)).
Answers:
1
flg@) = — andg(f () =

(Vx+1) +4

" and g(x) = vx + 1. Find f(g(x)) and

x+5
x+4
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In problems involving roots in the denominator, it is not necessary to
rationalize the denominator.

Indicator: The price, p, and the quantity sold, x, of a certain product follow
the demand equation x = —5p 4+ 100, where 0 < x < 20. The revenue for
the productis R = px.

a. Expressrevenue, R, as a function of x.

b. What price should the company charge to maximize revenue?
Answers:

a. R(x)= (—§+ ZO)x

b. Find the vertex, (50,500). The quantity sold is 50 units. The
maximum revenue is $500. —5—50 + 20 = p, the company should
charge $10 per unit.

OCS Priority Standard: PC.F.5.6

PC.F.5.6 Implement algebraic and graphical methods to find an inverse function of an existing function, restricting domains if necessary.

Clarification

Checking for Understanding

In Math 3 students build an understanding of the inverse relationship between
exponential and logarithmic functions, quadratic and square root functions,
and linear to linear functions. They determine if an inverse exists by examining
tables, graphs, and equations. Students should be able to tell if a function or a
portion of the function has an inverse from the above-mentioned
representations. If an inverse exists for a linear, quadratic, or exponential
function, students find this inverse and represent it using inverse function
notation, f ~1(x). For quadratic functions students must be able to determine
the appropriate domain for the function to have an inverse.

In Precalculus students will extend their understanding of the inverse
relationship to polynomial functions, as well as the six trigonometric functions.
They will build an understanding of a function being one-to-one using the
horizontal line test. Students will also build on their ability to restrict the
domain of the original function in order for this function to be one-to-one.
Students will find an inverse graphically and algebraically.

Formative check:
2x+1

x+3°

a. Find the inverse of the function, f(x) =

b. State the domain of f.
c. State the domain and range of f ~1(x).
Answers:
3x-1

a. f) =2

b. Domain of f: (=0, —3) U (=3, )

c. Domain of f71:(—,2) U (2, ) and range of f ~1: (—o0,—3) U
(=3, )

Formative check: The function C(x) = g(x — 32) converts Fahrenheit

temperatures to Celsius temperatures.
a. Find the inverse.
b. Interpret its meaning.
Answers:

9

a. C7l(x) = = (x +32)

b. The function converts temperature measurements from Celsius to
Fahrenheit.
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Formative check: A rock is thrown into a puddle creating a ripple in the
water that travels outward at 30 cm/s.

a. Write a rule that models the radius as a function of time.

b. Find the inverse of the function.

c. Describe what the inverse represents.

Answers:
a. r(t) =30t
T
b. T(T) =5

c. The inverse tells us how long ago the rock was thrown based on the
largest radius.

Indicator: For the function graphed below: (Note: this is the same example

as the first Formative check with the Precalculus extension added.)
a. Graph the inverse. ; [

/
/

b. Istheinverse a function?

c. Explain how you know the new il
graph is the inverse of the original i
graph? 5w—~425 245 o 05 15 2l 3

d. Explain the relationship between

the two graphs

Answers:

a. Graph

b. The inverse is a function because - 7
the original graph passes the 2 fif
horizontal line test. Also, the e Eama A
inverse passes the vertical line test. Pl

c. The new graph is the inverse of the 1_’45""1'
original graph because the x and y- 4‘:,:),,#‘1:-‘%‘975
values for each ordered pair of the

2 -5 1 -0l5 ol5 115

original function have been L Ws
interchanged. This fact makes the l

new function a reflection of the
original function over the line y = x.
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d. This tells us that the original function is

one-to-one. 1 "‘
Indicator: The function f(x) = x* is not one-to- \ ‘c‘J
one. “ T
a. Find a suitable domain restriction for f AV
that will result in a one-to-one function. "
b. Find the inverse of f. NP,
Answers:

N

a. One possible restriction is f(x) = x* whenx > 0.
This will make f(x) one-to-one.
1

b. f~1(x) = x+, whenx > 0.

Indicator: A large set of dice hanging from the rear-view mirror of a car has
a side that measures 3.5 cm.

a.
side length.
b. Find the inverse of the function.
c. Describe what the inverse represents.
Answers:
a. V(§)=S3
b. S(V) =3IV
c. Theinverse tells us the length of the side of a cube given the

Write a rule that models the Volume of the die as a function of its

volume.
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Supporting Standard: PC.F.5.7

PC.F.5.7 Use composition to determine if one function is the inverse of another function.

Clarification

Checking for Understanding

In Math 3 students build an understanding of the inverse relationship between
exponential and logarithmic functions, quadratic and square root functions,
and linear to linear functions.

They determine if an inverse exists by examining tables, graphs, and equations.
If an inverse exists for a linear, quadratic, or exponential function, students find
this inverse and represent it using inverse function notation, f‘l(x).

In Precalculus students will extend their understanding of the inverse
relationship to polynomial and rational functions. Students will understand that
a function whose inverse is also a function is called a one-to-one

function. Students will also use composition to verify that two functions are
inverses of each other.

Formative check: Find the inverse of the one-to-one function, f(x) =
2¥x, verify your answer using composition.

Answer:
%3
f1) = I}
Verification:
373
2 8
F(roo) = L B

-2

Indicator: A student was asked to find the inverse of
g(x) = 4x — 5. The student’s work is shown below. Use composition to
show that the student is incorrect. Explain why the student is incorrect and
what should have been done to arrive at the correct answer.
Student’s work: The function g(x) = 4x — 5 involves two operations,
multiplying by 4 and subtracting 5. So, the inverse would include dividing

by 4 and adding 5. The inverse functionis g~1(x) = %+ 5.

FFe0) =2

Answer:
Composing the function with what the student believes is the inverse
yields:

g7 () = 4G +5)

-1 _4x—5
g (gx) = 2

Since g(g™1(x)) # x and g~ 1(g(x)) # x then the student’s work is
incorrect. The student recognized that the inverse function uses inverse
operations but failed to apply these operations in reverse order. In other
words, switch the x and y and solve for y.

-1 — X*5
g () =~

x + 20

45 = x—245=x+432
TXTRTTXATY

x=4y—-5
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OCS Priority Standard: PC.F.6.1

PC.F.6.1 Use algebraic representations to build recursive functions.

Clarification

Checking for Understanding

In Math 1 students translated between recursive and explicit arithmetic and
geometric sequences.

In Precalculus students analyze contextual situations and write recursive

equations that go beyond geometric or arithmetic relationships. Series are not

an expectation.

Indicator: Shaneka has a headache and decides to take a 200 mg ibuprofen
tablet for her pain. The drug is absorbed into her system and stays in her
system until the drug is metabolized and filtered out by her liver and
kidneys. Every four hours, Shaneka’s body removes 67% of the ibuprofen
that was in her body at the beginning of that four-hour period.

a. Write a set of recursive equations that represent the amount of
ibuprofen in Shaneka’s body at the end of each four-hour period.

b. If Shaneka takes 400 mg every four hours after her initial dose of
200 mg, write a set of recursive equations that represent the
amount of ibuprofen in Shaneka’s body at the end of each four-hour
period.

Answers:

a. Dy=200 D,=D,_1—0.67D,_1 or D, =0.33D,,_; wherenis
measured in 4-hour periods.

b. Dy=200 D,=D,_,—-0.67D,_;+400 or D, =0.33D,,_; +
400 where n is measured in 4-hour periods.

Indicator: A population of fish in a pond decreases each month by 20%. The
pond is restocked each month by adding 100 fish. If the initial population of
fish is 250.
a. Write a set of recursive equations that gives the population of the
fish pond over time.
b. What is the population of the fish after 1 year?
¢. What is the fish population in the long run?
Answers:
a. Fy =250 F,=F,_;—0.20F,_{+ 100 or E, = 09F,_; + 100
where nis measured in months.
. The fish population is approximately 483 fish after 12 months.
c. Inthelong run, the fish population will stabilize to 500 fish.
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Supporting Standard: PC.F.6.2

PC.F.6.2 Construct a recursive function for a sequence represented numerically.

