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FUNCTIONS

*  Identify the domain and range of relations and functions
»  Determine whether relations are funchions

Notes:

A relation is a pairing of input values with output
values. It can be shown as a set of ordered pairs (x,y),
where x is an input and y is an output.

The set of input values for a relation is called the domain,
and the set of output values is called the range.

Mapping Diagram
Domain Range

Set of Ordered Pairs:  {(2, A), (2, B), (2, C)}

Is this a function?

For a relation to be a function, one input
(x) must have exactly one output (y).

For example, is this a function? Explain.
Domain Range Domain Range

O/'; ?\p‘]
(= I —

This is NOT a function; This is a function; all
the input of 1 has two  inputs have exactly

(x, y) — (input, output) —. (domain, range) different outputs. one output.
. . Domain Range I Domain Range
x |y Find the Domain |
and Range A : A
0|2 ‘ |5
ST (023432240 o . i ! B1T—152
C 1 C
3 |-2 Domain: Range: |
- - Not a function: The Function: The relationship from
{0"3" 3"2} {2"4-‘ 2} relationship from number to I letter to number is a function
2 4 letter is not a function because I because each letter in the domain
the domain value 2 is mapped to I is mapped to only one number in
the range values A, B, and C x the range

Stating Domain and Range:

e We can use set-builder notation: {x|x>4}, which translates to “all real numbers X such that x is greater

than or equal to 4.” Notice that braces are used to indi

ix | ><>O:

cate a set.

ztof allx suchthat xis greater than zero

It says "the set of all x's, such that x is greater than 0".

In other words any value greater than 0

e Another method, and probably our most commonly used, is interval notation. With Interval Notation
solution sets are indicated with parentheses or brackets. The solutions to x>4 are represented as [4,).

This is perhaps the most useful method.

Interval Notation — Symbols

o Has 2 types of symbols: brac

parentheses [4, 12)

kets and

[ ]— brackets ( ) — parentheses
= Inclusive (the number Exclusive (the number is
is included) excluded)

=g ¥ £2<.>

ol Tt T




Practice:
1.) What is the range of the relation y = 2x?+ 5x, if the domain is the set {-2, 0, 1, 2}?

2.) A function is defined by the equation y = -3x - 4. If the domain is 1 < x <5, what is the minimum value
in the range of the function?

3.) The domain of y = 3x + 2 is {-1 < x < 4}. Which integer is not in the range?
a) 0
b) -5
c) 11
d) -1

4.) Use interval notation to indicate all real numbers greater than or equal to —2.

5.) Write the interval expressing all real numbers less than or equal to -1.

6.) Use interval notation to indicate all real numbers between —3 and 5.

To determine if a graph is a function apply the vertical line test:
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No, it's not a function  Yes, it's a function

because the vertical because the vertical line
line intersects the intersects the graph at
graph at two points. only one point.

7.) Apply the vertical line test to determine which graph(s) below are function(s).




Determine domain and Range of a function given the graph:

10 10
8 ] Since the 8] .
-1 minimum y-value 6l Since the G
6 of the function is 0 y-value
| and the graph = of the functionis 5
4 2] continues to 2] and the graph
2 extend upward, - continues to
= the range 5 5 % a T A extend downward,
r T T T T T T contains all real 2] the range
10 -8 6 -4 -2 2] 6 numbers greater 2 contains all real
] than or equal to 0. = numbers less
4 :_ -6 ] than orequal to 5.
- > — E
| Range: y20 8 ] Rangs: ¥ <5 7
Since the graph continues up toward the left and -10
up toward the right, the domain contains all real Since the graph continues down foward the left
numbers, from negative infinity to positive infinity. and down toward the right, the domain contains all
rea_l _numbers from negative infinity to positive
Domain: —© < X < o, orall real numbers infinity.
Domain: — < X <@, orall real numbers
8 ) State the domain and range of each graph below using Interval Notation:
' ‘ »
L
Frn B
- >
et
¥
Domain: Domain: Domain:

Range:

Range:

9.) For each letter below state the domain and range of the graph:

Range:
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4
[
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Notes:
Function notation is the way a function is written. Traditionally, functions are referred to
by single letter names, such as f, g, h and so on. Any letter(s), however, may be used to

name a function.
i (JF) = 3x+1

\

input
value

**This is read as “f of x”**

output value

Function Notation:
e Identifies the independent variable in a problem.
o f(x) =x+ 2b + c, where the variable is "x".
e States which element of the function is to be examined.
e Find f (2) when f (x) = 3x, is the same as saying, "Find y when x = 2, for y = 3x."

Evaluating a Function:
To evaluate a function, substitute the input (the given number or expression) for the
function's variable (place holder, x). Replace the x with the number or expression.

Numeric Example: Given the function f (x) = 2x - 5, find f (4)
Solution: Substitute 4 into the function in place of x. f(4)=2(4)-5=3.
Therefore we can say the given function evaluated at x = 4 will yield a value of 3.
f(4)=3

Algebraic Example: Find g (2w) when g (X) = x2 - 2x + 1.
Solution: When substituting expressions, like 2w, into a function, using parentheses.
g (2w) = (2w)? - 2(2w) + 1

g(2w) = 4w?- 4w +1

(The answer will appear in terms of w.)




PRACTICE:
1. Let g(x) = —5x + 2. Evaluate each of the following:

(a) g(-1) (b) g(-2) (¢) g(0) d) g(5)

2. Let f(z) = 2z + 2. Evaluate each of the following:

@ f(-3) (b) f(6) (©) f(-1) d) f(4)

3. Let g(x) = 2% + 4z — 1. Evaluate each of the following:

(a) g(—4) (b) g(8) (c) g(—-1) (d) g(1)

4. Let f(r) = 3x" — 5z. Evaluate each of the following:

(a f(2) (b) f(—8) (© f(7) (d) f(-1)



6. Suppose n(xr) = Tr + 4. Determine = such that:

(a) n(z) =39 (b) n(z) =0 (c) n(z) =1 (d) n(z) = 3
7. Suppose gq(xr) = —hx + 6. Determine x such that:
(a) glz) =21 (b) g(x) =10 (¢) glx) = -G d) g(x) = %

8. Suppose g(r) = —3r + 8. Determine x such that:

(a) g(zr) =14 (b) g(z) =10 (¢) glxr) =—14 () g(r) =3

9. Leth(x) = x?+ 2x — 5. Evaluate each of the following:

(@) h(2m) (b) h(w) (©) h(4x) (d) h(n?)



ALGEBRAIC EXPRESSIONS
Toplc = Siplifying Expressions
] + Combining Like Terms
* Distributive Property fo combine like terms

= Multiplying Polynomicts

What Are Like Terms?

First, what are terms? Terms are connected by addition or subtraction signs. For example: The
expression a + b contains two terms and the expression ab is one term. The expression ab is one
term because it is connected with an understood multiplication sign. The expression 3a + b + 2c
has three terms. The expression 2ab + 4c has two terms.

Second, what are like terms and why are they important? Like terms have the same
variable(s) with the same exponent, such as 4x and 9x. More examples of like terms are:

e 4ab and 7ab
e 2x%and 6x?

e 4ab? and 6ab?
* 5and 11

You can add and subtract like terms. When you add and subtract like terms, you are simplifying an algebraic
expression. How do you add like terms? Simply add the numbers in front of the variables (coefficients) and
keep the variables the same. (In the expression 5x + 6y, 5 and 6 are the coefficients).

Example: 2x + 3x + 7x
Add the numbers in front of the variables, 2+3+7
Don’t change the variable, 12x
Example: 4xy + 3xy

Add the numbers in front of the variables. 4+3
Don’t change the variables,

Txy
Example: 2x2y - 5x2y
Subtract the numbers in front of the variables. 2-5
Don’t change the variables. -3xly

Example: 4x + 2y + 9 + 6x + 2

(Hint: You can only add the like terms, 4x and 6x, and the numbers 9 and 2.)
Add the like terms. Ax+2y+9+6x+2

=10x+2y+11

Practice
Simplify the expressions by combining like terms.

1. 2x+4x+11x

R 9x—2y—5y+2_4x

2. 6x+3y+4y+7x — 12x+ 12y +5

3. 6x+5+9x
— Sx2+7x+5+3x2_2x+4
oo v ek lix4-8

5. 5-4x+2x2+7-x 10

3 +5X =2y + dyx + 11x -8

7



Use Distributive Property to Combine Like Terms

How do you simplify an expression like 2(x+y) +3(x+2y)? You know you can’t add x to y
because they are not like terms. Here you will need to use the distributive property. The
distributive property tells you to multiply the number and/or variable(s) outside the parentheses
by every term inside the parentheses. For example:

Multiply 2 by x and 2 by y. Then multiply 3 by x and 3 by 2y. If there is no number in front of the variable,
it is understood to be 1, so 2 times x means 2 times 1x. To multiply, you multiply the numbers and the variable
stays the same. When you multiply 3 by 2y, you multiply 3 by 2 and the variable, y, stays the same, so you would
get 6y. After you have multiplied, you can then combine like terms.

