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Here is the lesson plan for this week:

PUBLIC SCHOOLS

Goals for this week

Learning Objectives: Review Quadratic Functions

Solve and graph quadratic equations by completing the square, including cases where there is no

solution
Graph guadratic functions given in standard form
Apply knowledge of quadratic equations to word problems.

Common Core Math Standards: (MA prerequisite content standards) F.IF.B.4, F.IF.C.7a

Literacy Objectives:

Students will be able to:
1. create, interpret and explain a table, chart, or graph
2. explain and make a prediction based on a pattern

3. use evidence to support one’s thinking
(https://www.bpsma.org/schools/brockton-high-school/about-us/mission-literacy-charts)

This assignment is for the week, use your time wisely. You do not have to complete this in one sitting.
Step 1: Log on to CLEVER, then use the link to access Khan Academy. See detailed login instructions below.

Once you have logged in to Khan Academy through CLEVER, copy and paste the link below on your browser
to access this week’s material. Select course: Math Il (found under high school math by grade)  Lesson:
Quadratic Functions and Equations

OR

Copy and paste this link on your browser : https://www.khanacademy.org/math/high-school-
math/math2/xe2ae2386aa2e13d6:quad-2

Complete all practice problems associated with each topic, then complete Quiz 4. Watch the
accompanying videos for guidance within each topic if needed.

Topic 1: Completing the Square

Topic 2: Quadratics Standard Form

Log-in Information



https://www.bpsma.org/schools/brockton-high-school/about-us/mission-literacy-charts
https://www.khanacademy.org/math/high-school-math/math2/xe2ae2386aa2e13d6:quad-2
https://www.khanacademy.org/math/high-school-math/math2/xe2ae2386aa2e13d6:quad-2

1. Log-into Clever
Username: 6-digit BHS school ID # @bpsma.org
Password: Date of birth bps 1920
Example: Student (Michael) with ID #:123456
Date of birth: January 1%, 2000
Username: 123456 @bpsma.org
Password: 01012000bps1920

Once you have logged in to CLEVER, click on the Khan Academy icon to log in to your Khan
Academy account. You will find this icon on your math teacher’s page, or under Enrichment. If you do
not have a Khan Academy account, you can create one here.

Additional Support

Email:
e Please email your math teacher with specific questions.
Office Hours:

e Here is a list of math teachers’ office hours. Your teacher is available to help you during their
scheduled office hours.
BHS Math Department Office Hours

Printable Resources (Optional)

Lippman, D., & Rasmussen, M. (2017). Precalculus: An Investigation of Functions . Minneapolis, MN: Open
Textbook Library


mailto:123456@bpsma.org
https://brocktonpublicschools-my.sharepoint.com/:x:/g/personal/danielcorbett_bpsma_org/EWk_ij9UwjpPtRAHBUkEpS4B3vue-_IG8VYz0AwG9ovJjQ?e=4%3arkcL1r&at=9&CT=1588698277992&OR=OWA-NT&CID=8d0078f2-9a27-460f-e632-64578875ee60
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Section 3.2 Quadratic Functions

In this section, we will explore the family of 2" degree polynomials, the quadratic
functions. While they share many characteristics of polynomials in general, the
calculations involved in working with quadratics is typically a little simpler, which makes
them a good place to start our exploration of short run behavior. In addition, quadratics
commonly arise from problems involving area and projectile motion, providing some
interesting applications.

Example 1

A backyard farmer wants to enclose a rectangular space for a new garden. She has
purchased 80 feet of wire fencing to enclose 3 sides, and will put the 4™ side against the
backyard fence. Find a formula for the area enclosed by the fence if the sides of fencing
perpendicular to the existing fence have length L.

In a scenario like this involving geometry, it is often Garden I
helpful to draw a picture. It might also be helpful to
introduce a temporary variable, ¥, to represent the side
of fencing parallel to the 4™ side or backyard fence.

w

Since we know we only have 80 feet of fence available, Backyard
we know that L+ W + L =80, or more simply,
2L +W =80. This allows us to represent the width, W, in terms of L: W =80-2L

Now we are ready to write an equation for the area the fence encloses. We know the
area of a rectangle is length multiplied by width, so

A=LW =L(@80-2L)

A(L)=80L 21"

This formula represents the area of the fence in terms of the variable length L.

