Minnesota State High School Mathematics League

2020-21 Meet 3, Individual Event A

Question #1 is intended to be a quickie and is worth 1 point. Each of the next three questions is worth 2 points.
Place your answer to each question on the line provided. You have 15 minutes for this event.

S€C.

Name:

NO CALCULATORS are allowed on this event.

3
(x, y) is the intersection of X 4=11and x— y=44. Determine the value of x+ y.
y

Alarge extended family decides to have a catered get-together, with the cost
being divided equally among all individuals attending. If everyone that was
expected had shown up the cost per person would have been $8.00. As it was,
eight people cancelled, and each person’s share was now $9.00. How many
attended the family get-together?

In one month Kitsu made $4400 selling 60 items of clothing. Shirts were sold for
$30, slacks for $80, and blazers for $120. What is the greatest number of blazers
Kitsu could have sold?

At the Mall of America, it takes a shopper 24 seconds to walk down to a lower floor
on a moving escalator. If the shopper walks down a stationary (non-moving)
escalator at the same walking speed, he will be downstairs in 42 seconds. How many
seconds will it take to get downstairs, if he just stands on the moving escalator?
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Minnesota State High School Mathematics League

2020-21 Meet 3, Individual Event A
SOLUTIONS

3
1. (x, y) is the intersection of X 4=11and x— y=44. Determine the value of x+y.
Yy

3x=15y= x=15y. Therefore, 5y—y=44 = y=11.50 x =55 and x+y = 66.

2. Alarge extended family decides to have a catered get-together, with the cost
being divided equally among all individuals attending. If everyone that was
expected had shown up the cost per person would have been $8.00. As it was,
eight people cancelled, and each person’s share was now $9.00. How many
attended the family get-together?

8(x+8)=9x=>8x+64=9x=>x=64.

3. In one month Kitsu made $4400 selling 60 items of clothing. Shirts were sold for
$30, slacks for $80, and blazers for $120. What is the greatest number of blazers
Kitsu could have sold?

Let x =the number of shirts, y = the number of slacks, and z = the number of blazers. Then
x+y+z=060 and 30x+80y+120z =4400. Eliminating x in the system yields 5y +9z = 260.

260-5
Therefore, 7= Ty Checking for integer values, the maximum for z is when y="7, z =25.

4.  Atthe Mall of America, it takes a shopper 24 seconds to walk down to a lower floor
on a moving escalator. If the shopper walks down a stationary (non-moving)
escalator at the same walking speed, he will be downstairs in 42 seconds. How many
seconds will it take to get downstairs, if he just stands on the moving escalator?

Let E =the escalator speed and W = your walking speed. Then D = (E + W) 24, D=W -42,
and D=FE-t. Then 24E+24W =42W = 24FE=18W = E = 3TW Therefore,

W-42=3TW-t:>t=42-%=56seconds.



Minnesota State High School Mathematics League
2020-21 Meet 3, Individual Event B

Question #1 is intended to be a quickie and is worth 1 point. Each of the next three questions is worth 2 points.
Place your answer to each question on the line provided. You have 15 minutes for this event.

NO CALCULATORS are allowed on this event.

1. In Figure 1, ABCD is a kite with AC =4.8 and BD =5.

What is the area of the kite?

Figure 1
2. In the rectangular prism in Figure 2, the areas of the top
and bottom faces are each 8, the areas of the front and
back faces are each 9, and the area of each side face is 18.
What is the volume of the prism?
Figure 2
3. The corners of a 12 inch by 12 inch square are snipped off to form a regular octagon.

The side length of the octagon can be written as a + b~[2. Determine a+b.

4. In Figure 4, one base of a trapezoid is 24 and the distance

between the midpoints of the diagonals is 4. How long is
the other base?

24
Figure 4

Name: Team:
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12 1.  InFigure 1, ABCD is a kite with AC =4.8 and BD =5.

What is the area of the kite?

