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Your road trip in Chapter 2 takes you toward the ocean.
You end up in Newport Beach, California. Your friend who was driving the car in
Chapter 2 owns a sailboat and asks you to pilot the beat from Newport Beach

to Catalina Island, which is 26 miles off the coast. Your friend challenges you to
pilct the boat along a perfectly straight line. Always up for a challenge, you agres,
settie into the captain's chair, and then panic. You know you have to travel 26
miles in a straight line, but what should you set as the heading for the boat? The
distance of 26 miles is not sufficient infermation to aliow you to travel to Catalina
island in a straight line. You realize that your trip will require both the distance to
Catalina Island and the direction in which you must travel. You ask your friend the
appropriate direction to Catalina Island and he gives you a heading as an angle
south of due west. You open the compass app on your smartphone, find the
appropriate diraction, and set saill

CONNECTIONS [f you move only along a straight ling, as in the previous
chapter, then a single number (with a positive or negative sign) can be used to
spacify your position with respect to the origin. In this chapter, we will study the
positions of objects or points in two- or three-dimensional space that require
two types of information: distance from a reference point and direction relative
to a reference axis. Quantities that require these two types of information are
called vectors. We will learn various properties of vectors and will see how to
add and subtract vectors. Vactor quantities are used throughout this text. In
addition 1o the position vectors studied in this chapter, we will see other vector
guantities in subsegueni chapters, such as velocity, acceleration, force, and
slectric field. Thersfore, it is imperative that you master the technigues discussed
in this chapter.
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Coordinate Systems

Many aspects of physics involve a description of a location in space. In Chapter 2,
for example, we saw that the mathematical description of an object’s motion
requires a method for describing the object’s position at various times. In two
dimensions, this description is accomplished with the use of the Cartesian coor-
dinate system, in which perpendicular axes intersect at a point defined as the
origin O (Fig. 3.1). Cartesian coordinates of a point in space, representing the
x and y values of the point, and expressed as (x, y), are also called rectangular
coordinates.

Sometimes it is more convenient to represent a point in a plane by its plane polar
coordinates (v, 8) as shown in Figure 5.2a. In this polar coordinale system, v is the dis-
tance from the origin to the poiut having Cartesian coordinates (x, y) and 6 is the
angle between a fixed axis and a line drawn from the origin to the point. The fixed
axis is often the positive x axis, and @ is usually measured counterclockwise from it.
From the right triangle in Figure 3.2b, we find that sin 0 = y/rand that cos § = x/%.
{A review of trigonometric functions is given in Appendix B.4.) Therefore, starting
with the plane polar coordinates of any point, we can obtain the Cartesian coordi-
nates by using the equations

x = rCos f 3.1

3= rsinf (3.2)

Conversely, if we know the Cartesian coordinates, the definitions of trigonometry
tell us that the polar coordinates are given by

an =2 (3.3)
x
r="Vax*+y* (3.4)

Equation 3.4 is the familiar Pythagorean theorem,

These four expressions relating the coordinates (x, y) to the coordinates (s 0)
apply only when ¢ is defined as shown in Figure 3.2a—in other words, when pos-
itive 8 is an angle measured counterclockwise from the positive x axis. (Some sci-
entific calculators perform conversions between Cartesian and polar coordinates
based on these standard conventions.) If the reference axis for the polar angle # is
chosen to be one other than the positive x axis or if the sense of increasing 8 is cho-
sen differently, the expressions relating the two sets of coordinates will be different
from those above.

¥
(% ¥)
sin @ = %
T,
4
cosf = o
8 ¥
5 x tanﬂfg

Figure 3.2 () The plane polar coordinates of a point are represented by the distance rand the
angie 8, where € is measured counterclockwise from the paositive xaxis. (b) The right triangle used to
relate (x, ¥) to (v, 8).

Figure 3.9 Designation of points
in a Cartesian coordinate systern.
Every point is labeled with coordi-
nates (x, v

+ Cartesian coordinatesin
terms of polar coardinates

4 Polar coordinates in terms of
Cartesian coardinates
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Polar Coordinates

The Cartesian coordinates of a point in the xy plane are (x, 5} = (=3.50, —2.50) m as shown in Figure 5.3. Find the polar
coordinates of this point.