Example:
Multiply 2(x + y) and 3(x + 2y). 2(x+y) +3(x+2y)
Combine like terms. 2x+ 2y +3x+ 6y

=5x+ 8y

2 .. , :.lf there ig,ﬁO'number (coefficient) in front of a variable, it is understood to be 153

Here are two more examples using the distributive property.
A

Example: 2(x + y) + 3(x—y) .
Multiply 2 by x and 2 by y. Then multiply 3 by x and 3 by (—y). When you multiply 3 by (-y), this is the same as
3(~1y). The 1 is understood to be in front of the y even though you don’t see it. In this example, you can see how

the parentheses are used to indicate multiplication.

Use the distributive property. 2(x+y) +3(x-y)
Combine like terms. 2x+ 2y + 3x-3y
=5x—-y

Example: 2(2x + y) = 3(x + 2y) .
Use the distributive property to get rid of the parentheses. The subtraction sign in front of the 3 is the same as mul-

tiplying (-3)(x) and (-3)(2y).

Use the distributive property. 2(2x +y) - 3(x + 2y)
Combine like terms. 4x + 2y —3x—6y
=X- 4y
Practice

Use the distributive property to simplify the expressions: m—3)+2(5-n)

11. Sy—4(x—y) —_—

17. 3x—y) 52X )
12. 3(r+s)-6(r+s)




- 48. 5-3(x+7)+8x
13. 25+ 7(2s-2r)

*49. —S5(a+ 3b) — 2(4a — 4b)
14. -8(x+-2y) + 4(x-2y)

§ 20. 12+3[x+2y-—4]—-?(—2_x_ﬂ
15. 5(a+b)+2a+b)-(a-b)

Video Solutions:

i O H #15.) #19.)

Multiplying Polynomials

What Is a Polynomial?

A polynomial is a sum of numbers and positive integer powers of a single variable. For instance, 2, x +3, and
5x2 + 3 are polynomials. In this lesson, you will multiply polynomials that have more than one term.

Multiplying Expressions by a Monomial

A polynomial comprised of a single term is called a monomial. To multiply a polynomial with one term (mono-
nn?a(l)))l':;a polynomial consisting of more than one term, use the distributive property. You multiply the term out-

side the parentheses by every term inside the parentheses.

Examples:2(a + b—3) =2a+2b-6
3x(x2 + 2x) = 3x3+ 6x°

Practice 6. —7cH(2a=50)
/ x
—— L S5(x=y+2) 4 (xz},,x)6y
-
R LY - A 7x(x—3) 3 Zazx(3x_2ab+ 10(113'*'8)
—_ 3. 83(3x%+2x-5) - 2
2(2x3 - 3x%y)
4, 6(x-y-7) == =
— 10, drs(-2rt + 7rs=95%)
5. 3b(x2+2xy+y) -



Multiplying a Binomial by a Binomial

What is a binomial? A binomial is a polynomial consisting of two terms. To multiply a
binomial by a binomial, you will use a method called “FOIL.” This process is called
FOIL because you work the problem in this order:

First, Outer, Inner, Last

Example: (x + 2)(x + 3)
Multiply the first terms in each binomial.

Multiply the two outer terms in each binomial.
Multiply the two inner terms in each binomial.

Multiply the two last terms in each binomial.

Simplify.

([x] +2)([x] + 3)
=x2

([x] +2)(x + [3])
=x2+3x

G+ [2])([x] +3)
=x2+3x+2x
e+ [2])(x + [3]))
=x?43x+2x+6
=x2+5x+6

Example: (x + 3)(x-1)
Multiply the two first terms in each binomial.

Multiply the two last terms in each binomial.

Multiply the two outer terms in each binomial,

Multiply the two inner terms in each binomial,

([x] + 3)([x] = 1)
=x2

([x] + 3)(x - [1])
=x2-1x
(x+[3])([x] - 1)
=x2-1x+3x
G+ 3])(x— 1))

=x?-lx+3x-3

Simplify. S
Practice
Multiply these binomials.
M x4 3)x+6) *25. (a-b)a+)
— 12, (x-4)(x-9) 26. (7x+2y)(2x-4y)
__*13- (2x+1)(3x-7) "27. (3x+2)(4x-3y)
14. (x+2)(x-3y) 28. (2x+y)(x-y)
5. (5x+7)(5x-7) *29. (5x-2)(6x-1)
— 16, (x+2)(x+4) _30. (a+b)(c+d)

—17. (x+6)(x-3)
— 18. (x-6)(x-2)

—19. (x-1)(x+10)
o0
]

Video Solutions:

#11,13,15

#25,27,29

31. (7y-2)(7y+2)
(4x-1)(4x-1)

33. (7a+3)(2a-2)

mlh™ =
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Multiplying a Binomial by a Trinomial

Example: (x +2)(x2+ 2x + 1)

: st
To work this problem, you need to multiply each term if the fir
polynomial.
Multiply x by each term in the second polynomial.

Multiply 2 by each term in the second polynomial.

Simplify.

Example: (x+ 1)(x+ 1)(x+1)

To work this problem, you need to multiply the first two factors.
factor.

Multiply the first two factors.

polynomial with each term in the secong

x(x?+2x+1)
=xd42xi+x
2(x2+21+1)
=2x2+4x+2
x3+2x2+x+2"2+4x+2
—x3+4xt+5x+2

You will then multiply the result by the thirg

(x+1)(x+1)

Simplify. =xl+2c+1
Then multiply the product by the third factor. (x?+2x+ D)(x+1)
Multiply. xHx+1)
=x3 + x?
Multiply. 2x(x+ 1)
=2x2+2x
Multiply. I(x+1)
=x+1
Simplify. =x3+x2+2x2+ 2x+x+1
=x?+3x2+3x+1
Practice
’ *
38. (x-2)(x2-2x+1) 45. (5x+4)(22 +x+3)
39, (x+3)(x*+2x+5) — 46, (2x-2)(3x2+2x+3)
40. (x+3)(x+2)(x-2) Y v | (7-’52+y2)(x2-y1)
41. Ox+2)(x-1)x+3) ——48. (x+2)(32-5x+2)

42. (x+y)(4x? +3xy-1)

(2a+ b)(a +2b +8)

-
44. (3x+2)(2x+3y-1)

*
——A49 (2x-3)(:3 + 322 - 4x)
——S50. (4a+ b)(5a? + 2ab - b?)

— 51 (3y- 7)(6y2 -3y +7)




SOLVING LINEAR SYSTEMS

* What & a Linear System?
+ Sabving Graphically
*  Sobving Algebraically

Graphically:

When you graphed linear equations previously, you found their graphs were always a straight
line. If the graph of an equation is a straight line, the equation is a linear equation. There are
other ways to determine if an equation is linear without graphing the equation. Equations of

Solving Linear Systems

this type can be put into the form Ax + By = C, where A and B are not both equal to zero. This
is called the standard form of a linear equation. In standard form, a linear equation can have no

exponent greater than 1, cannot have any variables in the denominator if the equation contains

both variables, and cannot have the product of variables in the equation.

The form we are comfortable with and mostly used for graphing is y = mx + b, where m is the

slope of the line and b is the y-intercept (where the graph crosses the y-axis)

Here are examples of equations that are linear:

2x+y=11
%x+3y=12
5x-2y=16
x=18

xt+y=5
%+y=7
xy=6

Here are examples of equations that are not linear:

Equation contains a variable with a power greater than 1.
Equation contains the variable in the denominator.
Equation contains the product of two variables.

Practice

Determine if the following equations are linear equations.

1. 5x+y=13

2. 6x-3y=8
3. y=12

4. x+yi=11

S. 3x+2xy—-4y=5

6. %x+2y=5
7. 2+y=17
8. y»+5x+6=0
9. x+y3’=11

3x+2y+5=x—y+7

12



What Is a System of Linear Equations?

A system consists of two or more equations with the same variables. If you have two different variables, you need

at least two equations. There are several methods of solving systems of linear equations. In this lesson, you will

solve systems of equations graphically. When you graphed linear equations in Lesson 8, the graph, which was a

straight line, was a picture of the answers; you had an infinite number of solutions. However, a system of lin-
’

ear equations has more than one equation, so its graph will consist of more than one line. You'll know that you've
solved a system of linear equations when you determine the point(s) of intersection of the lines. Since two dis-

tinct lines can intersect in only one point, that means such a system of linear equations has one solution. What if

the lines don’t intersect? When the lines do not intersect, the system has no solutions.

Two distinct lines can intersect in only one point, or they do not intersect at all. However there is a third
possibility: The lines could coincide, which means they are the same line. If the lines coincide, there are an
infinite number of solutions, since every point on the line is a point of intersection. The three cases mentioned
are shown below:

Case 1: The lines intersect in one point. Case 2: The lines do not intersect.
Here we have ONE SOLUTION. Here we have NO SOLUTION.

y

w0t

-0t

Slopes different, intersect at 1 point Slopes same, different y-intercepts

Case 3: The lines coincide.
Here we have an infinite number of solutions.

2

-3

Slopes same, same y-intercepts

13



You can determine the nature of the solutions of a system without actually graphing them. Once you have

placed the equation into slope intercept form (y=mx+b), you can compare the slopes and y-intercepts of each

equation. Use the graphs on the previous page to determine which case you have.