Clarification

Checking for Understanding

This extends what students learn in Math 1, recognizing recursively defined
relationships from tables.

In Precalculus, students create recursive equations that go beyond arithmetic
and geometric sequences. Series are not an expectation.

Indicator: Given the values shown to the right, write a 1 20
recursive function that represents the sequence of values
in the table. 2 40
Answer:
.. . . 3 80
Noticing that the new value is double the previous value,
we can write: x, = 2x,_4 4 160
5 320

Indicator: Given the values shown, write a recursive

function that represents the sequence of values in the table.

Answer:

Consider the differences between consecutive terms, we see that these are
2,1, 0.5, 0.25. Each difference is % that of the previous difference. The
sequence “starts” at 4 so we can add % of the previous term to 4 which

. . 1
leads us to the recursive equation: x, = -x,_1 + 4
2

Supporting Standard: PC.A.2.1

PC.A.2.1 Use properties of logarithms to rewrite expressions.

Clarification

Checking for Understanding

In Math 3, students use logarithms to solve equations such as abt = d, where
a, b and c are real numbers.

In Precalculus, students will extend their knowledge of properties of logarithms
to rewrite expressions involving logarithms.

Indicator: Rewrite the following expressions as a single term:
a. log(x —3) +log(x +4)
b. log(x —3) —log(x + 4)
c. 3log(x) —log(x — 2)
d. 2log(x + 1) + 3log(x)
Answers:

log((x -3+ 4))
b. log (i—:)

log (=)

log(x3(x + 1D?)

Q

a o
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Indicator: Use the properties of logarithms to rewrite the expressions as
single logarithms:
a. logg5+ 2logg 2 + 4logg x

b. 4In(x) + %ln(x) —1In(y)

Answers:
a. logg(20x%)
4
b. In~ \Z/E

OCS Priority Standard: PC.A.2.2

PC.A.2.2 Implement properties of exponentials and logarithms to solve equations.

Clarification

Checking for Understanding

In Math 3, students solve exponential equations with common bases and
logarithmic equations with common bases.

In Precalculus, students will extend their knowledge of properties of logarithms
to rewrite expressions to solve problems involving logarithms that include the

sum, difference and power rules.

Formative check: Solve the equation for x. Give the exact solution(s).
log(x —3) + log(x +4) = 2log3
Answer:

-1++85

X 2

Formative check: Find the exact solution for 5¥73 = 22%,

Answer:
3

Solution methods may vary. Sample solution: x = @082

Indicator: A radioactive substance decays at an exponential rate and the
amount of the substance, A(t), can be modeled using the following

function: A(t) = Aye %5 where t is measured in days and 4, is the initial

amount of the substance.

If we start with 1000 grams of the substance, how long will it take for 800
grams of the substance to decay? Round your answer to the nearest tenth

of a day.
Answer:
32.2 days

Indicator: Sound is measured in a logarithmic scale using a unit called a
decibel (dB). The formula for decibel measure is:
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D = 10(logP — logP,), where P is the power or intensity of the sound and
P, is the weakest sound that the human ear can hear.

If the sound is measured to be 5.2 times the intensity of the weakest sound
heard by the human ear, what is the decibel level of the sound?

Answer:

7.16 dB
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Unit 5: Trigonometry

Source: NC2ML Retrieved from: https://www.nc2ml.org/wp-content/uploads/2020/04/Precalculus-Instructional-FrameworkFINAL.pdf

OCS Priority Standard(s):

Supporting Standard(s):

PC.F.1.3
Integrate information to build trigonometric functions with specified

amplitude, frequency, period, phase shift, or midline with or without context.

PC.F.1.4
Implement graphical and algebraic methods to solve trigonometric equations
and inequalities in context with support from technology.
PC.F.3.2
Implement the Law of Sines and the Law of Cosines to solve problems.
PC.F.5.6
Implement algebraic and graphical methods to find an inverse function of an
existing function, restricting domains if necessary.
PC.A.2.3
Implement properties of trigonometric functions to solve equations including
e inverse trigonometric functions,
e double angle formulas, and
e Pythagorean identities.

PC.F.1.1

Interpret algebraic and graphical representations to determine key features of
transformed sine and cosine functions. Key features include: amplitude,
domain, midline, phase shift, frequency, period, intervals where the function is
increasing, decreasing, positive or negative, relative maximums and
minimums.

PC.F.1.2

Interpret algebraic and graphical representations to determine key features of
tangent, cotangent, secant, and cosecant. Key features include: domain,
frequency, period, intervals where the function is increasing, decreasing,
positive or negative, relative maximums and minimums, and asymptotes.
PC.F.2.1

Use a unit circle to find values of sine, cosine, and tangent for angles in terms
of reference angles.

PC.F.2.2

Explain the relationship between the symmetry of a unit circle and the
periodicity of trigonometric functions.

PC.F.3.1

Implement a strategy to solve equations using inverse trigonometric functions.
PC.F.3.3

Implement the Pythagorean identity to find sin(8), cos(0), or tan(8) given
sin(8), cos(B), or tan(B) and the quadrant of the angle.

What is the Mathematics?

e Student will have prior knowledge of special values for sine and cosine associated with the 30, 45, and 60-degree angles in the unit circle.

e Solving trig equations is important in that it helps students gain some experience identifying the algebraic structure of these equations. They then use
their knowledge of the unit circle to solve equations and graph trig functions.

e After developing a deep understanding of the graphs of sine and cosine and their transformations, students will use these functions to build models in

context.

e Later, with the use of inverse trigonometric functions, students will use technology to solve these types of equations when the exact solutions are not
possible to find analytically. Students moving on to Calculus will also benefit from analyzing the graph of the inverse tangent function as an extension.
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The graph of tangent, cotangent, cosecant and secant are studied later in the unit.
Limits will be revisited to describe the behavior of tangent, cotangent, cosecant and secant close to the vertical asymptotes. This builds on the previous
emphasis on the qualitative behavior of functions. Limit notation will be part of this formalization.

Important Considerations:

Law of cosines goes last.

In Math 3, students learn about sine and cosine functions in the standard M2.F-TF.2: Extend the domain of trigonometric functions using the unit
circle. In particular, this standard states, “Build an understanding of trigonometric functions by using tables, graphs and technology to represent the
cosine and sine functions. Interpret the sine function as the relationship between the radian measure of an angle (or arc length) formed by the
horizontal axis and a terminal ray on the unit circle and its y coordinate. Interpret the cosine function as the relationship between the radian measure
of an angle (or arc length) formed by the horizontal axis and a terminal ray on the unit circle and its x coordinate.” Therefore, we recommend starting
with the unit circle.

Use unit circle to build graphs.

Periodicity of the cosine and sine and symmetry of the unit circle go together.

Global Perspectives:

In this unit, students explore the idea that the graphs of sine, cosine and tangent can be built from our knowledge of the sine and cosine of the special angles
measured in radians. In Calculus, students will be asked to differentiate and integrate transformations of the trig functions. They will also be asked to find
extreme values and points of inflection for transformations of the trig functions. In Calculus, students will study the rates of change of the trig functions and find
the extrema of these functions. They may use trig identities to aid in the analytic evaluation of integrals of trig functions.

Formal Assessments/Tasks:

As the Wheel Turns (lllustrative Mathematics)

Intro to periodic functions: Model Airplane Acrobatics (lllustrative Mathematics)

Your Hood (PBL on Law of Sines and Law of Cosines)

Noise Cancelling Headphones (from McCulloch, A. W., Whitehead, A., Lovett, J. N., & Patterson, B. (2017). Tuning out the world with noise cancelling
headphones. The Mathematics Teacher, 110(8), 606, 611)
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Unit 5 Unpacking

Source: NC DPI Precalculus Unpacking Documents. Retrieved from https://www.dpi.nc.gov/nc-precalculus-unpacking-rev-june-2022

Supporting Standard: PC.F.1.1

PC.F.1.1 Interpret algebraic and graphical representations to determine key features of transformed sine and cosine functions. Key features include:
amplitude, domain, midline, phase shift, frequency, period, intervals where the function is increasing, decreasing, positive or negative, relative maximums and

minimumes.