N
e
Conceptualize  The drawing in Figure 3.3 helps us conceptu-
alize the problem. We wish to find rand 0. Based on the fig-
ure and the data given in the problem statement, we expect r
to be a few meters and € to be between 180° and 270°.

Categorize Based on the statement of the problem and the ) . ' T
Conceptualize step, we recognize that we are simply con- Figure 3.3 (Example 3.1) Lo e
verting from Cartesian coordinates to polar coordinates, We Finding polar coordinates when 5(13‘!?0’5_25-‘59)
therefore categorize this example as a substitution problem. Cartesian coordinates are given, .5 £
As mentioned in Section 2.4, substitution problems generally

do not have an extensive Analyze step other than the substitution of numbers into a given equation. Similatly, the Finalize step
consists primarily of checking the units and making sure that the answer is reasonable and consistent with our expectations.
Therefore, for substitution problems, we will not label Analyze or Finalize steps.

Use Equation 3.4 to find r: r= Va4 y? = VI—350m)? + (—2.50 m)P? = 4.30m
 —2.50
Use Equation 8.3 to find 8: tan 8 = 2o —250m = (714
x —3b5h0m
H= 216°

Notice that you must use the signs of xand y to find that the point lies in the third quadrant of the coordinate system. That is,
8 = 216°, not 35.5°, whose tangent is also 0.714, Answers to both rand 8 agree with our expectations in the Conceptualize step.

Vector and Scalar Quantities

We now formally describe the difference between scalar quantities and vector quan-
tities. When you want to know the temperature outside so that you will know how
to dress, the only information you need is a number and the unit “degrees C” or
“degrees F.” Temperature is therefore an example of a scalar quantity:

A scalar quantity is completely specified by a single value with an appropriate
unit and has no direction.

Other examples of scalar quantities are volume, mass, speed, time, and time inter-
vals. Some scalars are always positive, such as mass and speed. Others, such as tem-
perature, can have either positive or negative values, The rules of ordinary arithme-
tic are used to manipulate scalar quantities.

If you are preparing to pilot a small plane and need to know the wind velocity,
you must know both the speed of the wind and its direction. Because direction is
important for its complete specification, velocity is a vector quantity:

A vector quantity is completely specified by a number with an appropriate
unit (the magnitude of the vector) plus a direction.

Another example of a vector quantity is displacement, as you know from

Figure 3.4 Asaparticle moves Chapter 2. Suppose a particle moves from some point @ to some point ® along
from ® to ® either along the a straight path as shown in Figure 3.4. We represent this displacement by draw-
straight line oralong an arhitrary ing an arrow from ® to ®, with the tip of the arrow pointing away from the

ath represented by the broken . . : . . .
})im: itsiiisp}acenlefltis a;ecmr starting point. The direction of the arrowhead represents the direction of the

quantiry shown by the arrow displacement, and the length of the arrow represents the magnitude of the dis-
drawn from @ o ®. placement. If the particle travels along some other path from ® to ® such as
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shown by the broken line in Figure 3.4, its displacement is still the arrow drawn
from & to ®. Displacement depends only on the initial and final positions, so
the displacement vector is independent of the path taken by the particle between
these two points.

In this text, we use a boldface letter with an arrow over the letter, such as A, to
represent a vector. Another common notation for vectors with which you should
be familiar is a simple boldface character: A. The magnitude of the vector A
is written either A or JA|. The magnitude of a vector has physical units, such as
meters for displacement or meters per second for velocity. The magnitude of a vec-
tor is always a positive number.

What about the vector to follow in our opening storyline? What heading did
your friend give you to Catalina Island? You can use a latitude and longitude finder
online to find the coordinates for the opening of Newport Harbor and for Avalon
Harbor. Then, putting these coordinates into a distance and azimuth calculator
online, you find that the distance is 30.7 mi, with a heading of 236.2° relative to
due east. (Note that Catalina is described as “26 miles across the sea” in a popular
song from the 1950s, but we need to travel a bit farther to make this trip. An online
calculation shows the distance between San Pedro and Avalon to be 27 miles, which
mlght be the origin of the song.)

e:UCK GQUIZ 3.1 Which of the following are vector quantities and which are

i
@
#

scalar quantities? (a) your age (b) acceleration (c) velocity (d) speed (e} mass

Basic Vector Arithmetic

For many purposes, two vectors Aand B may be defined to be equal it they have
the same magnitude and if they point in the same direction. That is, A=8 only if
A= Bandif A and B point in the same direction along parallel lines. For exam-
ple, all the vectors in Figure 8.5 are equal even though they have different starting
points. This property allows us to move a vector to a position parallel to itself in a
diagram without affecting the vector.