Case1: The slopes and y-intercepts are the same, so the lines coincide. There will be an infinite number of

solutions.
y=2x+3
y=2x+3
Case2: The slopes are the same, but the y-intercepts are different. The lines will be parallel, so there is no
solution.
y=2x+4
y=2x-5
Case3: The slopes are different. The lines will intersect, so there will be one solution.
y=3x+2
y=2x+3
Practice
Without graphing the system, determine the number of solutions the system will have.
21. y=3x-5 e . y¥I=IxtD
y=3x+2 Jy=9
22. x+3y=10 26, 3x+y=6
2x + 6y =20 3x-y=6
23. 3}:—2_1::61 —2?- 41—3}':12
2y-3x=4 —4x+3y=-12
24. 2x+3y=6 2 x+Wy=15
3:‘:_},_:2 -1x—2y=3
Solving Linear Systems
Algebraically: We will use two methods to solve systems algebraically, ELIMINATION and

SUBSTITUTION.

How to Use the Elimination Method

Graphs serve many useful purposes, but using algebra to solve a system of equations can be faster and more accu-
rate than graphing a system. A system of equations consists of equations often involving more than one variable.
When you use the elimination method of solving systems of equations, the strategy is to eliminate all the variables
except one. When you have only one variable left in the equation, then you can solve it.

14



Example
Solve the system: x + y = 10

x—-y=4
Add i
the equations. (x+y)+(x-y)=10+4
2x—-0y=14
Drop the 0y. 2x=14
Divide both sides of the equation by 2. x_Uu
Simplify both sides of the equation. x=7 3

Y - 2
ou have solved for the variable x. To solve for the variable 3, substitute the value of the x variable into on¢ of the

original equations. It does not matter which equation you use. x+y=10
Substitute 7 in place of the x variable. 7+y=10
Subtract 7 from both sides of the equation. 7-7+y=10-7
Simplify both sides of the equation. y=3

ous example, you found

You solve a system of equations by finding the value of all the variables. In the previ
substitute the values for

that x = 7 and y = 3. Wrrite your answer as the ordered pair (7,3). To check your solution,

x and zinto both equations.

Example
Solve the system: x+ y =6
—x+y=—4
Add the two equations. Ox+2y=2
Drop the Ox. 2y=2
Divide both sides of the equation by 2. -1
Simplify both sides of the equation. y=
Use one of the original equations to solve for x. x+y=6
Substitute 1 in place of y. x+1=6
Subtract 1 from both sides of the equation. T G e St |
Simplify both sides of the equation. x=5
Write the solution of the system as an ordered pair: (5,1).
Check:x+y=6
Substitute the values of xand y into the first equation. 5+41=6
Simplify. 6=6
-xt+y=-4
Substitute the values of xand y into the second equation. ~(5)+1=—4
Simplify. s Bt
Did you get the right answer? Yes! You got true statements when you substituted the value of the variables
into both equations, sO you can be confident that you solved the system of equations correctly.

15



Practice

Solve the systems of equations using the elimination method.

e

Y

3Ix+4y=8
—Bx-f-y: 12

4x-2y=-5
—x+2y=2

S5x—-3y=-10

4x+2y=12
—4x+y-_-.3

2x-3y=9
x+3y=0
2x—-y=2
-2x+4y=-5

x+y=4
x—y=-1

3x+4y=17
-x+2y=1

7x+3y=11
2x+y=3

10.

1.

12.

13.

14.

150

16.

17.

18.

0.5x + 5y = 28
Ix-y=13

3(x+y)=18
Sx+y=-2
x+2y=11
2x-y=17
5x+ 8y =25
Ix-15=y

6y + 3x =30
2y+6x=0

x=5-7y
2y=x-6

3x+y=20
F+10=y

2x+7y=45
Ix+4y=22

3x-5y=-21
2(2y-x)=16

16



When You Can’t Easily Eliminate a Variable

Sometimes, you can't easily eliminate a variable by simply adding the equations. Take a look at the following
example. What should you do?

Example
Solve the system: x + y = 24

2x+y=3
If you were to add this system of equations the way it is, you would be unable to eliminate a variable. However, if
one of the y variables were negative, you would be able to eliminate the y variable. You can change the equation
to eliminate the y variable by multiplying one of the equations by —1. You can use either equation. Save time by
choosing the equation that looks easier to manipulate.

Multiply both sides of the first equation by -1. ~l(x+y)=-1-24
Simplify both sides of the equation. Ry
Add the second equation to the modified first equation. 2x+y=3

x=-21

x+y= 24
Substitute the value of x into one of the original equations. -21+y=24
Add 21 to both sides of the equation. -21+21+y=24+21
Simplify both sides of the equation. y=45

The solution to the system of equations is (-21,45).

Example
Solve the system: 2x + y = 4
3x+2y=6

How will you eliminate a variable in this system? If you multiply the first equation by —2, you can eliminate the

y variable. 2(2x+y)=-2-4
—4x-2y=-8

Add the second equation to the modified first equation. 3x+2y=6
-x==2

Multiply both sides of the equation by —1. -1=x=-1--2
x=2

Substitute 2 in place of the x variable in one of the original equations.
2x+y=4
2:2+y=4

Simplify. 4+y=4

Subtract 4 from both sides of the equation. 4-4+y=4-4

Simplify. y=0

The solution of the system is (2,0).

17



Practice

Solve the systems of equations using the elimination method.

—19. 2x+4y=10
-3x+3y=-6
8x-3y=-28

21. 7x-7y=-7
21x-21y=-21

22, 5x-5y=>5
25x— 25y =25
4x + Sy =22

24, 5x-3y=31
2x+5y=0

25. 3x-4y=6
-5x+ 6y=-8

26. 6x-2y=-6
-5x+5y=5

27. -5x+2y=10
3x + 6y =66

28. 2x+2=3y-x-4
S5x+2y+1=5

29. x=3y+6
3x=6y-15

30. 3x+2y=x-6
3(x+2y)=3

Study the following examples.

Example
Solve the system: y = 2x
2x+y=12

variable.

Combine similar terms.

Divide both sides of the equation by 4.
Simplify both sides of the equation.

The solution of the system is (3,6).

How to Use the Substitution Method

Some systems of equations are easier to solve using the substitution method instead of the elimination method.

The first equation says that y = 2x. If you substitute 2x in place of y in the second equation, you can eliminate a
xx+2x=12

4x=12
ix

l

Substitute 3 in place of x in one of the original equations.

o e R o

=12
4

I

3

1

3
2x
2.
6

18



Practice

Solve the systems of equations using the substitution method.

31. x=2
ix+y=18

32. y=2
3x+ 6y =230

—_——

6x—2y=28

34, y=2x+1
3x+2y=9

35. x=2y+1
3x-y=13

38. x+y=3
Ix+ 101 =7y

39. 5x+y=3.6
y+2lx=8.4

40. 8x-y=0
10x + y =27

41. y+3x=0
y=-3x=24

42. 2x+y=2-5y
xX-y=5

Mixed Practice

Solve the systems of equations using any method.

*

45. x+2y=10
2x-2y=—4

*
46. y=-6x
2x-y=16

*
47, 4x+2y=18
3x-y=1

Video Solutions:

[=]

#A4AT7

48, x=5y-2
2x—-y=14

49. 3x+7y=4
6x + 2y =—4

50. 2x-5y=10
Ix+2y=-4

19



Applications

Use a system of equations to solve the following word problems. First, work through the example problem given.

Example: Your book club is having a pizza party. The pepperoni pizza is $8, and the combination pizza is $12. You
need 9 pizzas, and you have $80 to spend. How many of each kind can you get?

Let x = number of pepperoni pizzas.
Let y = number of combination pizzas.

x+y=9
8x+ 12y =80
Multiply the first equation by —8. —B(x+y)=-8-9
Simplify. -8x—8y=-72
Add the second equation to the altered first equation. 8x+ 12y=280
4y=8
Divide both sides of the equation by 4. —f‘t = %
Simplify both sides of the equation. y=2
Substitute 2 in place of y in one of the original equations. x+ty=9
x+2=9
Subtract 2 from both sides of the equation. x+2-2=9-2

Simplify. x=7

You can get 7 pepperoni pizzas and 2 combination pizzas.

EXAMPLES:

51. The admission prices for the last baseball game of the season were $3 for students and $4 for adults. One
hundred tickets were sold, and the gate receipts were $340. How many of each kind of ticket were sold?

S2. Jolynn drove 370 miles in 6 hours. She drove 70 miles per hour on the highway and 45 miles per hour on
the back roads. How many hours did she spend on the backroads?
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EXPONENTS
B
Working with Exponents
You will add, subtract, multiply and divide expressions with exponents. Along with raising
expressions to a power.

What is an Exponent?

An exponent tells you how many times a factor is multiplied. An exponent appears as a raised
number of the number or variable to its immediate left. For example, in the expression 43, the
three is the exponent. The expression 42 shows that four is a factor three times. That means
four times four times four. Here are some examples:

5t=5-5

29=2.2-2

a*=a-a
2;3}:1:1-1:-::*:-}"}"

Remember:

When we combine like terms, we added the numbers in front of the variables (coefficients) and
left the variables the same. As follows:

Ix+dx=7x
2x2 + 7x? = 9x?

Ixy + bxy = 9xy
5x3 - 3x3 = 2x?

What do you do with exponents when you are adding? NOTHING!! You only add the
coefficients. The variables and their exponents stay the same.
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Multiplying with Exponents

The rules for multiplying expressions with exponents may appear to be confusing. You treat

exponents differently from ordinary numbers. You would think that when you are multiplying,

you would multiply the exponents. However, that’s not true. When you are multiplying
expressions, you add the exponents. Here’s an example of how to simplify an expression.