The area of a kite is half the product of the diagonals, so the
5)(4.
(5)48)_,
2

area is
Figure 1
2. In the rectangular prism in Figure 2, the areas of the top
36 and bottom faces are each 8, the areas of the front and
back faces are each 9, and the area of each side face is 18.
What is the volume of the prism?

Figure 2.1 '
w=8, wh=9, and lh=18. V=Iwh, so V> =I’w*h’ =8-9-18 = e =
2°.3%.2.3°=2%.3".50 V=2%.3"=36. Or notice [ = 2w and solve the {
system, yielding w=2, =4, and h=%. =

0 3. The corners of a 12 inch by 12 inch square are snipped off to form a regular octagon.

The side length of the octagon can be written as a + b~/2. Determine a+b.

-— 12
2+2x+xv2 X2 x X2
As in Figure 3.1, i+x+i:12:>m/_ al xf:l22xﬁ+x=12:> 4 X
V202 2
12 12(+2 -1
x= = (¥2-1) =12(V2-1)=1242-12=-12+12V2,
\/5+1 (\/5+1)(\/§—1)
Figure 3.1
16 4, In Figure 4, one base of a trapezoid is 24 and the distance A x B
between the midpoints of the diagonals is 4. How long is the v

other base? .

Extend the segment connecting the midpoints of the diagonals. This forms the

midsegments of the trapezoid ABCD and triangles ABC and ABD. Therefore, D ” c
24 +
2x=£+4+§:>24+x:2x+8:>x:16. Figure 4.1
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Question #1 is intended to be a quickie and is worth 1 point. Each of the next three questions is worth 2 points.
Place your answer to each question on the line provided. You have 15 minutes for this event.

NO CALCULATORS are allowed on this event.

243 Vs
1. Ifese™' | — |= 0, then 0, in radians, can be written as —. Determine the value of g.
3 q

q

2. The sum of all values of 0, in the interval 0 <0 < 2m,such that cos0 = COS(29) , can

be written as p7z. Determine the value of p.

3. Determine the value of

1+ 2(8 —sin?(10°)-sin? (20°) - sin* (30°) - ..~ sin2(170°)).

4. Rhombus ABCD has an area of 24+/3. Using polar coordinates, vertex A is (0, 0)

T
and vertex C is (12, E) If vertex B isin QuadrantI, the polar coordinates

T
(r, 9) of B can be written as (a\/g, Z) Determine the value of a+b.

Name: Team:
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3 1. If CSC_I(¥j=0, then 0, in radians, can be written as E Determine the value of g.
q
_ T 3 J3 T
Since the range of csc”'(x)is | —=,= |, sin@ = =—=0=—.
ge of ()(22)111 3 2 3
2.

The sum of all values of 0, in the interval 0 <0 < 27,such that cosf = cos(20) , can
) be written as pzr. Determine the value of p.

cosf=2cos’0—1=>2cos’0—cosO—1=0=(2cosf+1)(cos@—1)=0. Therefore,

cos@z—lor cosf=1.S06=0, 2_72:’ and 4—” The sum is 0+2—7t+4n. =2r.
2 3 3 3
T 3. Determine the value of
- 1+2(8—sin2(10°)—sin2(20°)—sin2(30°)— ...—sin2(170°)).
1+16—2sin*(10°) - 2sin’(20°) - 2sin® (30°) - ...- 2sin’ (170" ) =
1-2sin”(10°)+1-2sin> (20°)+1-2sin’ (30°) +...+ 1 - 2sin(170") =
cos(20°)+ cos(40°)+ cos(60°)+ ot cos(340°) =cos180° =-1.
8 4. Rhombus ABCD has an area of 24+/3. Using polar coordinates, vertex A is (O, 0)
and vertex C is (12, %j If vertex B isin Quadrant I, the polar coordinates
. v/ .
(r, 8) of B can be written as (a\/g, ;j Determine the value of a+b.
See Figure 4.1.