The rules for vector addition are conveniently described by a graphical method.
To add vector B to vector A, first draw vector A on graph paper, with its magnitude
represented by a convenient length scale, and then draw vector B to the same scale,
with its tail starting from the tip of A, as shown i in Figure 3.6. The resultant vector
R = A + B is the vector drawn from the tail of A to the tip of B.

A geometrlc construction can also be used to add more than two vectors as
shown in Figure 3.7 for the case of three vectors. The resultant vector R=2A+
B + Cis the vector that completes the polygon. In other words, Ris the vector
drawn from the tail of the first vector to the tip of the last vector. This technique for
adding vectors is often called the “head to tail method.”

Figure 3.0 When vector B is
added to vector A the resultant
R is the vector that runs from the
tail of A to the tip of B.

Figure 3.5 These four vectors
are equal because they have equal
lengths and point in the same
direction.

PITFALL PREVENTION 2.1

- Vectar Addition Versus:
Scalar Addlllun Notice that "

A+B=Cis very different from-

A+ B= (. The first equation -
is a vector sum, which must be
handled carefully, such as

with the graphicat method. The
second equation is a simple alge-
braic addition of numbers that

is handled with the normal rujes -

of arithmetic,

Frgure 3.7 Geometric construc-
tion for summing three vectors. The
resultant vector R is by definition
the one that completes the polygon.

55
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Commutative law of addition &

R
! Draw B, -

: Dr'awA,_ S
: then add B, .

Figire 3.8 Tlhis construction
showsthatA+ B=B + A or, in
other words, that vector addition
is commutative.

“Add ﬁ and 6; :
" then add_l_;qe_:
o result to AL

o

e

i

- AddAand B;
! thenaddCto :

Figare 3.9 Geometric construc-
tions for verifying the associative
Iaw of addition. (a) Vectors B and
C are added first and added to A.
(b) Vectors A and B are added
first, and then Cis added.

When two vectors are added, the sum is independent of the order of the addi-
tion. (This fact may seem trivial, but as you will see in Chapter 11, the order is
important when vectors are multiplied. Procedures for multiplying vectors are dis-
cussed in Chapters 7 and 11.) This property, which can be seen from the geometric
construction in Figure 3.8, is known ag the commutative law of addition:

A+B=B+A (3.5)

When three or more vectors are added, their sum is independent of the way in
which the individual vectors are grouped together. A geometric proof of this rule
for three vectors is given in Figure 3.9, where two ways of adding the same three
vectors are shown. This property is called the associative law of addition:

A+B+0O~@A@+B)+C (3.6)

We have described adding displacement vectors in this section because these
types of vectors are easy to visualize. We can also add other types of vectors, such as
velocity, force, and electric field vectors, which we will do in later chapters. When
two or more vectors are added together, they must all have the same units and they
must all be the same type of quantity. It would be meaningless to add a velocity
vector {for example, 60 km/h to the east) to a displacement vector (for example,
200 kin to the north) because these vectors represent different physical quantities,
The same rule also applies to scalars. For example, it would be meaningless to add
time intervals to temperatures.

The operation of vector subtraction makes use of the definition of the negative
of a vector. The negative of the vector A is defined as the vector that when added
to A gives zero for the vector sum. That is, A+ (~K) = 0. The vectors A and
—A haye the same magnitude but point in opposite directions. We define the oper-
ation A — B as vector —B added to vector A:

A-B=A+(-B) {3.7)

The geometric construction for subtracting two vectors in this way is illustrated in
Figure 3.10a.
_, Another way of looking at vector subtraction is to notice that the difference
A — B between two vectors A and B is what you have to add to the second vector
to obtain the first. In this case, as Figure 8.10b shows, the vector A — B points from
the tip of the second vector to the tip of the first.

Scalar multiplication of vectors is straightforward. If vector Ais multiplied by a
positive scalar quantity m, the product m A is a vector that has the same direction
as A and magnitude mA. If vector A is multiplied by a negative scalar quantity —m,

L,
L Vector C=A - Bis
i the vector we muast
. add to B to obtain A.