Example: x2+ x3=
(xx)(x+xx)=
xs

You can see that you have 5 x’s, which is written as x°. To get x for an answer, you add the exponents instead of
multiplying them.

Example:a3. g4 =

(“-a-a)(ma-a-a):
a’

The factors of g3 ‘a-
Wh ] area-a a-Thefactorsofa‘area-a-a-a.Thefactorcdformofa’-a‘isa'ﬂ'“'“'“'“’“‘
en you write the problem out in factor form,

uca that h ’s. :
the exponents. you can see that you have 7 a’s. The easy way to get 7 is to add

What would you do if you see an expression like x?°, and you want to multiply it by x*? You

can see that writing out the factors of x?° - x?® would take a long time. Think about how easy it

would be to make a mistake if you wrote out all the factors. It is much more efficient and fast

to use the rule for multiplying exponents:
When you are multiplying such terms (same base), you add the exponents.

What Is a Base?
In the expression

would be 6x°. When you multiply 5a3 - 244, you get 10a’.

4 . .
"_ » the xis the base, and the 4 is the exponent. You can multiply variables only when the base is the
same. You can multiply a- a*to get a5. However, you cannot add the exponents in a*- b* because the bases are different.
; 3 A
To multiply 2x2 - 3x4, multiply the numbers, keep the variable the same, and add the exponents. Your answer

expgnent exponent
{ (number of times to multiply the base)

AR
23 ?3“=3-k-3-3=§1

base base number

22



r—_—_—_—_—_—_—_—_—

I Remember: I
I If there is no exponent, the exponent is understood to be 1. |

: For example: x - x2=x! - x2=x3 I
e e e e o o mm mm me e e o e o
Practice
Simplify the expressions using the rules for adding and multiplying with exponents.
1. llx+17x — 6. ab?-a%?
2 3x+4x? — 7. 2m*n?-6mn®
- 3 ad-a’ — 8. 16a*t’c + Sabc - 4a'bic
— 4 x¥+5xYy —_— % xy+7x -7y
5. 3x-4x? —10. 3xy +4x-5xy

—

Dividing with Exponents
Now you know that when you multiply expressions with exponents, you add the exponents.
However when you divide, you SUBTRACT the exponents. Take a look at some
examples:

XX XX°% _ S=2 . o)
xx _x *

’ 1 1
§ x-xfxfx-xz = Semid
‘;_’g_’_ a-a-a-b-b _a"'_%}

Enmplcs; f:-

=2 bbb bbb BT

T_iQ: When subtracting exponents, always subtract the larger exponent from the smaller
exponent.
o |f the larger exponent is in the numerator, the variable and exponent will be in the
numerator. (First example above)

e |f the larger exponent is in the denominator, the variable and the exponent will be in the
denominator. (Second example above)
23



Writing out the factors when you work problems takes too long. So, you can use the rule for

5
exponents when you divide. When you divide expressions that contain exponents like %,
divide the coefficients (4 and 2) and subtract the exponents (5 and 3). The answer for the

. - 4x5 2
expression is — = 2x2.
2x

I Remember: I
I A gquantity raised to the zero power is 1. I
3
| For example: = % = x° I
I However, a number divided by itself is always 1. Therefore x° = 1. |
Practice
Simplify the expressions.
b 2ab’
— M. 5 16. 3%
- 49 & 165524
& — 17, o
13 F 25155
-p- ' __180 -SVT
a‘b 8x*
— 4 e N Toz)%
1oz :
_15. ) 22y 20. ;m‘n:
m'™n
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What to Do with Exponents
When You Raise a Quantity to a Power

How do you simplify the expression (x3)?? Remember that an exponent tell you
how many times a quantity is a factor.

Examples: (x*)? =(x-x-x)(x-x-x)=xb

(@%b =(a-a-b-b-b)(a-a-b-b-b)=a'bs
(3a%)? =(3-a-a-a)(3-a-a-a)=3%b%=9ab

From the previous examples, you can see that if you multiply the exponents, you
will get the correct answer.

If you raise a quantity to a power, you multiply the exponents.
Practice

Simplify the expressions.

21, (x5 26, (2%
22, ('Y 27, (P
__23. (aW?)? 28 ()PP
2 (xp*p ___29. [(aabc*)’P

25. (mn?)? 30 (3x¥)+ (5%

Mixed Practice
Simplify the expressions.

*31 (x‘yzz) | *36- 2x2- 3y5 + 4xy3 . nyz
. XyZ
41,5\3
* 25 3ab(6a + 5b) 37. (3a%b%)
*33, 1827 *38. (2xy5)° - 8xy¥(x%y7)
. 1237
M. 15 8. S +5

l6r“ 40 Sa’b’ e 2a"b7

*35. (x2y3)3,2x3 ______40. W
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RADICALS Parts of a Radical

——radical symbol
+ Simplifying Radicals g Y

+  Soing Radicd Fauations i~ -
index—»(3) {2'2|. radicand

»  Solving Quadratic Equations that have a Radicdl Answer

RADICALS —_—

Here we will review the definition of a radical and show you how to simplify them. We will also
review all operations with radicals (add, subtract, multiply, divide)

What Is a Radical?

You have seen how the addition in x + 5 = 11 can be undone by subtracting 5 from both sides of the equation.
You have also seen how the multiplication in 3x =21 can be undone by dividing both sides by 3. Taking the square
root (also called a radical) is the way to undo the exponent from an equation like x? = 25.

The exponent in 72 tells you to square 7. You multiply 7 - 7 and get 72 = 49,

The radical sign\/in /36 tells you to find the positive number whose square is 36. In other words, V/36
asks: What number times itself is 362 The answer is V36 = 6 because 6 - 6 = 36.

The number inside the radical sign is called the radicand. For example, in V9, the radicand is 9.

Square Roots of Perfect Squares

The easiest radicands to deal with are perfect squares. Because they appear so often, it is usefull
to learn to recognize the first few perfect squares:
Squares Square Roots
12=1x1=1 52=5x5=25 92=9x9=81 = 1 V25 = 15 /81 = 19

+ I+
M

22=2x2=4 62=6x6=36 102=10x 10 = 100
32=3x3=9 72=7x7=49 112=11x11=121
42=4x4=16 82=8x8=64 122=12x12 =144

/36 = 6 4/100= *10
+f6a = 18 +1aa= 12

n
I+
B

It is even easier to recognize when a variable is a perfect square, because the
exponent is even,

Any even power is a perfect square.

L u I e . 2 =32
WIE, Va“ =a Vx' =
10 5 The square root
VX =X exponent is half of
’ 2 the original exponent.
ey ’ 90 45

26
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Example: V 64x%y'°
Write as a square.
Evaluate.

Example: V64x%y'

Split into perfect squares,
Write as squares.
Evaluate,

Multiply together.

V64-x2-y'®

You could also have split the radical into parts and evaluated them separately:

V8-8:-Vx-x-Vy )

B:-x:y

S

8xy*

If your radical has a coefficient like 3V 25, evaluate the square root before multiplying: 3V25=13-5 = 15.

Practice
Simplify the radicals.

x*
1. V12

1.

12

13.

Ma.

1S.

16.

17.

18.

*x,

19.

— 20,

V1,600




Simplifying Radicals
Not all radicands are perfect squares. There is no whole number that, multiplied by itself,
equals 5. With a calculator, you can get a decimal that squares very close to 5, but it won’t
come out exactly. The only precise way to represent the square root of 5 is to write v/5. It
cannot be simplified any further.

IThere are three rules for knowing when a radical cannot be simplified any further:
|

| 1. The radicand contains no factor, other than 1, that is a perfect square.

[ 2. The radicand is not a fraction.

[ 3. The radical is not in the denominator of a fraction.
e S

When the Radicand Contains a Factor That Is a Perfect Square
To determine if a radicand contains any factors that are perfect squares, factor the radicand
completely. All the factors must be prime. A number is prime if its only factors are one and the
number itself. A prime number cannot be factored any further.

For example, here’s how you simplify V'12. The number 12 can be factored into 2 - 6. This is not completely

f‘;“’;‘d:c“““ 6 is not prime. The number 6 can be further factored 2 - 3. The number 12 completely factored
is2-2+3,

. '.l’hc radical V'12 can be written as V2 - 2 - 3. This can be split up into V2- 2 - V/3. Since V2 - 2 = 2, the
simplified form of V12 is 2V/3,

Additional Examples:

Example: V18
Factor completely. V2-3.3
Separate out the perfect square 3 - 3. V3. Vv2
Simplify. 3V2
Example: V60
Factor completely. V6-10
Neither 6 nor 10 is prime. Both can be factored further. V2.3.2.5
Separate out the perfect square 2 - 2. V22-V/3.5
Because V/3 - 5 contains no perfect squares, it cannot be simplified further. 2\/15
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Example: /32

Factor completely. V2-16

The number 16 is not prime. It can be factored. V2-2.8

The number 8 is not prime. It can be factored. V2.2.2.a2
The number 4 is not prime. It can be factored. V2.2.2.2.3

You have two sets of perfect squares,2-2and 2 - 2. The square root of each

is2,soyouh
of 2. The square roots go outside the radical. You then multiply the numbers th R b

at are outside the radical,
. 2:2V2
Simplify. The product of 2 times 2 gives you 4. N3

Shortcut: You may have noticed in the first step, V2 - 16, that 16 is a perfect square, and the square root of 16 is
4. This would have given you the answer 4V/2. Use the shorter method whenever you see one.