Clarification

Checking for Understanding

In Math 3, students were introduced to the concept of a periodic graph
through the sine function and the effects of the various representations by
changing parameters, a, b, and h of a sine function f(x) = a sin (bx) + h.
Students used technology to investigate these changes. Phase shifts are not
part of the standards for Math 3. (NC.M3.F-TF.5)

In Math 3, period, amplitude, domain, range, and midline were the key
features studied. Phase shift and frequency are new terms for students in
Precalculus.

In Precalculus, students will build on their knowledge of the parameters and
interpreting key features of trigonometric functions. An extension is made from
NC Math 3 to transformations of the sine and cosine functions in Precalculus.
Tangent, cotangent, secant and

cosecant are studied as parent functions.

In Precalculus, students will build on their knowledge of the parameters and
interpreting key features of trigonometric functions.
The standard for sine and cosine functions:

f(x)=asin(b(x+c))+d
gx)=acos(b(x+c))+d

Students will use a, b, ¢, and d for the parameters of the functions where a =
amplitude, b = frequency (the number of cycles completed in a given interval),
¢ = horizontal shift and d is the vertical shift.

Indicator: For f(x) = 4sin(2(x — ’2—6)) + 5 identify the period, frequency,
amplitude, domain, range, midline, and phase shift.
Answers:

Period: Frequency:% Amplitude: 4
Domain: (—o, ) Range: [1,9] Midline:y =5 Phase Shift:g

Indicator: Consider the function f(x) = sin(2x) on the domain [0,27]. Give

the values of x in the given interval for which f is increasing.
Answer:

Onu3ﬂ5nu7rc
0. UG U

2
7%

Indicator: Consider the function f(x) = sin(x + %) on the domain [0,27],

give the values of x in the given interval for which f(x) is greater than zero.

Answer:

03nu7n2 )

Indicator: Given the graph,
identify the amplitude, phase
shift, midline, maximum,
minimum, and period of the

function.

Answer:
If student sees the graph as a cosine function:
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There is no restriction on the domain unless otherwise stated in the
problem(s). Students should demonstrate an understanding that while vertical
shifts alter the maximum and minimum values of a function, they do not alter
the amplitude. Also, horizontal shifts do not affect the amplitude.

Amplitude: 3
Maximum: 5

Phase Shift: NA  Midline: y = 2
Minimum: —1 Period: 2m

If student sees the graph as a sine function:
Amplitude: 3 Phase Shift:g Midline: y = 2

Maximum: 5 Minimum: —1 Period: 2m

Supporting Standard: PC.F.1.2

PC.F.1.2 Interpret algebraic and graphical representations to determine key features of tangent, cotangent, secant, and cosecant. Key features include:
domain, frequency, period, intervals where the function is increasing, decreasing, positive or negative, relative maximums and minimums, and asymptotes.

Clarification

Checking for Understanding

In Math 3, students examine more complex functions represented by graphs
and tables and focus on interpreting key features of all function types; there
are no limitations on function types. Students learned about periodicity as
motion that is repeated in equal intervals of time and discontinuity as values
that are not in the domain of a function, either as asymptotes or “holes” in the
graph. Students did not have to be able to algebraically manipulate a function
in order to identify the key features found in graphs, tables, and verbal
descriptions. (NC.M3.F-IF.4)

In Math 3, key feature concepts are extended to the sine and cosine functions.
Discontinuity (asymptotes/holes) and periodicity were introduced. Students
found discontinuities in tables and graphs and recognized their relationship to
functions. The intent for Math 3 students is to find discontinuities in tables and
graphs and to recognize their relationship to functions.

In Precalculus, students will determine and interpret key features previously
studied to include the vertical asymptotes for tangent, cotangent, secant, and
cosecant functions. Students are not expected to find asymptotes from the
algebraic expression of a trigonometric function. Students are only expected to
describe phase shift and change of period for sine and cosine.

Indicator: Consider f(x) = csc(x) on the interval [0,27].
a. Give the equations of the vertical asymptotes for f in the interval.
b. Give the values of x for which f is positive.
Answers:
a. x=0x=mx=2m
b. fispositive on (0, 1)

Indicator: Consider f(x) = tan(x) on the interval [0,27].
a. Give the equations of the vertical asymptotes for f in the interval.
b. Give the values of x for which f is positive.

Answers:

3w
X =—
2

b. f(x)>00n(0,3) U (m,2)
Indicator: Given the following graphs, use your understanding of key
features of trigonometric functions to:
i.  Give the first positive interval where f(x) > 0 for one period
ii. Give the equations of the vertical asymptotes for the interval
[-m, 7]
iii. Give an expression for the domain of the function
iv.  Write the equation of the function:

a. X =

NI
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C.
Answers:
a. . (g,T[) ii.x = —g,x =§ ii.D:x ER,x # kz—” iv.y = 3csc(x)
. T\ .. _km ..o km . _
b. i (0’5) il x = —= iii. D:ix €R,x # > vy = tan(x)

c. i.Never@ ii.None iii. (—o0,0) iv.y =sin (2x + g) -1
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OCS Priority Standard: PC.F.1.3

PC.F.1.3 Integrate information to build trigonometric functions with specified amplitude, frequency, period, phase shift, or midline with or without context.

Clarification

Checking for Understanding

In Precalculus, students make the connection of the constant a of f(x) =
asinx and f(x) = a cos x of the trigonometric functions to amplitude, the
distance from the midline to a maximum or minimum, for the sine and cosine
functions. They will use their understanding of one period as one cycle over a
given distance and the number of cycles within a specified domain is the
frequency.

In Precalculus, students will use the amplitude, frequency, period, phase shift,
and/or midline to create a function in the standard form for a context or a
graph.

Indicator: Build a sine or cosine function that has a period i, an amplitude
of 4, and phase shift ofg.

Answer:
f(x) =4cos(2x —m)

Indicator: A person is riding on a Ferris wheel and it takes 2 minutes for the

wheel to make one complete revolution. The person’s vertical distance from

the ground ranges between 3 feet to 75 feet. Suppose at time t = 0, the
person is at the minimum height of 3 feet. Build a model using sine or
cosine that describes the person’s vertical distance from the ground over
time, where height is measured in feet and time is measured in minutes.
Answer:

f(x) = —[36 cos(mx)] + 39

Indicator:
Using the graph:

a. lIdentify the
amplitude, T
phase shift,
midline, and
period of the

function.

b. Write an
equation for
the function.

Answers:
If student sees the graph as a cosine function:

a. Amplitude: 3 Phase Shift: NA Midline: y = 2 Period:
21

b. f(x)=3cos(x)+2

53



If student sees the graph as a sine function:
Amplitude: 3 Phase Shiftzg
2m

b. f(x) = 3sin(x+§)+2

a. Midline:y = 2 Period:

OCS Priority Standard: PC.F.1.4

PC.F.1.4 Implement graphical and algebraic methods to solve trigonometric equa

tions and inequalities in context with support from technology.

Clarification

Checking for Understanding

In Math 2, Use trigonometric ratios and the Pythagorean Theorem to solve
problems involving right triangles in terms of a context. (NC.M2.G-SRT.8)

In Math 3, students analyze trigonometric functions (sine and cosine) using
different representations to show key features of the graph, by hand in simple
cases and using technology for more complicated cases, including: domain and
range; intercepts; intervals where the function is increasing, decreasing,
positive, or negative; rate of change; relative maximums and minimums;
symmetries; end behavior; period; and discontinuities. (NC.M3.F-IF.7)

In Precalculus, the study of key features of trigonometric functions is extended
to include tangent, cotangent, secant, and cosecant functions.

Students will use their understanding of algebra and key features of
trigonometric functions to evaluate and solve equations and inequalities with
or without technology.