- __,,wn;.M.._”,ﬁw,_n___h.__.%J NUT
£

: We would draw
. B here ifweﬂrere
- adding it to A.

¢
&

3“'? Adding B A
1 is equivalent to”
subtracting B
from A: S

i

i

Figure 310 (a) Subtracting vector B from vector A. The vector — B is equal in magnitude to
vector B and points in the oppasite direction. (b} A second way of looking at vector subtraction.
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the product ~mA is directed opposite A, For example, the vector BA is five times
as long as A and points in the same direction as A the vecto A is one-third the
length of A and points in the direction opposite A

mwﬁi{ QUL 3.2 The magnitudes of two vectors A and B are A = 12 units and
. B = 8 units. Which pair of numbers represents the largest and smallest possible
: values for the magnitude of the resultant vector R=A+B? {(a) 14.4 units,
> 4 units (b) 12 units, 8 units (¢) 20 units, 4 units (d) none of these answers

F

%w?iﬁ CK QUIZ 3.3 Ifvector B is added to vector A, which two of the following
. chomes must be true for the resultant vector to be eq}ga} to zero? (a) A and

B are parallel and in the same dlrectlon {b) A and B are parallel and i in
opposite directions. (c) A and B have the same magnitude. (d) Aand B

& are perpendicular.

I

A Vacation Trip
A car travels 20.0 km due north and then 35.0 km I:I 1
in a direction 60.0° west of north as shown in W T
Figure 3.11a, Find the magnitude and direction of {7 ’
the car’s resultant displacement, : 8 |
|
Cencepma ize Thetwovectors A and B thatappearin (k) x (k) |
Figure 3.11a help us conceptualize the problem. The ¥ |

resultant vector R has also been drawn. We expect its .
magnitude to be a few tens of kilometers, The angle ’
B that the resultant vector makes with the y axis is  Figure 311 (Example 8.2) (a) Graphical method for finding the resul-
CXPCCtEd to be less than 60° the angle that vector tant disglacement vector R = A + B. (b)) Adding the vectors in reverse
B makes with the y axis. order (B + A) gives the same result for R,

Categorize  We can categorize this example as a simple analysis problem in vector addition. The displacement R is the resul-
tant when the two individual displacements A and B are added. We can further categorize it as a problem about the analysis
of trlangles S0 we ”lppeal to our expe1 tise in geomeny and Lr1gonometry

ﬁma!yze In this example we show two ways to analyzc the problem of fmdmg the resultant of two vectors. The first way is to
solve the problem geometrically, using graph paper and z protractor to measure the magnitade of R and its direction in Fig-
ure 8.11a. {In fact, even when you know you are going to be carrying out a calculation, you should sketch the vectors to check
your results.) With an ordinary ruler and protractor, a large diagram typically gives answers to two-digit but not to three-digit
precision. Try using these tools on Rin Figure 3.11a and compare to the trigonometric analysis below!

The second way to soive the problem is to analyze it using algebra and trigonometry. The magnitude of R can be obtained
from the law of cosines as applied to the triangle in Figure 3.11a (see Appendix B.4).

Use R = A? + B® — 248 cos 8 from the law of cosines to R="VA?+ B — 2ABcos 0
find R
Substitute numerical values, noting that R="1(20.0 km)2 + (35.0 k)2 — 2(20.0 km){35.0 km) cos 120°
8 = 180° — 60° = 120% = 489 km

. . , , , sinf3  sin#
Use the law of sines (Appendix B.4) to find the direction = ——

o . , B R
of R measured from the northerly direction:
B Bok
sin 8 = }—{ sin 6 = 182% sin 120° = 0,629
B= 88.9°

The resultant displacement of the car is 48.2 km in a direction 38.9° west of north.

continted
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3.2

Fmai!ze Does the angle 8 that we calculated agree with an
estimate made by looking at Figure 3.11a or with an actual
angle measured from the diagram using the graphical
method? Is it reasonable that the magnitude of R is larger
than that of both A and B? Are the units of K correct?
Although the head to tail method of adding vectors works
well, it suffers from two disadvantages. First, some people

find using the laws of cosines and sines to be awkward. Sec-
ond, a triangle only resulis if you are adding two vectors, If
vou are adding three or more vectors, the resulting geomet-
ric shape is usually not a triangle. In Section 3.4, we explore
a new method of adding vectors that will address both of
these disadvantages.