[ABCD]=(AC)2(BD):12(§D):24\/§:>BD:4\/§:>B0=2J§. b C

Therefore, AOB is a 30° —60°—90° triangle. So AB = 4+/3 and ‘

A P
msBAO =" msBAP =L+ " =" Therefore, B=| 443, T |.
6 12'6 4 4

Figure 4.1
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Question #1 is intended to be a quickie and is worth 1 point. Each of the next three questions is worth 2 points.
Place your answer to each question on the line provided. You have 15 minutes for this event.

Name:

NO CALCULATORS are allowed on this event.

)

2
Determine the integer value of [27 3 ]{9

The solution to 5* + 5! = 6+/5 can be written as B, where p and g are relatively
q

prime integers. Determine the value of p+gq.

Given that log, 2 = I

1+ log,,a
log,, b

2
and that a = 5 , determine the value of b.
1+

Points A and B lie on the graph of y =log x. Given A=(2, log2) and B=(18, log18),

let M be the midpoint of AB. The line through M parallel to the x-axis intersects the
y-axis at P. Let O be the origin. The area of APOM can be written aslogT . What is the

value of the integer T ?

Team:
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3 _2 3 2 3
1. Determine the integer value of | 27 3 || 92 |. (33 )_E '(32)5 _ (3—2)(33): 3t
3 : x x+l __ : p :
2. Thesolutionto 5* + 5! = 6+/5 can be written as —, where p and ¢ are relatively
q
prime integers. Determine the value of p+gq.
1 1
57 +5 =6x/§:5*(1+5):6-52 =6-5"=6-52 :x:%.
: 1 2 :
3. Giventhat log,2= — 1 and that a = —, determine the value of b.
3 1+ oo a 3
1+ Ogl() a
log,, b
log710a=log a. 1+log,a=1log,b+log,a=1log,(ab) ¥=10g b
log,, b ’ ’ ’ ’ ’ log, (ab) )
1
— — 2 —
1+log,, b=log,, (ab)+log, b= log(ab)(ab ) 10g(a,,)(ab2) =log, . (ab). Let
2 . . 2
ab=72 and ab” = 6 and solving yields b= 3 and a = 3
4. Points A and B lie on the graph of y =log x. Given A=(2, log2) and B=(18, log18),
7776 let M be the midpoint of AB. The line through M parallel to the x-axis intersects the

y-axis at P. Let O be the origin. The area of APOM can be written aslog7 . What is the

value of the integer T ?

b

M:(2—;18 10g2';10g18j:(10,10g236):(10,10g6). Therefore, P =(0,log6).

The area of APOM = %(log 6)(10)=5log6 =1log(6” ) = log 7776.
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Each question is worth 4 points. Team members may cooperate in any way, but at the end of 30 minutes,

cm

submit only one set of answers. Place your answer to each question on the line provided.

What is the only value of a for which this system of two linear equations will have no
solutions? (a+1)x+8y=4a

ax+(a+3)y=3a-1

The set of all x, such that log, (x2 —2x— 2) <1, can be written as [a, b) u(c, d].
Determine the value of a+b+c+d.

Triangle ABC is isosceles with AB = AC. The angle bisector of ZB intersects
AC at D.If cos ZBCA =u, express (cos(ZABD))-(cos(£BDA))as the

polynomial u” + bu + c. Determine the value of b +c.

In isosceles right AABC, with BA= BC, point D is onAB and Eis on AC, such that

AD E 1

—= C— = —. The value of COS(ZCED) can be written as a . Determine the
DB AE 2

value of a.

Determine the area of the quadrilateral ABCD bounded by the x-axis, the y-axis, x = 4,
and the graph of 10” =25-2",

In Figure 6, ABCD is a rhombus with mZDAB =120°
and an area of 100 ¢cm®. M, N, P, and QO are midpoints
of E, %, @, and ﬁ, respectively. Determine the

area of the quadrilateral bounded by
AP, BQ, CM, and DN.

D

Team:
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What is the only value of a for which this system of two linear equations will have no

solutions? (a+Dx+8y=4a

ax+(a+3)y=3a-1

The set of all x, such that log, (xz —2x— 2) <1, can be written as [a, b) u(c, d].
Determine the value of a+b+c+d.