Examples involving variables:

Example: V50x°

Factor completely. V2-5-5-x-x-x
Separate the perfect square 5- 5and x - x. V5-5-Vx-x-V2-x
Simplify. 5x\V 2x

Example: V9x%°

Rewrite the radicand as the product of perfect squares. V9-xi-yl.y

Take out the square roots. 3xyVy

75x°
\/25-3-x2 - X

NI
5.\/§°x-\/3_c=5x\/§
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Practice

Simplify the radicals.
1. Vs 31 V25
____22. V2 _32. V500
23 V54 33 V120
24 Vo 3 Vi
25 Vn 35 V33
26 V27 36, Var
__27. V28 __37. V34
28 V160 ____38. VBoalbd
___29. V200 ___39. V20aboc
30. Va4 _____40. V/5004"

When the Radicand Contains a Fraction

The radicand cannot be a fraction. If you get rid of the denominator in the radicand, then you no longer have a
fraction. This process is called rationalizing the denominator. Your strategy will be to make the denominator a
perfect square. To do that, you multiply the denominator by itself. However, if you multiply the denominator of
a fraction by a number, you must multiply the numerator of the fraction by the same number. Take a look at the

following examples.

Example: ‘g

Make the denominator a perfect square.

I'—.
|
-
-
ﬁ r

=
i
b
I
NS,
N

Take out the square roots. One is a perfect square and so is 2 - 2.
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Example: J%

Make the denominator a perfect square.

The number 1 is considered a factor of all numbers. If the numerator does not contain a perfect square, then 1
will be the perfect square and will be in the numerator. Take the square root of 1 in the numeratorand 3 - 3 in the

denominator. The product of 2 - 3 will give you 6 for the radicand.

wir
|

V2. 1
e

Vi

Example: 32—“
Make the denominator a perfect square, ;"25 : %
WVix-2 1
Take the square roots. A =7 V6x
Practice
Simplify the radicals.
* 2 47. =
M. 2 :
2 48.
42, 3 V5
* 56
a3, 5 49. %
V160
2 50.
44. = V2
51, <
* 5 . -
45. 75

&
=

[m]% >3 ml
Lyl 1
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When a Radical is in the Denominator

When you have a radical in the denominator, the expression is not in simplest form. The
expression j—§ contains a radical in the denominator. To get rid of the radical in the

denominator, rationalize the denominator. In other words, make the denominator a perfect
square. To do that, you need to multiply the denominator by itself.

2 A3
Example: 373 V3 ~
2V'3
T Ve
Simplify. i
The number 9 is a perfect square. d
5
Example: 75
s V2
Rationalize the denominator. Vi'Va
5V72
Simplify. N
- \E
Take the square root of 4. =
Example: %‘%
- Ve Vi
Rationalize the denominator. V2 V2
Simplify. N
You aren’t finished yet because both radicands contain perfect squares.
Vi-a
Va
2\V3
Take the square root of 4. =
Finished? Not quite. You can divide 2 into 2, or cancel the 2's. V3
Practice
Simplify the radicals.
* 3 5
. U 7 56. Vx
s ey, —-
___ 83 5 e
V2 * 7V2
*S4. 5 58. v 3
2V3 8ab
= s X7 YA

[m]
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Adding and Subtracting Radicals

You can add and subtract radicals if the radicands are the same. For example, you can add 32 and 5V/2 because
the radicands are the same. To add or subtract radicals, you add the number in front of the radicals and leave the
radicand the same. When you add 3V2 + 5V/2, you add the 3 and the 5, but the radicand V2 stays the same. The
answer is 8V/2.

Example: 2V/5 + 7V/5
Add the numbers in front of the radicals. 9\V5
Example: 11V5 - 4\V/5
Subtract the numbers in front of the radicals. 7V5
Example: 4V3i+2V5+6V3
You can add only the radicals that are the same. 10V3 +2V5
Example: 5V8 + 68
Add the radicals. 11V38
But V/8 contains a factor that is a perfect square, so you aren’t
finished because your answer is not in simplest form. 11V2-4
Take out the square root of 4. 2-11V2
Simplify. 22V2
Practice
Add and subtract the radicals. Simplify the radical when necessary.
; *
*60. 3V7+8V7 65. V75-V20+3V5
61. 11V3-8V3 6. 9Vx-4Vy+2Vx
*
"63. 3V6+2V2-5V6 68. 2V18+6V2
& v 69. 3V5+V20-V7

[=] 3o




Multiplying and Dividing Radicals

To multiply radicals like 4\V/3 by 2V'2, you multiply the numbers in front of the radicals: 4 times 2. Then multi-
ply the radicands: 3 times 2. The answer is 8V6.

Example: 5V3.2V2
Multiply the numbers in front of the radicals. Then multiply the radicands.
10V6

Example: 2V6-3V3
Multiply the numbers in front of the radicals. Then multiply the radicands.

6V18
However, you are not finished yet because 18 contains the factor 9,
which is a perfect square. 6V2-9
Take out the square root of 9. 3-6V2
Simplify. 18V2

F__—_—_—_—_—_—_—_—_—_—_—_1

| Remember: |
IWhen you multiply or divide radicals, the radicands do not have to be the same. |

To divide the radical 4V6 by 2V/3, divide the numbers in front of the radicals. Then divide the radicands.
The answer is 2V/2.

Example: ':7\/-2“!
Divide the numbers in front of the radical. Then divide the radicands.
2V3
820
Example: /5
Divide the numbers in front of the radicals. Then divide the radicands.
2V4
However, you aren’t finished yet because 4 is a perfect square.
Take the square root of 4. 2.2
Simplify.
F L — L — L — L — L — L — L — L — L — L — L — L — 1
I Remember: I
' If there is no number in front of the radical sign it is assumed to be 1. I

L e e e e e e e e e e e e e == =]

34



Practice

Multiply and divide the radicals, Simplify the radicals when necessary.

70. 7V3.5V2 75 B

*71. "W‘/;—‘"- ______76. %2_59
____72. 3\V5.4\2 77. 3V10-5V10

73. Y0 “78. 4V6-5V3

*74. 3Va 4V "79.

[=] g [m]

Here’s a chance to review what you learned in this lesson.

80. V32 z
e 32 88. 7

81. 4V18 89. \V400x
B2, 3V25x8y 90. 7~

83. 13V5+5V13 9. 5V2+-7V2(4V3)

84. (6V2)(3V10) 92. 6V3-6V3+10
85 2V24+2V27 93, (-2V7)2

86. V3247 94, 2[-4V2(5V5))
N
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What is a Radical Equation?

What is a radical equation? An equation is not considered a radical equation unless

the radicand contains a variable, like vx = 3. You know that squaring something is
the opposite of taking the square root. To solve such a radical equation, you square

both sides.

Example: Vx =3

Square both sides.
Simplify.

Multiply.

Take the square root of x7.

2

,_-]2 =32
*VX

N

9

x=9

Solving an equation like x2= 25 requires a little extra thought. Plug x =5 and you
see that 52 = 25. This means that x=5 is a solution. However, if you plug in x = -5,
you see that (-5)? = 25. This means that x = -5 is also a solution, so our initial
equation has two solutions x=5 and x = -5. This happens so often that there is a
special symbol £ that means plus or minus. You say that x = + 5 is the solution to

x? = 25.

Remember that every quadratic equation has two solutions.
Example: x* = 24
Take the square root of both sides. Vax2=V24
The answer could be + or —. x=+V24
Factor out perfect squares. x=1tV4-6
Simplify. x=+2V6

Practice

Solve the radical equations. Show your steps.

*1. x2=81

x1=50
Vx=8
Vn=3-2

> woN

5 xX=49
6, x1=135
7. Vn=11
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Solving Complex Radical Equations

' Remember:

: Before squaring both sides of an equation, get the radical on a side by itself.

Example: Vx+1=5

Subtract 1 from both sides of the equation. Vx+1-1=5-1
Simplify. /=4
Square both sides of the equation. (Vx)? =42
Simplify. x=16
Example: 3Vx = 15
Divide both sides of the equation by 3. 31;;; = %
Simplify. Vx=5
Square both sides of the equation. (Vx)? =52
Simplify. x=25

Example: 2Vx+2=18
Subtract 2 from both sides of the equation.

Simplify.

Divide both sides of the equation by 2.
Simplify.

Square both sides of the :qua_utiun.
simplify.

2Vx+2-2=18-2

1\.-"{;::16-

Vx 18
2 2

Vx=8
(Vx)?=g?
x=564
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Practice

Solve the radical equations. Simplify the radical when necessary. Show all your steps.

*8.

9.
*

1 o.

1.
12
13.
14.

15.

16.

17.
18.

Vx+5=7
Va-6=5
4Vx=20
5Vw=10
3Vx+2=8
4Vx-3=17
Va+3=7
Vx-5+2=11
3Vx+2=21
2Va+3=6

9-4Vy=-11

19.
20.

*

21.
22,
23.
24,

*

25.
26.
27.
28.