Short run Behavior: Vertex

We now explore the interesting features of the graphs of quadratics. In addition to
intercepts, quadratics have an interesting feature where they change direction, called the
vertex. You probably noticed that all quadratics are related to transformations of the

basic quadratic function f(x) = x°.
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Example 2
Write an equation for the quadratic graphed below as a transformation of f(x) = x°,

then expand the formula and simplify terms to write the equation in standard
polynomial form.
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We can see the graph is the basic quadratic shifted to the left 2 and down 3, giving a
formula in the form g(x) = a(x+2)*> —3. By plugging in a point that falls on the grid,
such as (0,-1), we can solve for the stretch factor:

~1=a(0+2)* -3
2=4a

1
a:_

2

Written as a transformation, the equation for this formula is g(x) = %(x +2)*-3. To

write this in standard polynomial form, we can expand the formula and simplify terms:

g0 =5 (x+2)* -3
g(x)= %(x+2)(x+ 2)-3
g(x) :%(x2 +4x+4)-3

g(x):%x2+2x+2—3

1
g(x) :Exz +2x-1

Notice that the horizontal and vertical shifts of the basic quadratic determine the location
of the vertex of the parabola; the vertex is unaffected by stretches and compressions.
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Try it Now

1. A coordinate grid has been superimposed
over the quadratic path of a basketball'.
Find an equation for the path of the ball.
Does he make the basket?

Forms of Quadratic Functions

The standard form of a quadratic function is f(x) = ax” +bx+c

The transformation form of a quadratic function is f(x) =a(x—h)’ +k

The vertex of the quadratic function is located at (4, k), where 4 and k are the numbers
in the transformation form of the function. Because the vertex appears in the
transformation form, it is often called the vertex form.

In the previous example, we saw that it is possible to rewrite a quadratic function given in
transformation form and rewrite it in standard form by expanding the formula. It would
be useful to reverse this process, since the transformation form reveals the vertex.

Expanding out the general transformation form of a quadratic gives:
f(x)=a(x—h)*+k=a(x—h) (x—h)+k
f(x)=a(x’ =2xh+h*)+k =ax’ —2ahx+ah’ +k

This should be equal to the standard form of the quadratic:
ax® —2ahx +ah® +k = ax’ +bx +c

The second degree terms are already equal. For the linear terms to be equal, the
coefficients must be equal:

—2ah=>b,so hz—i
2a

This provides us a method to determine the horizontal shift of the quadratic from the
standard form. We could likewise set the constant terms equal to find:

2 2 2
ah* +k=c,so k=c—ah? :c—a(—ij =c—a b 2 =c—b—
2a 4a 4a

! From http://blog.mrmeyer.com/?p=4778, © Dan Meyer, CC-BY



http://blog.mrmeyer.com/?p=4778
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In practice, though, it is usually easier to remember that £ is the output value of the
function when the input is 4, so k = f(h).

Finding the Vertex of a Quadratic

For a quadratic given in standard form, the vertex (4, k) is located at:

__b _ (=P
h= 2a’ k_f(h)_f(za)

Example 3

Find the vertex of the quadratic f(x)=2x” —6x+ 7. Rewrite the quadratic into
transformation form (vertex form).

The horizontal coordinate of the vertex will be at /4 = _i - ___6 - E - 3
2a 22) 4 2

3 3 (3 5

The vertical coordinate of the vertex will be at f (Ej = 2(5) - 6(5) +7= 5

Rewriting into transformation form, the stretch factor will be the same as the a in the
original quadratic. Using the vertex to determine the shifts,

f(x) :2(x—%j +§

Try it Now

2. Given the equation g(x) =13+ x> —6x write the equation in standard form and then in
transformation/vertex form.

As an alternative to using a formula for finding the vertex, the equation can also be
written into vertex form by completing the square. This process is most easily
explained through example. In most cases, using the formula for finding the vertex will
be quicker and easier than completing the square, but completing the square is a useful
technique when faced with some other algebraic problems.

Rewrite f(x)=2x> —12x + 14 into vertex form by completing the square.

We start by factoring the leading coefficient from the quadratic and linear terms.
2x? — 6x)+14
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Next, we are going to add something inside the parentheses so that the quadratic inside
the parentheses becomes a perfect square. In other words, we are looking for values p

and g so that (x2 —6x+p)=(x—q)2.

Notice that if multiplied out on the right, the middle term would be -2¢, so ¢ must be
half of the middle term on the left; ¢ = -3. In that case, p must be (-3)> =9.