Indicator: A person is riding on a Ferris wheel and it takes 2 minutes for the
wheel to make one complete revolution.
The function h(t) = —31cos(m - t) + 65 gives the person’s height off the
ground (measured in feet) t minutes after the ride begins.

a. What is the maximum height of the person on the Ferris wheel?

b. If the person rides on the Ferris wheel for 10 minutes, when is the

person’s height above the ground greater than 60 feet?

Answers:

a. 96 ft.
b. t=(0.451.55) U (2.45,3.55) U (4.55,5.55) U (6.45,7.55) U
(8.45,9.55)

Supporting Standard: PC.F.2.1

PC.F.2.1 Use a unit circle to find values of sine, cosine, and tangent for angles in t

erms of reference angles.

Clarification

Checking for Understanding

In Math 3, students build an understanding of trigonometric functions by using | |ndicator: Given sin(x) = _1, find the values of:
tables, graphs and technology to represent the cosine and sine functions. a. cos(x) 3

b. sin(x — m)
Interpret the sine function as the relationship between the radian measure of c. tan(x)
an angle formed by the horizontal axis and a terminal ray on the unit circle and | Answers:
its y coordinate.(NC.M3.F-TF.2a) and interpret the cosine function as the 22
relationship between the radian measure of an angle formed by the horizontal a iT
axis and a terminal ray on the unit circle and its x coordinate (NC.M3.F-TF.2b). b. %

C. +-

—2\2
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In Math 3, students are only introduced to the trigonometric functions and
build upon previous understanding of the trig relationships in right triangles.
Students are introduced to the unit circle and angle measures on the
coordinate plane in Math 3 as a way to relate the sine and cosine ratios to the
coordinates and the plane. An in-depth teaching of the unit circle, tangent and
reciprocal ratios, conterminal angles, specific coordinates and the Pythagorean
Identity are NOT part of the standards for Math 3.

In Precalculus, students use the unit circle to determine the value of trig
functions in any quadrant using the reference angle. They understand the
absolute value of the sine and cosine of an angle in any quadrant is the same as
its reference angle; the sign depends on the quadrant of the original angle.
Students learn to use a trigonometric ratio to find the value of a tangent
function.

Supporting Standard: PC.F.2.2

PC.F.2.2 Explain the relationship between the symmetry of a unit circle and the periodicity of trigonometric functions.

Clarification

Checking for Understanding

In Math 2, students learn to identify center and angle(s) of rotation symmetry
and identify line(s) of reflection symmetry. (NCM2.G-CO.3). Students begin to
make the connection of the even and odd of a geometric figure and its
properties.

In Math 3, students learn to interpret the sine function as the relationship
between the radian measure of an angle formed by the horizontal axis and a
terminal ray on the unit circle and its y coordinate. They also learn to interpret
the cosine function as the relationship between the radian measure of an angle
formed by the horizontal axis and a terminal ray on the unit circle and its x
coordinate. (NC.M3.F-TF.2)

Students are introduced to the unit circle and angle measures on the
coordinate plane in Math 3 as a way to relate the sine and cosine ratios to the
coordinates and the plane. (NC.M3.F-TF.2b). Math 3 provides an introduction
to the concept of a periodic graph through learning the sine function. (NCM3.F-
TF.5)

Indicator: Explain why csc(—0) = —csc(0) and sec(—6) = sec(8).

Do these equations hold for any anglef? Demonstrate your reasoning using

a unit circle and the graph of the trigonometric function.

Answer:

Students should use their knowledge of trig functions to demonstrate the
pattern within the cosecant and secant functions. Students should build a
unit circle using common values and focus on the symmetries produced, as
seen in the graphic below.
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In Precalculus, students will develop an understanding of using the
trigonometric ratios and the coordinates of the unit circle to determine the
values of sine, cosine, tangent, and their reciprocal functions.

Students will extend on the lines of reflection symmetry and angle of rotation
symmetry previously studied to symmetry with respect to the y-axis and
symmetry with respect to the origin to identify the symmetries and even/odd
functions. Students should make the connection that a function has symmetry
with respect to the y-axis if (x,y) and (—x, y) are both coordinates of the
function on the unit circle or f(—x) = f(x) that f(x) is an even function.
Similarly, a function that has symmetry with respect to the origin if (x, y) and
(—x, —y) are both coordinates of the function on the unit circle or f (—x) =
—f(x) that f(x) is an odd function.

Students will use their understanding of a period of a sine function to extend to
periods for cosine, tangent, cotangent, secant, and cosecant. Students should
make the connection of lines of symmetry, repeating coordinates on the unit
circle, and periods of the functions.

The periodicity of trigonometric functions shows the identities:
sin(a + k -2m) = sin(a)andcos (@ + k -2m) = cos (a),keZ
tan ((a + k -m) = tan (a)andcot (¢ + k -w) = cot (a),keZ

2 A

25
1 5y =
T 373

©.-

Students should create graphs of the trig functions as seen below. In the
graphs, the symmetries and reflections noted on the circle graph can now
be seen visually. Students should be able to explain these connections.
Students should also be able to explain how the patterns continue beyond

their representations.

QQ

/
,f/
/ :
/
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Indicator: Explain why tan(m + 8) = tan(0) and sec(2m + 6) =

sec(8). Do these equations hold for any angle 8? Explain.

Answer:

The period for the tangent function is 7 radians and the coordinates repeat
on the unit circle every period, therefore tan(m + 8) = tan(8). Similarly,
the period for a secant function is 27 radians and the coordinates repeat on
the unit circle every period, therefore sec(2m + 8) = sec(6).

Supporting Standard: PC.F.3.1

PC.F.3.1 Implement a strategy to solve equations using inverse trigonometric functions.

Clarification

Checking for Understanding

In Math 2, students connect proportional reasoning from 7" grade to work
with right triangle trigonometry. They are able to use trigonometric ratios and
the Pythagorean Theorem to solve problems involving right triangles in terms
of a context. Students use the Pythagorean Theorem to develop relationships
between the sides of a 30°-60°-90° triangle and develop and justify
relationships between the sides of a 45°-45°-90°triangle. (NCM2.G-SRT-8 and
NCM2.G-SRT.12)

In Math 3, Students build an understanding of trigonometric functions by using
tables, graphs and technology to represent the cosine and sine functions. They
interpret the sine function as the relationship between the radian measure of
an angle formed by the horizontal axis and a terminal ray on the unit circle and
its y coordinate and the cosine function as the relationship between the radian
measure of an angle formed by the horizontal axis and a terminal ray on the
unit circle and its x coordinate. Students develop an understanding of radian
angle measure and applying the arc length formula (NCM3.F-TF.1 and NCM3.F-
TF.2)

In Precalculus, students will extend generating solutions for all trigonometric
functions and their reciprocal functions and to all angles.

Students will use inverse functions and the following to solve equations:
e the x coordinate of the intersection point of the unit circle and a
terminal ray (the cosine of the angle formed by the horizontal axis and
the ray).

Indicator: Solve for x in the interval [0,27] :
1.
a. Forcos(3x) = 5 8ive exact values.

b. For sin(x) = 0.2 round to 3 decimal places.
Answers:

Indicator: Ammunition is fired from a cannon at an initial velocity of 78ft/s
and the horizontal distance covered is given by the functiony =
78sin2(0) + 15. What angle should be used to hit a target on the ground
that is 89 ft in front of the cannon? (Round to the nearest hundredth)
Answer:

35.79°

Indicator: A Ferris wheel is 4 feet off the ground. It has a diameter of 24 feet
and rotates once every 60 seconds. Ben sits in a chair that is initially 10 feet
above the ground.

a. Write a cosine equation to represent the situation.

b. When will Ben be 20 feet high during the first minute of his ride?
Answer:

a. y=—12cos(6x + 60) + 16

b. atx = 8.2ft,31.7ft
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e The y coordinate of the intersection point of the unit circle and a
terminal ray (the sine of the angle formed by the horizontal axis and
the ray).

OCS Priority Standard: PC.F.3.2

PC.F.3.2 Implement the Law of Sines and the Law of Cosines to solve problems.