3+6Ve=27
Vix+2=1
V=3
Va=2V3
5V2x+1+2=17
6V2x+1=18
3Vx+2+2=—4
15+ V5x=20
Viax+1+7=12
5V3x+6 =30
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FACTORING POLYNOMIALS
* Greatest Common Factor
+ Difference of Two Squares
« Trinomials where a = |
« Trinomials where a > |
- Quadrtic Equation

Factoring Polynomials

We will start by factoring expressions using the greatest common factor, difference

of two squares, and the trinomial method.
What Is Factoring?

Factoring is the opposite of multiplying. It undoes what multiplication does. When you factor
an algebraic expression, you end up with quantities called factors which, when multiplied, will

give you the original expression.

Finding the Greatest Common Factor

The first type of factoring we will review is the GCF method. With this method, you look for

the greatest factor that is common amongst two or more expressions or numbers.

Example: What is the greatest common factor of 18 and 272
Factors of 18 are: 1,2,3,6,9,18
Factors of 27 are: 139,27

The greatest factor both numbers have is 9, so the greatest common factor of 18 and 27 is 9.

Another approach would be to factor each number until all its factors are prime factors.

Example: What is the greatest common factor of 12 and 247
The prime factors of 12 are: ‘
The prime factors of 24 are: -2

est common factorof 12 and 24 is 12.

The factors that both 12 and 24 have in common are 2 - 2 - 3, which equals 12. So you know that the great-

Example: What is the greatest common factor of 8x 'y and 24x%y?
The prime factors of 8x%y are: X X Xy

2.
-2-3.1‘..l'.)'.)'

NN
NN

The prime factors of 24x%y? are:
The factors that both numbers have in common are 2- 2 -2 - x - x - y, which equals 8x?y.

Example: What is the greatest common factor of 30a’b and 40a*b?
The prime factors of 30a2b are: 2:3-5-a-a-b
The prime factors of 40a’b? are: 2-2-2-5-a-a-a-b-b-b
Both numbers have 2+ 5+ a - a - b in common, so the greatest common factor is 10a2b.
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Factoring Using the GCF Method

To factor an expression like 2x+6, find the greatest common factor of both terms. In this expression, the factors
of 2x are 2 and x, and the factors of 6 are 2 and 3, so the GCF is 3. To factor the expression, put the GCF
outside the parentheses and put what is left inside the parentheses.

Practice

Example: 2x+6=2(x + 3)

Factor using the greatest common factor method.

*
1.

N

5x + 25 * 9.
100a + 300 10
15a%b? + 15ab? . |
22xy + 11x R 1
5x+9 13
1622 + 20x 14.
x%y+ 3x 1.
R s 16

=]yl

[=]

—6x3 + 18x%y
10x4y2 - 50x%y + 70
6a? - 39ab

12a°bc + 4a°bc
22x%y + 55x%?

8x% + 12x + 20

53— 15f+ 25

30a°h? + 20a%h + 35a'b?

Factoring Using the Difference of Two Squares Method

Another type of factoring is the difference of two squares. You will find this method easy if

you have reviewed the concept of squares.

A number or expression multiplied by itself equals a perfect square.

Examples:

4because2-2=4

9 because3-3=9

25 because 5+ 5 = 25
a?because a-a =4’
lﬁbzbccause4b-4b=l6b’
d10because - d*=d"
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The method of factoring using the DOTS (Difference of Two Squares) is an easy

pattern to remember. The pattern is (X + y)(X — ), where X is the square root of the

first term, and y is the square root of the second term.

Example: x* - 4

Both x? and 4 are perfect squares, and they are connected by a subtraction sign, which is why the expression is
called the difference of two squares. To factor the expression, take the square root of the first term and the square

root of the second term. Write it like this: (x + 2)(x - 2).

r-=-—=-===-m==-==-==-=="m==-=-=-=-==== 1
I Remember: I
:_The sum of two squares (n? + 4) CANNOT be factored. :

Here are two more examples:

Example: y? -9
=(y+3)(y-3)

Example: 16a? - 25b?
= (4a + 5b)(4a - 5b)

Remember:

The expressions (n+6)(n-6) and (n-6)(n+6) are equivalent due to the
commutative property.

Practice

Factor these expressions using the difference of two squares method.

*
_____17. 16=-121 e 3

24, y’-64
18. a’-9 25. 4x1-1
+* *
19. Xy -49 26. 25x2-4y>°
20. ¥ -100 7. x*+1
*
21, ri-s? 28. x‘-16
22. 36b%*-100 29. b'°-36
*
23. a®-b* 30. 16a’-25b?
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Factoring Using the Trinomial Method
When leading coefficientis 1 (a=1)

Before factoring you should place your trinomial in descending order:
ax? + bx + ¢ and follow the steps below:

Factor
; ; ; ; 2 x2-7x + 10 x?z=xex
. Idermfy a,b,andcin the_trlnomlal ax<+ bx + c. P
« Write down all factor pairs of c. (x-2)x-5) >0
« ldentify which factor pair’s sums up to b. PO o Lt o
« Substitute factor pairs into two binomials x?- 5x - 2x + 10 -
' Simplify
_______________ |
Hint: |
When the constant, ¢ is positive, both factor pairs will have the same sign! |
I
— . |
Positive so both factor pairs Positive so both factor pairs I
will have the same sign will have the same sign
|

#E8ED:0emm e O FCHEY 0 o g
|
L~ .

Positive so both factor pairs Negative so both factor |
will be positive pairs will be negative

Practice

Factor using the trinomial method.
31, x249x+18 36. x?-15x+ 14
32. x2+6x+8 *37. x2+9x4+20
*33. x2-4x+3 38, x2-12x+20
34, x1+7x+12 39 x1-9x+20

*
35, xi-10x+16 E .Il-EE 40. x2-11x+ 30



r —_— —_— —_— —_— —_— —_— —_— —_— —_— —_— —_— —_— —_— —_— —_— —_— —_— —_— —_— —_— —_— —_— —_— L |
I Hint: I
I When the constant, c is negative, the factor pairs will have different signs! I
I |
Negative so factor pairs will Negative so factor pairs will |
I have different signs have different signs
I |
In2 =(n-6n+2) OR m2(4nC 12)=(n + 6)n - 2) |
I f / I
I |
Megative so the number with Positive so the number with
the larger absolute value the larger absolute value I
I will be negative will be positive
h —_— —_— —_— —_— —_— —_— —_— —_— —_— —_— —_— —_— —_— —_— —_— —_— —_— —_— —_— —_— —_— —_— —_— I

Practice

Factor the trinomials.

__*41. a’- a-20 48, x’-7x-8
42 P-7r-18 47 x?+6x-16
_*43. x-6x -7 48, x?-4x-2
44 x*+3x-10 49, x*+x-30
45, x2-3x-10 50. x*-3x-18
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Factoring Using the Trinomial Method
When leading coefficient is not 1 (a> 1)

Here we will use something called the ac method, or splitting the middle. As before we want
our trinomial in the form ax? + bx + ¢ so that we can identify our a, b and ¢ values. You will
start by multiplying the a and c values. Find the factor pairs for this product so that you can

rewrite the middle term as the sum of two factors. Factor by grouping.

g
6x +17x+ 12
) —_—— Steps:

-
1 72 OX+ 8X+ 99X+ 12 4dunto17
2 36

3 24 sum of the 2 factors you
found
18 2}{(3}{ T 4) T 3(3X T 4) 3) Factor by grouping
6 12

3x+4)(2x + 3)

1) Find factors of 72 that

2) Rewrite the polynomial

(6x2+ 8X) + (9){ + 12) sothat the middle term s a

2n? + 9n + 10

« What is "ac"? a=2, ¢=10 ... a.c = 20

« Find a factor pair of 20 that sums to 'b'. b=9
« 5&4 5e4:-20 and 5+4=9

« Split your ‘b’ term into like terms using 5&4

2n? + 4n + B5n + 10

* Factor by Grouping

2n(n + 2) + 5(n + 2)

« Factor out what's common (The parentheses)

(n + 2)(2n + 5)
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Practice

Factor using the trinomial method.

*

1. 2x14+7x+3

2.

*

3.

4.

5.

Sx+ 13x-6
7x? 4+ 3x-4
4x1_21x+5

6xi+x-7

2x°+x-6 12

-1and

o

12

-2 and &

2x2+4x|—3x—6 CTand >
2x(x+2)—3(x+2) S:"g

(x+2)(2x—3)
6. B8x2-3x-5
*
7. 8xi- 6x-=5

8. 9x?+3x-2

0

Factoring Using Any Method

1. greatest common factor
2. difference of two squares
3. trinomials

When you factor algebraic expressions, you need to analyze the expression to determine which type of factoring
to use. Remember the three methods of factoring you have learned:

Practice

Factor using the appropriate method.

—— |

2x2-3x-2

— 12, 32 +9x-12

—

13.
14.
15.
16.
17.
18.

5x2 - 9x—2
4x*+11x-3
4x2 + 8x+ 4
5x2+ 12x+ 4
36x? + 72x + 36

9x? + 18x+9

b2+ 3b-18
nt-2n-35
24x + 6
9x2 - 100
5x2+7x-6
6x2—7x-3
ri—-5r—24

f*+5f-36

6xl—17x+5
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19.

20.

21.

22.
23.
24.

25.