(x2 —6x+ 9)= (x—3)?

Now, we can’t just add 9 into the expression — that would change the value of the
expression. In fact, adding 9 inside the parentheses actually adds 18 to the expression,
since the 2 outside the parentheses will distribute. To keep the expression balanced, we
can subtract 18.

2x2 —6x+9)+14-18

Simplifying, we are left with vertex form.
2(x-3) -4

In addition to enabling us to more easily graph a quadratic written in standard form,
finding the vertex serves another important purpose — it allows us to determine the
maximum or minimum value of the function, depending on which way the graph opens.

Example 5

Returning to our backyard farmer from the beginning of the section, what dimensions
should she make her garden to maximize the enclosed area?

Earlier we determined the area she could enclose with 80 feet of fencing on three sides
was given by the equation A(L)=80L —2L*. Notice that quadratic has been vertically

reflected, since the coefficient on the squared term is negative, so the graph will open
downwards, and the vertex will be a maximum value for the area.

In finding the vertex, we take care since the equation is not written in standard
polynomial form with decreasing powers. But we know that a is the coefficient on the
squared term, so a =-2, b =80, and ¢ = 0.

Finding the vertex:

h= —% ~20, k= A(20) = 80(20)—2(20)> =800

The maximum value of the function is an area of 800 square feet, which occurs when L
=20 feet. When the shorter sides are 20 feet, that leaves 40 feet of fencing for the
longer side. To maximize the area, she should enclose the garden so the two shorter
sides have length 20 feet, and the longer side parallel to the existing fence has length 40
feet.
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Example 6

A local newspaper currently has 84,000 subscribers, at a quarterly charge of $30.
Market research has suggested that if they raised the price to $32, they would lose 5,000
subscribers. Assuming that subscriptions are linearly related to the price, what price
should the newspaper charge for a quarterly subscription to maximize their revenue?

Revenue is the amount of money a company brings in. In this case, the revenue can be

found by multiplying the charge per subscription times the number of subscribers. We

can introduce variables, C for charge per subscription and S for the number subscribers,
giving us the equation

Revenue = CS

Since the number of subscribers changes with the price, we need to find a relationship
between the variables. We know that currently S = 84,000 and C = 30, and that if they
raise the price to $32 they would lose 5,000 subscribers, giving a second pair of values,
C=32and §=79,000. From this we can find a linear equation relating the two
quantities. Treating C as the input and S as the output, the equation will have form
S=mC+b. The slope will be
~79,000-84,000 —5,000

=-2,500
32-30 2

This tells us the paper will lose 2,500 subscribers for each dollar they raise the price.
We can then solve for the vertical intercept

S§S=-2500C+bh Plug in the point § = 84,000 and C = 30
84,000 =-2500(30)+5b Solve for b
b =159,000

This gives us the linear equation § =-2,500C +159,000 relating cost and subscribers.
We now return to our revenue equation.

Revenue =CS Substituting the equation for S from above
Revenue = C(-2,500C +159,000) Expanding

Revenue = —2,500C* +159,000C

We now have a quadratic equation for revenue as a function of the subscription charge.
To find the price that will maximize revenue for the newspaper, we can find the vertex:
159,000

T 2(-2,500)

The model tells us that the maximum revenue will occur if the newspaper charges
$31.80 for a subscription. To find what the maximum revenue is, we can evaluate the
revenue equation:

Maximum Revenue = —2,500(31.8)* +159,000(31.8) = $2,528,100
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Short run Behavior: Intercepts

As with any function, we can find the vertical intercepts of a quadratic by evaluating the
function at an input of zero, and we can find the horizontal intercepts by solving for when
the output will be zero. Notice that depending upon the location of the graph, we might
have zero, one, or two horizontal intercepts.

y ) y

o 1 TRGA T

B4 ot -2+

4
31 3t
2
1

~
el

zero horizontal intercepts  one horizontal intercept two horizontal intercepts

Example 7

Find the vertical and horizontal intercepts of the quadratic f(x)=3x> +5x -2

We can find the vertical intercept by evaluating the function at an input of zero:
£(0)=3(0)° +5(0)—2=-2 Vertical intercept at (0,-2)

For the horizontal intercepts, we solve for when the output will be zero
0=3x"+5x-2

In this case, the quadratic can be factored easily, providing the simplest method for
solution

0=3x—1)(x+2)

0=3x-1
1 or 0=x+2 Horizontal intercepts at (l,o] and (-2,0)
X = g x=-2 3

Notice that in the standard form of a quadratic, the constant term c reveals the vertical
intercept of the graph.