Clarification

Checking for Understanding

Students have previously worked with finding the missing sides and angles of
right triangles using the Pythagorean Theorem and by applying the
trigonometric ratios, respectively.
In Precalculus, students will use the Law of Sines and the Law of Cosines to find
unknown measurements in right and non-right triangles.
They should be able to:
e distinguish between situations that require the Law of Sines (ASA, AAS,
SSA) and situations that require the Law of Cosines (SAS, SSS),
e solve for missing side lengths and angles using Law of Sines and Law of
Cosines, and
e represent real world problems with diagrams of non-right triangles and
use them to solve for unknown side lengths and angle measures.

Note: The ambiguous case for oblique triangles is NOT an expectation in
Precalculus.

Indicator: A plane is flying from city D to
city B, which is 115 miles due north. After
flying 45 miles, the pilot must change L
course and fly 15° west of north to avoid a
thunderstorm.
a. Draw a diagram to represent this
situation.
b. If the pilot remains on this course ERas
for 25 miles, how far will the plane 4
be from city B? An.
c. How many degrees will the pilot i
need to turn to the right to fly e
directly to city B? e
Answers: i3 oodes
a. See diagram to the right.
b. ~ 46.3 miles 12

c. =~ 157.02°

Supporting Standard: PC.F.3.3

PC.F.3.3 Implement the Pythagorean identity to find sin(8), cos(8), or tan(8) given sin(B), cos(B), or tan(B) and the quadrant of the angle.

Clarification

Checking for Understanding

Grade 8 students study the Pythagorean theorem to find the length of one side
of a right triangle given the lengths of two sides.

In Math 2 students learn right triangle trigonometry and are familiar with
trigonometric ratios.

In Precalculus, students are expected to use the Pythagorean identity to find
the exact value of sin (0), cos(8), tan(6), csc(8),sec(6), and/or

cot(@) given sin(0), cos(f), or tan(f) and the quadrant of the angle.

Indicator: Suppose that cos(6) = %and that @ is in the fourth quadrant.

Find the exact values for each of the following:
a. sin(6) b. tan(0) c.csc(8)

d. sec(0) e. cot(8)
Answers:a.—%f, b.—2v2, c.—%i, d.3, e.—\/;
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OCS Priority Standard: PC.F.5.6

PC.F.5.6 Implement algebraic and graphical methods to find an inverse function of an existing function, restricting domains if necessary.

Clarification

Checking for Understanding

In Math 3 students build an understanding of the inverse relationship between
exponential and logarithmic functions, quadratic and square root functions,
and linear to linear functions. They determine if an inverse exists by examining
tables, graphs, and equations. Students should be able to tell if a function or a
portion of the function has an inverse from the above-mentioned
representations. If an inverse exists for a linear, quadratic, or exponential
function, students find this inverse and represent it using inverse function
notation, f ~1(x). For quadratic functions students must be able to determine
the appropriate domain for the function to have an inverse.

In Precalculus students will extend their understanding of the inverse
relationship to polynomial functions, as well as the six trigonometric functions.
They will build an understanding of a function being one-to-one using the
horizontal line test. Students will also build on their ability to restrict the
domain of the original function in order for this function to be one-to-one.
Students will find an inverse graphically and algebraically.

Formative check:
2x+1

x+3°

a. Find the inverse of the function, f(x) =

b. State the domain of f.
c. State the domain and range of f ~1(x).
Answers:
3x-1

a. f) =2

b. Domain of f: (=0, —=3) U (=3, )

c. Domain of f71:(—0,2) U (2, ) and range of f ~1: (—o0,—3) U
(=3, )

Formative check: The function C(x) = g(x — 32) converts Fahrenheit

temperatures to Celsius temperatures.
a. Find the inverse.
b. Interpret its meaning.
Answers:

_ 9
a. Cl(x)= = (x +32)
b. The function converts temperature measurements from Celsius to
Fahrenheit.

Formative check: A rock is thrown into a puddle creating a ripple in the
water that travels outward at 30 cm/s.

a. Write a rule that models the radius as a function of time.

b. Find the inverse of the function.

c. Describe what the inverse represents.

Answers:
a. r(t) =30t
b. T(r) =

c. Theinverse tells us how long ago the rock was thrown based on the
largest radius.
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Indicator: For the function graphed below: (Note: this is the same example
as the first Formative check with the Precalculus extension added.)

a. Graph the inverse. ?

/
y 4

b. Istheinverse a function?

c. Explain how you know the new il
graph is the inverse of the original ek
graph? 5WM25 245 o 05 15 2l 3

d. Explain the relationship between

the two graphs

Answers:

a. Graph

b. The inverse is a function because 2:5 /
the original graph passes the 2 f‘f
horizontal line test. Also, the N AP
inverse passes the vertical line test. P

c. The new graph is the inverse of the /»,:‘-‘”
original graph because the x and y- “‘ﬁ#«f“’ﬁ
values for each ordered pair of the

o i 2 -5 1 -0l5 ols 15

original function have been A5
interchanged. This fact makes the

new function a reflection of the
original function over the line y = x.
d. This tells us that the original function is one-to-one.

Indicator: The function f(x) = x* is not one-to- T
one. w
a. Find a suitable domain restriction for f ‘
that will result in a one-to-one function. ——

b. Find the inverse of f. \ /
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Answers:
a. One possible restriction is f(x) = x*, whenx > 0.
This will make f(x) one-to-one.

1
b. f~(x) = x%, whenx > 0.

®

J

Indicator: A large set of dice hanging from the rear-view mirror of a car has
a side that measures 3.5 cm.
a. Write a rule that models the Volume of the die as a function of its
side length.
b. Find the inverse of the function.
c. Describe what the inverse represents.

Answers:
a. V(§)=s3
b. S(V) =3V
c. Theinverse tells us the length of the side of a cube given the
volume.

OCS Priority Standard: PC.A.2.3

PC.A.2.3 Implement properties of trigonometric functions to solve equations including

e inverse trigonometric functions,
e double angle formulas, and
e Pythagorean identities.

Clarification

Checking for Understanding

In Math 3, students should build an understanding of the unique relationship

between the measure of the angle and the value of the particular trigonometric

ratio. Also, in Math 3, students build an understanding of radian measure.
NC.M3.F-TF.1 In Math 3, students also began to see the graphical

representations of trigonometric functions, both on a unit circle and on a graph

Formative check: Solve cos (26) + 6sin?6 = 4 on the interval 0 < 6 < 2.

Answer:
2w 4w 5w

"3'3"3
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in which the domain is the measure of the angle and the range is the value of
the associated trigonometric ratio.

On the unit circle, the input is the measure of the angle and the output of the
sine function is the y- coordinate of the vertex of the formed triangle.

In Precalculus, students will extend their knowledge of trigonometric
equations, by learning trigonometric identities and using those identities and
algebra to solve trigonometric equations. They are only expected to know the
Pythagorean and double angle identities. Students are not expected to prove
trigonometric identities.

Students will build on their knowledge of the exact values of trigonometric
functions for special angles (from Math 3) to find the exact values of solutions
to solve these more complex trigonometric equations. These equations can
include all six trigonometric ratios. Students will not be expected to solve for all
possible solutions with a phase shift and period change.

Indicator: The depth of the water at the end of a pier varies with the tides
throughout the day. This phenomenon can be modeled by the function

D(t) = 2.1cos (5—7;5 (t - 4.5)) + 5.1, where D represents the depth of the

water in feet and t is hours after midnight. What is the first time after
midnight when the depth of the water is 6 feet?

Answer:

Around 2:27 AM
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Unit 6

Parametric Equations
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Unit 6: Parametric Equations

Source: NC2ML Retrieved from: https://www.nc2ml.org/wp-content/uploads/2020/04/Precalculus-Instructional-FrameworkFINAL.pdf

OCS Priority Standard(s): Supporting Standard(s):

PC.F.7.1 PC.F.7.2

Implement algebraic methods to write parametric equations in context. Implement technology to solve contextual problems involving parametric
equations.

PC.A.2.4

Implement algebraic techniques to rewrite parametric equations in cartesian
form by eliminating the parameter.