7xt-48x-7
42 -7x-2
4x2 + 12x - 16
4x? + 20x + 16
49x2 -4
c2—-11c+30

a’- b

34. 3x3y+ 6x%y? - 9xy?
36. 25a’-64

37. 48x%°3 —18x%y

_38. 6x2+25x+11
—39. 10mn+5m2n3-20m3n

—40. 25x2+1

Factoring Using More Than One Method

Sometimes it may be necessary to use more than one method of factoring on the same expression. Always check
for the greatest common factor first.

Example: 4x2 -4
Look for the greatest common factor first.
You aren’t finished because x2 - 1 is the difference of two squares.

Example: 2x2 + 8x + 8
Look for the greatest common factor.
Factor the trinomial.

4(x2-1)
=4(x=1)(x+1)

2(x2+4x+4)
2(x+2)(x+2)

Practice

Factor completely.

"1,

Ix2-27

4x? - 64

2x? + 12x + 18

2xt 4+ 4x -6

3Ix2 + 21x + 30

E-

46. 4x5-100
*

47. 27x2-75)
*-'_.

48. 12x*-36x-21

49. 3xl-24x+ 36
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Quadratic Equations

What Is a Quadratic Equation?

A quadratic equation is an equation of the form ax? + bx + ¢ = 0, where a, b, and c are numbers. The graph of
a quadratic equation will be a smooth U-shaped curve, unlike a linear equation, whose graph is always a straight
line.

Here are some examples of quadratic equations:

x2=4
x2+3=0
2x2+5=10
x1+4x+4=0
5x2-1=0

When solving Quadratic equations, one of the methods you will use is factoring (if possible).

Example: x? - 3x-4=0

Factor the trinomial x? - 3x -4, (x-4)(x+1)=0

Set each factor equal to zero. x-4=0andx+1=0
Solve the equation. x-4=0

Add 4 to both sides of the equation. x-4+4=0+4
Simplify. x=4

Solve the equation. x+1=0

Subtract 1 from both sides of the equation. X+1l=]m0-]
Simplify. PR

The two solutions for the quadratic equation are 4 and -1.

Example: 2x2 33 = -1

Add 1 to both sides of the equation.

Simplify both sides of the equation.

Take out the common factor.

Factor the difference of two squares.

Disregard the 2 and set the other factors equal to zero.

2x2-33+1==1+1
2x2-32=0
2(x2-16)=0
2(x-4)(x+4)=0
x-4=0andx+4=0

The solutions are 4 and —4.




Practice

Solve the quadratic equations using factoring,.

g §

N

—_——
—_—

—_—
—_—
—_—
—

N o oo oa oW

[

0

10.

a’+2a-24=0
P-b-6=0
X+ 15x+50=0
y¥-8y+7=0
P+12r+27=0
*+8x-48=0
x2+7x-18=0
x*+4x =45
x?-6=30-3x

x*+11lx=-24

2x2-16x—-18=0

6x2-12x+6=0

2x2-5x-7=0
3x2-20x=7
224+ 2x—4=0
x2+2x=15

2x? +6x-20 =
16x2 + 2x = 2x 4+ 9

15x2 + 84x = 3¢

oo
E.'I':'I:

QUADRATIC FORMULA

Not all quadratic equations can be solved using factoring. There is
another method called the Quadratic Formula.

To use the quadratic formula, you need to know the a, b, and ¢ of the equation. However, before you can deter

mine what a, b, and ¢ are, the equation must be in ax? + bx 4+ ¢ = 0 form. The equation 5x? + 2x = 9 must be trans-

formed to ax? 4 bx + ¢ = 0 form.

Example: 5x? 4+ 2x=9
Subtract 9 from both sides of the equation.

Simplify.

In this equation, ais 5, b is 2, and ¢ is -9.

5x?+2x-9=9-9

5x4 2x-9=0

48



Practice
Find a, b, and ¢ (in that order) in the following quadratic equations.

1. 4x2+8x+1=0

e x2-4x+10=0

S.
2 6.
3. 2x2+3x=0 7.
4 8.

. 6x2-8=0 9xi42=7x

The quadratic formula is a formula that allows you to solve any quadratic equation—no matter how simple or
-b +Vb -dac , .
= eltisthex

in the formula that gives us the two answers: one with + in that spot, and one with —, The formula contains a rad-

difficult. If the equation is written ax? 4 bx + ¢ = 0, then the two solutions for x will be x =

ical, which is one of the reasons you studied radicals in the previous lesson. To use the formula, you substitute the

values of a, b, and c into the formula and then carry out the calculations.

Example: 332 -x-2=0
Determine a, b, and c. a=3,b=-l,andc=-2
-b+ Vb - dac
Take the quadratic formula. a
Substitute in the values of a, b, and c. <) :\/i;‘,"; -kt L
G 1+V1-24
Simplify. S
1£V25
Simplify more. _—
145
Take the square root of 25. %
: =2 i3 6. 1-5_4_ 2
Thcsolunonsarelands. r —6—land—6——6_-§
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Practice

Solve the equations using the quadratic formula.

SR
AL -1
JIHAL

12.

4x? 4+ Bx=0 13.
3xl = 12x 14,
*
x2-25=0 15.
x24+4x=5 16.

P TETEVEINLEIS BV UGSLIWVIIS 111G TLB.RWE W IV S8

Answer

Some equations will have radicals in their answers. The strategy for solving these equations is the same as the equa-
tions you just solved. Take a look at the following example.

Example: Im*-3m=1
Subtract 1 from both sides of the equation. 3m-3m-1=1-1
Simplify. 3m-3m-1=0
Use the quadratic formula witha = 3,b=-3,and ¢ = -1. 'b:z—f"“
. —(3)+V(3)-4-3.-1
Substitute the values for a, b,and c. = 2?3 e
=Ve--12
Simplify. 3%
3+V21
Simplify. s
The solution to the equation is m = ”:/z_' because one answer is m = >+ 6\/2_' and the other answer is m

_3-Vn

6

x14+4x-21=0
xt+11x+30=0
2x2+5x+3=0

6xi+1=5x

Practice

Solve the equations using the quadratic formula. Leave your answers in radical form.

7.

2-3x+1=0 24
2x2-2x=5 @5
yi-5y+2=0 26
ri-7r-3=0 27.
x2-3x-5=0 28.
42 -5x-1=0 29.

mi+11lm-1=0

x2+5x=3
22 +3x-3=

2-4x+2=0

0

32 +3y-3=0

2+2x-6=0
224+ x-5=0

a?-2a-7=0
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ANSWERS: TOPIC A

(Pages 2 - 3)
1. {-2,0,7,18}
2. -19
3. B(-5)
4. [-2,%)
5. (=,=1]
6. (-35)
N 7 2 T
7.1\ I L /]’f* &
T B aEm  EEED
function . function ; not a function not a function .
8. t
A aea —q. i
Domain: | -7, S Domain: 0 S0) Domain: (—oo 00)
Range: _3 | ) Range: EO \\Y) ) Range: EO DO)
9. A B
Domain: [-6, 6] Domain: [-7, 5)
Range: [0, 6] Range: [-3, 1)
D E
Domain: [-4, 4] Domain: [0, )
Range: [-4, 4] Range: (-0, o)

ANSWERS: TOPIC A

(Pages 5 - 6)

la. 7 b. 12
2a. -4 b. 14
3a. -1 b. 95
4a. 2 b. 232

ba.x=5 b. x =-4/7
7a.x=-3 b.x=6/5

8a. x=-2 b. x=8/3
9a. 4m?+4m-5

c.2 d.-23

c.0 d. 10

c.-4 d. 4

c. 112 d.8

c.x=0 d.x=-11/21

c.x=12/5 d. x =23/20

Cc.x=22/3

o

.X=13/5

b. w2+2w-5 c. 16x%2+8x-5

C
Domain: x = -5
Range: (-2, 6)

F
Domain: (0, «)
Range:y =4

d. n*+2n2-5
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ANSWERS: TOPICB

(Pages 7 - 9) (Pages 9 - 11)

1. 17x

2. 13x4 7y 1. 5x-5y+10

3- 151+5 2. 7x2_2lx

4, 18x 3. 24x° + 16x* - 40x°
8, 2x?-5x+ 12 4. 6x+ 6y +42

& 5x—Ty+2 5. 3bx? + 6bxy + 3by
7. 12x+ 12y +5 6. —l4ac2+35ac3
8. 8x2+5x+9 7. 6x%y?—6xy

8. 6azx2 — 4a3bx + 20a%x* + 16a*x

> 4,2 3,3
10. 7xy + 16x— 2y — 8 (Note: Xy = = yx) 9. —16xty? + 24x% »
11. —4x+9y 10. —8r2st + 28r3s% — 36rs’t
12, -3r-3s 11. % +9x+18
13. 165 14r 12. 2 -13x+36
14. —4x+8y 13. 6x%—11x—7
15. 2a+4b
16. 1lm+n-2 e xz;é_x,,+8
17. 13x+ 12y L
18. 5x-16 g g
L= 19. x2+9x-10
20. 17x+ 13y SR
21. 2x2+11x+5
22. 9x2-1
23. 20x? +6x-2
24. a? + 2ab + b?
25. a2-b?

26. 14x% - 24xy - 8y*
27. 12x% + 8x—9xy — 6y
28. 2x2—xy—-y?