Example 8
Find the horizontal intercepts of the quadratic f(x) =2x> +4x—4

Again we will solve for when the output will be zero
0=2x"+4x-4
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Since the quadratic is not easily factorable in this case, we solve for the intercepts by
first rewriting the quadratic into transformation form.

h=——"= -1 k=f(=1)=2(-1)"+4(-1)-4=-6
f(x)=2(x+1)>-6

Now we can solve for when the output will be zero

0=2(x+1)>-6
6=2(x+1)
3=(x+1)°

x+1:i\/§
x=—1i\/§

The graph has horizontal intercepts at (—1— NE) ,0)and (—1+ NE) ,0)

Try it Now
3. In Try it Now problem 2 we found the standard & transformation form for the function
g(x) =13+ x*> —6x. Now find the Vertical & Horizontal intercepts (if any).

The process in the last example is done commonly enough that sometimes people find it
easier to solve the problem once in general and remember the formula for the result,
rather than repeating the process each time. Based on our previous work we showed that
any quadratic in standard form can be written into transformation form as:

f(x):a(x+%j +c——

Solving for the horizontal intercepts using this general equation gives:

2 2
0= a(x + 2—) +c- 2 start to solve for x by moving the constants to the other side

a a
b b\
20 c= a(x + 2—) divide both sides by a
a a
¢ bY
—5——=|x+— find a common denominator to combine fractions
da° a 2a
2 4 2
4b - = 4a§ =|x+ Zi combine the fractions on the left side of the equation
a a a
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b’ -4 b\ -
—2ac =|x+— take the square root of both sides
4a 2a
b* -4 b
+ —zac =X+— subtract b/2a from both sides
4a 2a
b  \b*—4ac . :
-——t——=x combining the fractions
2a 2a
—~b+b* —4dac
X= Notice that this can yield two different answers for x

Quadratic Formula

For a quadratic function given in standard form f(x)=ax’ +bx+c, the quadratic
formula gives the horizontal intercepts of the graph of this function.

e —b++b* —4dac

2a

Example 9

A ball is thrown upwards from the top of a 40-foot-tall building at a speed of 80 feet per
second. The ball’s height above ground can be modeled by the equation

H(t)=-16t" + 80t +40.

What is the maximum height of the ball?
When does the ball hit the ground?

To find the maximum height of the ball, we would need to know the vertex of the
quadratic.

2
po_ 80 _80_5 k=H(§j=—l6(§j +80(§j+40=140
2(-16) 32 2 2 2 2

The ball reaches a maximum height of 140 feet after 2.5 seconds.

To find when the ball hits the ground, we need to determine when the height is zero —
when H(?) = 0. While we could do this using the transformation form of the quadratic,
we can also use the quadratic formula:

| —B0£ 80" ~4(-16)(40) _ ~80:++/8960
- 2(~16) =32

Since the square root does not simplify nicely, we can use a calculator to approximate
the values of the solutions:
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—80—+/8960 —80++/8960
Tz5.458 or f=—

~ —0.458
-32

The second answer is outside the reasonable domain of our model, so we conclude the
ball will hit the ground after about 5.458 seconds.

Try it Now

4. For these two equations determine if the vertex will be a maximum value or a
minimum value.

a. g(x)=-8x+x>+7
b. g(x)=-33-x)"+2

Important Topics of this Section
Quadratic functions
Standard form

Transformation form/Vertex form
Vertex as a maximum / Vertex as a minimum
Short run behavior

Vertex / Horizontal & Vertical intercepts
Quadratic formula

Try it Now Answers
1. The path passes through the origin with vertex at (-4, 7).

h(x)= —%(x +4)> +7. To make the shot, 4(-7.5) would
need to be about 4. h(-7.5) = 1.64; he doesn’t make it.

2. g(x) = x> —6x+13 in Standard form;

—(-6
Finding the vertex, A =%=3. k=g(3)=3>-6(3)+13=4.

g(x) = (x—3)* + 4 in Transformation form

3. Vertical intercept at (0, 13), No horizontal intercepts since the vertex is above the x-
axis and the graph opens upwards.