What is the Mathematics?

e Students will have prior knowledge of creating linear equations from a description of a context.

e Students will use their knowledge of linear and quadratic functions to create models for the horizontal and vertical positions of an object. Thus, creating
parametric equations to represent the object’s position.

e Students will use technology to create graphs for the position of an object when given the parametric equations that represent an object’s position.

e Students will use their algebraic skills to eliminate the parameter and rewrite a set of parametric equations asy = f(x).

e By using technology to create the graphs of the positions of objects given as parametric equations, students can answer questions related to the position
of these objects.

Important Considerations:

e Because using parametric equations can produce graphs of curves that are not functions, students can explore a variety of graphs using parametric
equations (and are not limited to the more typical graphs.

e Inusing technology to create the graphs of parametric equations, students can consider that a graph can have direction and that the parameter, in
contextual problems, represents time.

e The graphs of the parametric curves can be connected to previous knowledge such as the graphs of conic sections such as circles and ellipses.

Global Perspectives:

This introduction to parametric equations can serve as motivation for students to explore concepts in Physics and later in calculus. In calculus, students will see
how we can explore the rates of change of the horizontal and vertical functions individually and how those rates of change affect the rate of change of the graph

of y = f(x). For example, the t values for which % = 0 can lead us to the places on the graph where the tangent line to the graph is vertical.

Formative Assessments/Tasks:

e One Shot (PBL unit on parametric equations and vectors)
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Unit 6 Unpacking

Source: NC DPI Precalculus Unpacking Documents. Retrieved from https://www.dpi.nc.gov/nc-precalculus-unpacking-rev-june-2022

OCS Priority Standard: PC.F.7.1

PC.F.7.1 Implement algebraic methods to write parametric equations in context.

Clarification

Checking for Understanding

In Math 1, students create linear and quadratic equations to model situations
in context and use them to solve problems.

In Precalculus, students use parametric equations to solve contextual problems
given parametric equations and build linear and quadratic models for each of
the horizontal and vertical positions of objects in contextual problems and use
those equations to solve problems.

Indicator: The Sea Queen leaves the port at Nassau at 7:00 PM. She sails
due east at 15 mph. The Ocean Princess leaves a small island that is 27 miles
north of Nassau at the same time. She sails due south at 22 mph. Assuming
the ships continue in the same directions at the same speeds,
a. Write parametric equations that model the paths of the two ships
as they would appear on a radar screen located at Nassau.
b. Letd represent the distance between the two ships. Express d as a
function of t, the number of hours elapsed since 7:00 PM.
Answers:
Assume the port of Nassau is located at (0,0)
a. Sea Queen’s position Parametric Equations: x(t) = 15t and y(t) =
0; Ocean Princess’ Parametric Equations: x(t) = 0 and y(t) = 27 —
22t

b. Distance function: d(t) = /(15t)2 + (27 — 22t)?

Indicator: The horizontal position of a projectile is given by the equation:

x(t) =58t
The vertical position of the projectile is given by the equation:
y(t) = —16t% + 6 where t is measured in seconds and x and y are

measured in feet.
a. Find the position of the projectile at timet = 0.2 seconds. Round
your answers to 2 decimal places.
b. A 4-foot fence is located 25 feet horizontally from the projectile’s
initial position. Will the projectile clear the fence?
Answers:
a. x(0.2) =11.73feetand y(0.2) — 5.61 feet
b. No, since the projectile’s horizontal position is 25 whent = 0.43
seconds, and y(0.43) = 3.04 feet which is less than 4 feet.
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Supporting Standard: PC.F.7.2

PC.F.7.2 Implement technology to solve contextual problems involving parametric equations.

Clarification

Checking for Understanding

In Math 3, students use technology for more complicated functions to find
extreme values and analyze other function behavior.

In Precalculus, students use parametric equations to solve contextual problems
given parametric equations and create parametric equations as models for

more complicated functions in context and use those models and technology to

solve problems.

Indicator: The Sea Queen leaves the port at Nassau at 7:00 PM. She sails
due east at 15 mph. The Ocean Princess leaves a small island that is 27 miles
north of Nassau at the same time. She sails due south at 22 mph. Assuming
the ships continue in the same directions at the same speeds, write
parametric equations that model the paths of the two ships as they would
appear on a radar screen
located at Nassau.
Let d represent the distance between the two ships.
a. Express d as a function of t, the number of hours elapsed since 7:00
PM.
b. Find the distance between the two ships 2 hours after they leave
port. Round your answer to 2 decimal places.
c. Find the minimum distance between the two ships. Round your
answer to two decimal places.

Answers:
a. d(t) =/(15t)% + (27 — 22t2
b. 34.48 mi
c. 1521 mi

Indicator: The position of competitive ice skater is given by the set of
parametric equations: x(t) = 50cos(t) and y(t) = 35sin(t) where t is
measured in seconds and x and y are measured in feet. A judge is located at
the point (4,1.6). Find the maximum distance between the judge and the
skater.

Answer:

The distance between the skater and the judge is
given by

d(t) = /(50 cos(t) — 4)2 + (35sin(t) — 1.6)2
Maximum value of d is 54.04 feet. See graph.

’7\/\_
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Supporting Standard: PC.A.2.4

PC.A.2.4 Implement algebraic techniques to rewrite parametric equations in cartesian form by eliminating the parameter.

Clarification

Checking for Understanding

This builds on algebraic knowledge of solving for one variable in terms of other
variables in Math 1.

In Precalculus, the concept of parametric equations is new and students are
asked to connect the idea of expressing a curve in the plane in terms of x and y
to the concept of defining a curve in the plane by breaking that curve up into
its x(t) and y(t) representations in terms of the parameter t. Students are not
expected to convert from rectangular to parametric form.

Indicator: Two planes depart from an airport and their path is observed by
air traffic control on a monitor. The first plane’s path can be described using
the parametric equations x(t) =t + 4 and y(t) = 3t — 1. The second
plane’s path can be described by the parametric equations x(t) =t + 4
and y(t) = 2t + 9.
a. Eliminate the parameter for the equations given for the first plane
and express its path as a function, y = f(x).
b. Eliminate the parameter for the equations given for the second
plane and express its path as a function, y = f(x).
¢. Find the x and y coordinates of when the paths intersect. Will the
planes collide? Defend your answer mathematically.

Answers:
a. y=3x—-13
b. y=2x+1

C. The two paths will intersect at the point (14,29).The two paths will
intersect when the equations intersect. When x is 14, both
equations will be 29.

3x—13=2x+1
x =14
y=2(14)+1=29
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Unit 7

ACT Prep




Unit 7: ACT Prep

Source: NC2ML Retrieved from: https://www.nc2ml.org/wp-content/uploads/2020/04/Precalculus-Instructional-FrameworkFINAL.pdf

OCS Priority Standard(s): Supporting Standard(s):
PC.N.2.5 PC.N.1.1
Execute the multiplication algorithm with matrices. Execute the sum and difference algorithms to combine complex numbers.
PC.N.3.1 PC.N.1.2
Represent a vector indicating magnitude and direction. Execute the multiplication algorithm with complex numbers.
PC.N.2.1
Execute the sum and difference algorithms to combine matrices of appropriate
dimensions.
PC.N.2.2
Execute associative and distributive properties to matrices.
PC.N.2.3
Execute commutative property to add matrices.
PC.N.24
Execute properties of matrices to multiply a matrix by a scalar.
PC.N.3.2
Execute sum and difference algorithms to combine vectors.

What is the Mathematics?

e In Math 2, students learned about complex numbers in the context of simplifying expressions with a negative value under a square root and solving
quadratic equations. In this course, students will simplify complex numbers using addition, subtraction, and multiplication.
e Students will use the operations of addition, subtraction, multiplication and scalar multiplication to combine matrices.