29. 30x2-17x+2

30. ac+ad + bc+ bd
31. 49y -4

32. 16x2-8x+1

33. 14a’-8a—-6



ANSWERS: TOPICB
(Pages 9 - 11)

x3—4x? + 5x -2

2x3 + 7x2 + 16x + 15
x3+3x2-4x-12

3x3 + 8x2-5x-6

43 + 7y 4+ 3xP2 —x—y
2a? + 2b* + 5ab + 16a + 8b
6x2+9xy + x+ 6y —2
103 + 13x2 + 19x + 12
6x>-2x* +2x-6

254 — x22 — yt

33 +x2-8x+4

24 +3x° - 1723 + 12x
20a® + 13a2b? - 2ab? - b®
18y° - 512 + 42y — 49

S8SENELRERREES

ANSWERS: TOPIC C
(Page 12)

1. yes
2. yes
3. yes
4. no
5. no
6.
7

yes

. No
8. no
9. no

10. yes
(Page 14)
21, &

22. infinite
nr ﬂnt

(Page 14)

24, one
25. &
26, one

27. infinite

28. &

(Page 16)

1. (-54)
2. (-1,7)
3. (-2,0)
4. (35

5. (3,-1)
6. (7-1)
7. (1,3)
8. (3,2)
9. (2,71)
10. (6,5)

1. (-2,8)
12. (10,3)
13. (5,0)

14. (2,6)
15. (4,71)
16. (3,11)
17. (2,7)
18. (2,3)

(Page 18)

19. (3,1)

20. (-2,4)
21. (-1,0)
22. (0,-1)
23. (32)

24. (5-2)
(=2,-3)
(-1,0)
(2,10)
(0,2)

S3IBINRL

(-7:4)

(=27,-11)
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ANSWERS: TOPICC

(Page 19 and 20)
31. (4,2)

32. (2,4)

33. (-13,-53)

34, (1,3)

35. (5,2)

36. (-2,4)

37. (3,15)

38. (-8,11)

39. (0.3,2.1)

40. (3,12)
41. (-4,12)
42' (4)-1)

45. (2,4)
46. (2,-12)
47. (2,5)
48. (8,2)
49. (-1 1)
50. (0,-2)
51 x+y=100
3x+4y =340
Solution: x = 60, y = 40
So, 60 student tickets and
52. x+y=6
70x + 45y = 370
Solution: x=4,y=2
So, 2 hours on back roads

ANSWERS: TOPIC D
(Page 23 - 25)
1. 28x

2. This is already simplified.
alo

6x%y
12x3
a’bs
12mSn!!
. 12a*b%c + Sabc
. This is already simplified.
10. 23x%y
1.
1
12. &
13. -b*
14. a’b
15. 5y
1
16. 5o
5]
17. £
2
18. =
19.

20.
21, x10
22. W
23. a'hs
24, x3y1s
25, mi8ys
26. 8x°

W ONOSUEW

xBy18

. 512a°b°c%

. 2?'.).‘5;.'3 + 125x3y‘5
XPD

. 18a%b + 15ab?
25

4

2x9},9

14_,_-2},5
27aq12p15

0

. 6x’y + 5x)2
3a

mrm

883N

W w
o

S

1]
0
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ANSWERS: TOPICE

(Pages 27 — 35)
1. V3
27
3 9
4. 10v5
5 12
& =8
B
8 -6
9 a

10. 30

11. 40

12. 0

13. V3

14, 2xVax

15. 0.2

16. 107

17. —4a*

18. 15x%°
19. -80a’h
20. 60xy
21. 2V2
2. 2V5

23. 3V6

24. 2V10
25. 6V2

26. 3\3

27. 2V7

28. 4V10
29. 10V2
30. 2V11
31. 15

32. 10V5
33. 20V3
34. prime
35. V3
36. 21°

37. 2¢2V2d
38. 4ab3\V/5h
2a%b*V5ac
10d5V/54

283
-

FEEEBR
|
3

NYSSIPGRBRIBEEIEREL

N I g B

| v

2583533

53

8V2
2V2-2V6
17Va

. 5V3+ V5
. NV -4Vy

5V3
12V2

. 5V5 -7

315V6
V3
1210

. 2VS

12Vab

. 2Vx
. 6

. 150

. 6012
79.
80.
81.

15

4
V2
12V2

82. 155V

83. Cannot simplify—no like terms
84. 36V5

85. 4V6+-6V3

86. 4x%’2\/2yz

&7,

g8, 1

89. 204
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ANSWERS: TOPICE ANSWERS: TOPIC F

(pg 35) (pg 40-43)
90, V’; 1. 5(x+5)
2. 100(a+3)
91. 5V2 -28Vve6 3, 15ab(ab + b)
92. 118 4. 11x(2y+1)
93. 28 5. prime—can’t be factored
6. 4x(4x+5)
94, 4010
7. x(xy+3)
2_
ANSWERS: TOPIC E Shige )
9. —6x*(x~3y),or 6x3(-x+3y)
(pg 36'38) 10. 10(x*y? - 5% + 7)
1. 9 11. 3a(2a—-13b)
12. 4a°bc(3b + a%c)
2. +5V2 13. 11x3(2x? + 5)
3. 64 14. 42 +3x+5)
4., 36 15. 5(f>-3f+5)
8. x=47 16. 5a%b(6ab + 4 + 7a?h)
" L 17. (4r+ 11)(4r—11)
6. x=23VI5 18. (a+3)(a-3)
7. 121 19. (xy+ 7)(xy=7)
8. 4 20. (b+ 10)(b-10)
21. (r+s)(r—s)
9. 121 22, (6b+ 10)(6b - 10)
10. 25 23. (a®+ b¥)(a*-b%)
25, (2x+1)(2x-1)
12. 4 26. (5x+ 2y)(5x—2y) .
13. 25 27. prime—can't be factored (because itis the som
14. 46 of squares)
28, (2 +4)(*-4)
15. 86 29. (b5-6)(b°+6)
16. 47 30. (4a - 5b)(4a +5b)
17. 6 31 (x+3)(x+6)

18. 25 32, (x+4)(x+2)
33. (x-1)(x-3)

34, (x+4)(x+3)

35, (x-8)(x-12
(= 14)(x—1)
I7. (x4 5)(x+ 4)
38, (x-10)(x-2)
39, (x-4){x—5)
0. (x-6)(x-3)
. (a+4)(a-s5)
42, (r-9)(r+2)
4. (x+1)(x-7)
4. (x+5)x-7)
45. (x-5){x+12)
6. (x=8)x+1)
a7, (x+8)x-2)
4B, (x-7)ix+3)
49. (x+6)(x-5)
80, (z-8lix+ 3

Emmu-h-h ::l"'\.\—;
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ANSWERS: TOPIC F

(pg 45-46)
1. (2e+ 1)z+3)
2. (5x-2)x+3)
3 (Tx—-4)z+1)
4, (4x-1)x-5)
5 [6x+THz-1)
6. (Bx+35)x-1)
7. (dx=5){1x+ 1)
B, (3x—1){3x+12)
9, (3x-1}2x-5)
10, (5x+ 3){x-12)
11, (2o 1) (x=12)
12. (3x-3)x+4)
13. (Sx+ 1){x-12)
14, (dx-1){x+3)
15, (2c+2){2c+2)
16, (5x+ 2x+12)
17. (6x+ 6)(6x +6)
18. (3x +3)(3x+3)
19, (7x+ 1)x=7)
20, (4x+ 1)(x=2)
1. [1;’-1][.!:+‘”
22. (4x+4)(x+4)
23. (7x-2)(7x+2)
24, (c-6)(c-5)
25. (a+ b)(a-b)
26. (b+6)(b-3)
27. (n=7)(n+5)
28. 6(4x +1)
29. (3x-10)(3x+ 10)
30. (5x-3)(x+2)
31. (3x+1)(2x-3)
32. (r-8)(r+3)
33. (f+9)(f-4)
34, 3xy(x? + 2xy - 3y?)
35, (5x+1)(3x-2)
36. (5a+8)(5a-8)
37. 6°y(8y* - 3x)
38. (2x+ 1)(3x+11)
39. 5mn(2 + mn? - 4m?n)
40. prime—can’t be factored
41. 3(x+3)(x-3)
42, 4(x+4)(x~-4)
43, 2(x+3)(x+3)
44. 2(x-1)(x+3)
45. 3(x+5)(x+2)
46. 4( +5)(x*-5)
47. 3(3x + 5y)(3x - 5y)
48, 3(2x-7)(2x+ 1)
49. 3(x-2)(x-6)
50. (x2+ 9)(x+3)(x~3)

ANSWERS: TOPIC F

(pg 48)
1. 6,4
2 3-2
3. -10-5
4 71

5. 93
6. -124
7. =92
B. -9.5
9. —33
10. -8,-3
11. 91
12. 1 {d.uub!'t root)
13. 9,-5
14, §=33-1
15. —.7
16. -2.1
17. -5.3
18. 2,5
19. =3y
20. 1.6

(pg 49-50)
1. 48,1
2. 14,10
3. 230
4. 6,0,-8
5. 40,7
6. 3,00
7. 2,34
8. 9,-7,2
9. 02

10. 0,4

1. 5-5

12. 5,1

13. 73

14, 56

15. 31

16. 3.3

17. 25

18, 12
19, 207
20, ZtyE
21, 2B
2 28
u 242
2, Y8
26, 4+\2
2. 125

28, 2 +V7

EEAUTE
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30. 1+2V72
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