4. a. Vertex is a minimum value, since a > 0 and the graph opens upwards
b. Vertex is a maximum value, since a < 0 and the graph opens downwards
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Section 3.2 Exercises

Write an equation for the quadratic function graphed.

Y
4

1 2.
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677 /\->
5-- - - - + + + I 1
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47 -4-3--1\1234
31 -1
24 24
11 -3
+ + + + 4+
4 321
3 * 4 51
g y
5_.
4._
3 34
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| 5[4 3 2 - i 2 3 °
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For each of the follow quadratic functions, find a) the vertex, b) the vertical intercept, and
c) the horizontal intercepts.

7. y(x):2x2+10x+12 8. z p)=3x2+6x—9

9. f(x)=2x2—10x+4 10. g(x)=—2x2—14x+12
11. h(r)=—4r+61-1 12. k(r)=2x"+4x-15
Rewrite the quadratic function into vertex form.

13. f(x)=x2—12x+32 14. g(x)=x2+2x—3

15. h(x):2x2+8x—10 16. k(x):3x2—6x—9

17. Find the values of b and ¢ so f'(x)=—8x" +bx+c has vertex (2,-7)
18. Find the values of b and ¢ so f(x)=6x" +bx+c has vertex (7,-9)



Completing the Square

When solving a quadratic equation by completing thguare, the goal is to create a perfect
square binomial on the left side of the equal sigA. perfect square binomial resembles the
following.

x> +6x+9

You can see thatx’ + 6x+9 is really (x+3)2, therefore, it is a perfect square; just as 4 et
perfect square of 2.

*The most important rule when completing the squase“You can only complete the square
when the leading coefficient is one.” If the leaj coefficient is any other number, you will
need to multiply the entire equation by its’ recgaral. This will yield a leading coefficient of
one. Observe the following example.

Begin with the quadratic equation in standard form

2
+8x—-4=
X“+8x-4=0 a +bx+c=0
X +8x =4 Begin by adding 4 to both sides of the equation
b2 82 , Now we need to create a perfect square binomiale éed to find the missing
— =] — =(4 =16 2
( 2 ) ( 2 ) ( ) number after the 8x, so we need to evaluft?_) .
2
x> +8x+16=4+16 Once we evaluate b over 2 squared, we add the tésuloth sides of the equation.
(X+ 4)2 =20 Now, on the left side of the equal sign is the gt square in factored form. When
- you evaluate b over 2, that number, in this casesfwhat goes in the factor.
2 _ . [An Now take the square root of both sides of the edurat
(X+ 4) =120 Do not forget to uset on the right side.
(x+4)= +2./5 Simplify the radical if possible.

Now subtract 4 to both sides. Since we do not hiawe separate rational solutions,
X=-4+ 2\/§ the answers will be written as algebraic expressior-or now, the solution may be
left like this, however in the future, it will beetessary to use each separately.



Here is a more complicated example.

Here is the quadratic equation in standard form

2
—_ +3=
2X°=7x+3=0 ax +bx+c=0
2 1 . . . .
X _E X +§ =0 Begin by multiplying the entire equation by %.
X ==X =—— Subtract— to both sides.
2 2 2

Now we need to create a perfect square binomiale iéed to find

2
the missing number, so we need to evaluét@_) .
2

X2 _Z X+4—9 - _§ +4_9 Once we evaluate b over 2 squared, we add the tesudoth sides
2 16 2 16 of the equation.
7 2 25 Now, on the left side of the equal sign is the gt square in
- — factored form. When b over 2 is evaluated, theuless -7/4. That
4 16 is the number that goes in the binomial on the left
2 . .
7Y N 25 Now take the square root of both sides of the edpmat
Z = 1_6 Do not forget to uset on the right side.
7_.5 . - .
X_Z = iz Simplify the radical if possible.
7.5
X=—x—
4 4
7 5
=—+— and x=—--—
4 4 4 _ - . .
12 5 Now add 7/4 to both sides. And simplify the sadui$ if possible.
X=— X=—
4 4
1
x=3 and x==
2

In this example, once everything is divided by I2¢ feading coefficient is one. This means the
“completing the square” method can now be used. igs a complicated problem because the
b term is a fraction. Which means all those rulesgarding fractions will be coming into play.
Be mindful of such problems in the future.

Being able to complete the square is VITAL as illMoie used many times in the future!!!
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