Important Considerations:

e This unitis purely for the procedural knowledge of complex numbers, matrices, and vectors.

e This topic may be best placed in the Extending Polynomial & Rational Functions, with the study of functions that contain imaginary solutions. The
connection between parametric equations and vectors may be made in the Parametric Equation Cluster.

e These standards are included across fourth level courses in order to prepare students for the ACT due to the state legislature.

e NOTE: This unit does not have to be taught at the end of the course. These standards can be scattered anywhere it works for you to teach them. They do
not fit necessarily in any of the other units cohesively, but that does not mean one could not include them as time permits.
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Formative Assessments/Tasks:

Neat Matrix Multiplication Task: https://www.openmiddle.com/matrix-multiplication/

Complex Numbers: https://www.openmiddle.com/complex-number-products/

Possible Homework Assignment: Add, Subtract, Multiply Complex Numbers Matrix Multiplication Task
Keeping Secrets (PBL unit on matrices)

One Shot (PBL unit on parametric equations and vectors)

Complex Number Patterns (lllustrative Mathematics)

Vertex of a Parabola with Complex Roots (lllustrative Mathematics)
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Unit 7 Unpacking

Source: NC DPI Precalculus Unpacking Documents. Retrieved from https://www.dpi.nc.gov/nc-precalculus-unpacking-rev-june-2022

Supporting Standard: PC.N.1.1

PC.N.1.1 Execute the sum and difference algorithms to combine complex numbers.

Clarification

Checking for Understanding

In Math 2 students use the quadratic formula to identify whether there are
complex solutions to a quadratic equation. They express these complex
solutions using i. Math 2 students have also learned that all real numbers are
complex numbers (NC.M2.N-CN.1).

In Precalculus students use properties to add and subtract complex numbers.
They should recognize that the sum or difference of two complex numbers
results in another complex number.

Please note the sum and difference algorithms refer to adding and subtracting,
respectively, the like terms, combining the real parts and combining the
imaginary parts.

Indicator: Evaluate the following expressions:

a. 5+7)+(—2+30)

b. (9—i)—(4+6i0)

. (4—iV2)— @+ iV2)+8i
Answers:

a. 3+10:

b. 5—-7i

c. 14 (8-2V2)i

Supporting Standard: PC.N.1.2

PC.N.1.2 Execute the multiplication algorithm with complex numbers.

Clarification

Checking for Understanding

In Math 1 students multiply two binomial expressions. Students also rewrite
expressions that involve complex numbers as described in PC.N.1.1.

In Precalculus, students are expected to be able to multiply two complex
numbers with and without technology.

Please note the multiplication algorithm refers to multiplying the complex
number by a real number, simply distributing as you would when multiplying
polynomials. To multiply two complex numbers, you expand the product as you
would with polynomials.

Indicator: Evaluate the following expressions:

a. 2i(13 —9i)

b. (3 + 4i)(8 — 50)
c. 22+40)(=3+10)
d. =32+ 1) (50)

Answers:
a. 18 —26i
b. —20—20i
c. —10—-10i
d. 30—15i

Supporting Standard: PC.N.2.1

PC.N.2.1 Execute the sum and difference algorithms to combine matrices of appropriate dimensions.

Clarification

Checking for Understanding
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Precalculus is students’ first experience with matrices. Students will need to be
familiar with the elements of a matrix, be able to identify the rows, columns,
and dimensions of a matrix. They should use dimensions to anticipate the
dimensions of the sum and difference of two matrices and recognize that they
can only add and subtract matrices that have the same dimensions. Students
should also recognize that a matrix with all elements equal to zero is the
identity element under addition and subtraction. Students are not expected to
find the inverse of a matrix or solve problems involving contexts.

Please note the sum and difference algorithms refer to adding and subtracting,
respectively, matrices with the same dimensions. Students should do this with
and without technology.

Indicator: Evaluate the following expressions:

a. FindM +]J
b. Find] —M
w=[3 ¢ Hanas=[3 5 1
Answers:
3 -6 5+4a Zb]
' 6 4 2
o o 75 ol

Indicator: Given the matrix M, identify the matrix

2
M;, such that M; # M will result in matrix M. M = [5 —3.6 7]
3 21 O
Answer:
0 0 0]
0 0 0

Supporting Standard: PC.N.2.2

PC.N.2.2 Execute associative and distributive properties to matrices.

Clarification

Checking for Understanding

Students learn and apply the associative and distributive properties to whole
numbers in fifth grade. This is expanded to rational numbers, integers, and

Indicator: Given the following matrices, evaluate the expressions and
demonstrate how each could be used to show property of operations.

algebraic expressions in sixth and seventh grade. 2 =3 5 y -8 1
In Precalculus, students should apply their knowledge of the associative and A= 1 ];B =|-3 11|,andC = [—2 —5]
distributive property to matrices. They should recognize matrices must have 4 7 9 -6 z 10
the same dimensions when adding and subtracting. Students should also be
able to apply the distributive property when multiplying a scalar to the sum of a. A+(B+0)
two matrices. b. —2(A+B)
Answers:
-1 y—2
a. |x—5 7 ]
13+2z 11
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Demonstrate the associative property by showing that A + (B +
C)=A+B)+C

—-14 —2y+6
b. |-2x+6 —24
—26 -2
Demonstrate the distributive property by showing that —2(4 +
B)= —2A-2B

Supporting Standard: PC.N.2.3

PC.N.2.3 Execute commutative property to add matrices.

Clarification

Checking for Understanding

Students learn and apply the commutative property to whole numbers in fifth
grade. This is expanded to rational numbers, integers, and algebraic
expressions in sixth and seventh grade.

In Precalculus, students should apply their knowledge of the commutative
property to add matrices. They should recognize that subtraction of matrices is
not commutative and know that they can only add matrices that have the same
dimensions.

Indicator: Using the following matrices, demonstrate the commutative
property of addition.

2 -3 5 y
A= 1]andB=—3 11
4 7 9 -6
Answer:
The students should show that A + B = B + A. Both sums should be
7 y—3
x—3 12
13 1

Supporting Standard: PC.N.2.4

PC.N.2.4 Execute properties of matrices to multiply a matrix by a scalar.

Clarification

Checking for Understanding

In Precalculus, students should be able to multiply a matrix by a scalar and use

Indicator: Use the given matrices to evaluate the following expressions.

dimensions to anticipate the dimensions of the product. 10 0 11 71 9
N=|-2 3 -1 andK=[3 . 1]
5 -25 4
a. Find —3N
b. Find V3K
Answers:
-30 0 -33
a. 6 -9 3
=15 75 -—12
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-7v3 V3 93
3 0 3

OCS Priority Standard: PC.N.2.5

PC.N.2.5 Execute the multiplication algorithm with matrices.

Clarification

Checking for Understanding

Students should recognize that in order to multiply two matrices the number of
columns in the first matrix must be equal to the number of rows in the second
matrix. They should reason about the dimensions of matrices to determine the
dimension of the product. Students should also be able to determine the
identity element for matrix multiplication. They are not expected to solve
matrix equations. Students should recognize that matrix multiplication is
associative, but not commutative. Students should be able to multiply matrices
with and without technology.

Please note the multiplication algorithm with matrices refers to multiplying two
matrices as explained above.

Indicator: Without the aid of technology, what is element e,; of the
productof G - H?
G=[ 72

30.5] ande[—75 S 0'5]

-35 4

Answer:
4.5

Indicator: Use the following matrices to find B - A.

10 0 11
A=|-2 3 —1] and B = [_37 g Ii]
5 =25 4
Answer:
[—70—2a+5b 3a— 25b —77—a+4b]
35 -25 37

Indicator: Given matrix M, identify the matrix M; and M,, such that:

2
ulp 5o

3 21 0
a. M{-M=M
b. M-M, =M
Answers:
1 0 O
(1) (1’] b[o 1 o]
0 0 1
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OCS Priority Standard: PC.N.3.1

PC.N.3.1 Represent a vector indicating magnitude and direction.

Clarification

Checking for Understanding

Students learn how to plot points in the coordinate plane in 6th grade and
learn the Pythagorean Theorem in 8th grade.