A
Triangle ABC is isosceles with AB = AC. The angle bisector of
/B intersects AC at D. If cos Z/BCA = U, express X
: 2
(COS(LABD)) . (cos(LBDA)) as the polynomial u” +bu +c. ) - A
Determine the value of b +c. Figure 3.1
- A
In isosceles right AABC, with BA= BC, point D isonAB |
— AD CE 1 D N
and E ison AC, suchthat — =——=—. The value of
DB AE 2
2 > N E
cos( ZCED) can be written as a . Determine the value - &
B 3 C
of a.
Figure 4.1

Determine the area of the quadrilateral ABCD bounded by the x-axis, the y-axis, x = 4,
and the graph of 10” =25-2",

In Figure 6, ABCD is a rhombus with mZDAB =120°
and an area of 100 ¢cm®. M, N, P, and QO are midpoints
of E, %, @, and m, respectively. Determine the

area of the quadrilateral bounded by
AP, BQ, CM, and DN.

Figure 6.1
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1 Multiply the top equation by (—a) and the bottom equation by (a + I)Add them together and simplify to get
—(a-1)’ 2x+8y=4
y=-————"—=.50 a#1 or 3. Butsubstituting a =1 into the system yields , which has an
(a—1)(a-3) x+4y=2
4x+8y=12

infinite number of solutions! Substituting a = 3 into the system yields { , Which yields parallel lines!

3x+6y=38

2. Because the domain of y = log, x is (0, 00) and log, b =1, the given inequality is equivalent to this system of
2_2x-2<
inequalities: x2 2x—-2<6 . The solution of the first inequality is [—2, 4] and the solution to the second is
x —=2x-2>0
(—00, 1- \/§ U (l + \/5,00). The intersection of these two sets is |:—2, 1- \/g) U (1 + \/g, 4:|.
X X X X
3. See Figure 3.1, let mZC = x. Then mZLABD = E and mZBDA = x+ —. COS(—) -cos| x+ 5) =

1+cosx X ) . (x 1+ cosx l1+cosx . 1-—cosx
‘f cosxcos| — |—sinxsin| — | |= cosx‘f —smx,/ =
2 2 2 2 2 2

2 2 < 2 2
1+ cosx . I—cos"x cosx+cos"x sin“x 2cos x+cosx—1 , 1 1
cosx —sinx = - = =u

+t—u——.
2 2 2 2 2

4 WLOG, let AD=1,DB=2, BC=3, CE=~2, and EA=22.DrawDC. In AADE,
DE2=12+(2J§)2—2(1)(2J§)cos45°= 1+8—42 % =5.50 DE=~/5.In ADBC, 2*+3*=DC?,

DE’*+EC* - DC? 21 _ 31
so DC=~/13. In ACED, cos(£CED)= +EC ¢ _ 5+ 3 6 310

2(DE)(EC)  2(V5)(v2) 210 10

5. log(10")=(log25-2*) = y=log25+log(2*) = xlog2 +log25. This a line with a slope of log2 and a y-

intercept of log25. At x=4,y=4log2+1og25 =10g400. So ABCD is a trapezoid. Let

A=(0.0), B=(0.log25), C=(4.log400).and D=(4.0). The area of ABCD is 4(1°g25 *‘21°g40‘)j
=21og10000 =8§.

6. SeeFigure6.1. AAQR ~AADU. AQ = %AD [[jgg]] = i. Let [AQR]= x, then [ DORU | = 3x. Since

AADU =ACBS, using the same logic, [CTN |=x and [TSBN |=3x. ADPU ~ADCT and using the same
reasoning again, let[DPU | =y and [PUTC]=3y (and [BMS]=y and [ MSRA]=3y).[ADC]=50, so
[ADP]=25=4x+y.[ADB]=50, so [AQB| =25 = x+4y. Adding the equations, yields x +y =10. Adding
the areas of the nine regions in the rhombus, yields 8(x+ y)+[RSTU ] =100 — [RSTU | = 20.