Precalculus students can build on this knowledge to represent vectors in the
coordinate plane using component form only. They describe vectors using
magnitude and direction. Students can apply the Pythagorean theorem to find
the magnitude of a vector and can use angles to describe the direction of a
vector by describing its bearing (examples: 30 degrees north of east, 20
degrees west of south). They know two vectors are equivalent if they have the
same magnitude and direction.

Students are not expected to execute procedures for vectors beyond 2-
dimensional vectors.

Indicator: A ferry departs Cedar

Island, NC and travels to

Ocracoke, NC which is 10 miles |
north and 17 miles east from the
point of departure. Use a vector
to represent the path of the
ferry and determine how far it
traveled.

Answer:

< 17,10 >; To find the distance the ferry traveled, find the magnitude of
the vector. ¢ = 19.72 miles.

b =17 miles Oeracoke, NC

a= 10 miles l

Cedar Island, NC

Indicator: Determine whether vectors u and w are
equivalent.

Answer:

The vectors are equivalent because they have the
same magnitude and direction (because their
slopes are the same).

X
N oA W

Indicator: A pilot flies a plane that takes off from an airport and travels due
west for 150 miles. The pilot then turns due north and travels 150 miles.
Using vectors, how would you find the distance and direction of the plane
from the airport.

Answer:

The distance is the magnitude of the resultant vector,

< —150,150 >.

The magnitude is approximately 212.13 miles.

The direction can be found logically or using the triangle formed by the
vectors and the resultant. The direction can be described in a variety of
ways, such as 45° north of west, or directly northwest.
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Supporting Standard: PC.N.3.2

PC.N.3.2 Execute sum and difference algorithms to combine vectors.

Clarification

Checking for Understanding

Students have not previously learned how to add and subtract vectors. In

Precalculus students should be familiar with three different methods for adding

and subtracting vectors:

e Adding vectors end-to-end - positioning the vectors (without changing
their magnitudes and directions) so that the initial point of one vector
coincides with the terminal point of the other vector

e Adding/subtracting corresponding components - add or subtract the
corresponding components

e Using the parallelogram rule - a graphical method used for:

o addition of two vectors,

o subtraction of two vectors, and

o resolution of a vector into two components in arbitrary
directions.

Students should understand the process of finding the sum/difference of two
vectors using any of the methods mentioned. They are not expected to know
the name of the methods.

Students are not expected to execute procedures for vectors beyond 2-
dimensional vectors.

Please note the sum and difference algorithms refer to adding and subtracting,
respectively, vectors using the methods explained above. Students are not
expected to know how to compute the dot product or find a unit vector.

Indicator: Given the vectors u =< —10,12 >andw =< 5,—10 >

a. Findu+w.

b. Findu—w.
Answers:

a. <-52>

b. <-15,22>

Indicator: A pilot flies a plane that takes off
from an airport and travels due west for 150
miles. The pilot then turns due north and
travels 150 miles. Use vectors to describe
the location of the plane from the airport.
Answer:

< —150,0 > +< 0,150 >=< —150,150 >

150 mi

Indicator: Given vector GH and H

vector GF with an angle of 60 degrees
between them, find the magnitude of 17

the resultant vector.
60°

150 mi

airport

Answer:

x% =17% + 282 — 2(17)(28) * cos(120)
x = 39.36

28
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HESS COGNITIVE RIGOR MATRIX (MATH-SCIENCE CRM):

Applying Webb’s Depth-of-Knowledge Levels to Bloom’s Cognitive Process Dimensions

Revised Bloom’s Taxonomy

Webb’s DOK Level 1
Recall & Reproduction

Webb’s DOK Level 2
Skills & Concepts

Webb’s DOK Level 3
Strategic Thinking/Reasoning

Webb’s DOK Level 4
Extended Thinking

Remember

Retrieve knowledge from long-term
memory, recognize, recall, locate,
identify

o Recall, observe, & recognize facts,
principles, properties

o Recall/ identify conversions among
representations or numbers (e.g.,
customary and metric measures)

Use these Hess CRM curricular examples with most mathematics
or science assignments or assessments.

Understand

Construct meaning, clarify, paraphrase,
represent, translate, illustrate, give ex-
amples, classify, categorize, summarize,
generalize, infer a logical conclusion),
predict, compare/contrast, match like
ideas, explain, construct models

o Evaluate an expression

o Locate points ona grid ornumber
on number line

o Solve a one-step problem

o Represent math relationshipsin
words, pictures, or symbols

o Read, write, compare decimalsin
scientific notation

o o0oo0oo

Specifyandexplainrelationships (e.g.,
non-examples/examples; cause-effect)
Make and record observations
Explain steps followed

Summarize results orconcepts

Make basic inferences or logical
predictions from data/observations
Usemodels/diagramstorepresentor
explain mathematical concepts

Make and explain estimates

o Use concepts to solve non-routine
problems

o Explain, generalize, or connectideas

using supporting evidence

Make and justify conjectures

Explain thinking/reasoning when more

thanone solutionorapproachis possible

o Explain phenomena in terms of concepts

o o

Relate mathematical or scientific concepts
to other content areas, other domains, or
other concepts

Develop generalizations of the results
obtained and the strategies used (from
investigation orreadings)and apply them
to new problem situations

Apply

Carry out or use a procedure in a
given situation; carry out (apply to
a familiar task), or use (apply) toan
unfamiliar task

o Follow simpleprocedures
(recipe-type directions)

o Calculate, measure, apply arule
(e.g., rounding)

o Apply algorithm or formula
(e.g., area, perimeter)

o Solve linear equations

o Make conversions among repre-
sentations or numbers, or within
and between customary and metric
measures

Select a procedure according to criteria
and perform it

Solveroutine problem applying multiple
concepts or decision points

Retrieve information fromatable, graph,
or figure and use it solve a problem
requiring multiple steps

Translate between tables, graphs, words,
and symbolic notations (e.g., graph data
from a table)

Construct models given criteria

o Design investigation for a specific purpose
or research question
Conduct a designedinvestigation
Use concepts to solve non-routine
problems
o Use & show reasoning,planning,
and evidence
o Translate between problem &symbolic
notation when not a direct translation

o O

Select or devise approach among many
alternatives to solve aproblem

Conduct a project that specifies a problem,
identifies solution paths, solves the
problem, and reports results

Analyze

Breakinto constituentparts, determine
how parts relate, differentiate between
relevant-irrelevant, distinguish, focus,
select, organize, outline, find coher-
ence, deconstruct

o Retrieveinformation from atable or
graph to answer aquestion

o ldentify whether specificinformation
is contained in graphic
representations (e.g., table, graph,
T-chart, diagram)

o |dentify a pattern/trend

o oo

o

Categorize, classify materials, data, figures
based on characteristics

Organize or order data

Compare/ contrast figures ordata
Select appropriate graph and organize &
display data

Interpret data from a simplegraph
Extend a pattern

o Compare information within oracross
data sets or texts

o Analyze and draw conclusions from
data, citing evidence

o Generalize a pattern

Interpret data from complexgraph

Analyze similarities/differences between

procedures or solutions

o o

o

Analyze multiple sources of evidence
Analyze complex/abstract themes
Gather, analyze, and evaluate information

Evaluate

Make judgments based on criteria,
check, detect inconsistencies or
fallacies, judge, critique

“UG”—unsubstantiated generalizations
= stating an opinion without
providing any support for it!

o Cite evidence and develop alogical
argumentforconceptsorsolutions

o Describe, compare, and contrast
solution methods

o Verify reasonableness ofresults

Gather, analyze, & evaluateinformation
to draw conclusions

Apply understanding in a novel way,
provide argument or justification for the
application

Create

Reorganize elements into new
patterns/structures, generate,
hypothesize, design, plan, produce

o Brainstorm ideas, concepts, or
perspectivesrelatedtoatopic

o Generate conjectures or hypotheses based

on observations or prior knowledge and
experience

o Synthesize information within one
data set, source, ortext

o Formulateanoriginal problemgiven
a situation

o Develop a scientific/mathematical
model for a complex situation

Synthesize information across multiple
sources or texts

Design a mathematical model to inform
andsolve apractical orabstractsituation
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