PITEFALL PREVENTION 2.2

" xand yComponents Equations 3.8

and 3.9 associate the cosine of the
angle with the xcomponentand’ ©
the sine of the angle with the y com-
ponent. This association is true only
because we measured the angle 8 -
with respect to the xaxis, so donot
memorize these equations. If 8 is
measured with respect to the yaxis

- (as in some problems), these equa-

tions will be incorrect. Think about
which side of the triangle contain-
ing the components is adjacent to
the angle and which side is opposite
and then assign che cosine and sine
accordingly.

Suppose the trip were taken with the two vectors in reverse order: 35.0 km at 60.0° west of north first and
then 20,0 km due north. How would the magnitude and the direction of the resultant vector change?

Answer  They would not change. The commutative law for vector addition tells us that the order of vectors in an addition is
irrelevant. Graphically, Figure 3.11b shows that the vectors added in the reverse order give us the same resultant vector.

Components of a Vector and Unit Vectors

The graphical method of adding vectors is not recommended whenever high
accuracy is required or in three-dimensional problems. In this section, we
describe a method of adding vectors that makes use of the projections of vectors
along coordinate axes. These projections are called the components of the vec-
tor or its rectangular components. Any vector can be completely described by its
components.

Consider a vector A lying in the xy plane and making an arbitrary angle 6
with the positive x axis as shown in Figure 3.12a. This vector can be expressed
as the sum of two other component vectarsA ., which is parallel to the x axis,
and A which is parallel to the vy axis. From the figure, we see that the three
vectors form a right trlangle and that A = A + Ay We shall often refer to the

“components of a vector A,” written A_ and Ay {without the boldface notation),
Figure 3.12b shows the component vector A moved to the left so that it lies along
the y axis. We see that the component A_ lepresents the projection of A along
the x axis, and the component A represents the projection of A along the
y axis. These components can be positive or negative. The component A_is pos-
itive if the component vector A, points in the positive x direction and is nega-
tive if A_ points in the negative x direction. A similar statement is made for the
component 4,

From Figure 3.12 and the definition of sine and cosine, we see that cos 8 = A /4
and that sin ¢ = A /4. Hence, the components of A are

A = Acost (3.8)

A =Asind {3.9)

i
S 3 :
A, !
|
# I
x g %
7] A

Figure 342 (a) Avector & lying in the y plane can be represented as a vector sum of its s component
vectors A and A . These three vectors form a right triangle. (b} The y component vector A can be
moved to the left so that it lies along the y axis.
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The magnitudes of these components are the lengths of the two sides of a right
triangle with a hypotenuse of length A. Therefore, the magnitude and direction of
A are related to its components through the expressions

=VAI+A? (3.10)
4,
g= tan‘"(A—> (3.11)

Notice that the signs of the components A, and A depend on the angle 6. For
example, if 8 = 120° A is negative and A is pOSlthE If 6 = 225% both 4, and A
are negative. Figure 3. 13 summarizes the directions of the component vectors and
signs of the components when A lies in the various quadrants.

When solving problems in two dimensions, you can specify a vector A either
with its components A _and 4 or with its magnitude and direction A and ¢

In many apphcanons it is convenient to express the components in a coordinate
system having axes that are not horizontal and vertical but that are still perpen-
dicular to each other. For example, we will consider the motion of objects sliding
down inclined planes. For these examples, it is often convenient to orient the x axis
parallel to the plane and the yaxis perpendicular to the plane.

{23 UICK QUIZ 2.4 Choose the correct response to make the sentence true: A
. component of a vector is (a) always, (b) never, or (¢} sometimes larger than the

o

= magnitude of the vector,

Vector quantities often are expressed in terms of unit vectors. A unit vector is a
dimensionless vector having a magnitude of exactly 1. Unit vectors are used to spec-
ify a given direction and have no other physical significance. They are used solely
as a bookkeeping convenience in describing a direction in space. We shall use the
symbols 1, j, and k to represent unit vectors pointing in the positive #, 3, and z
directions, respectively. (The “hats,” or circumflexes, on the symbols are a standard
notation for unit vectors.) The unit vectors i, j, and k form a set of mutually per-
pendicular vectors in a righthanded coordinate system as shown in Figure 3.14a.
The magnitude of each unit vector equals 1; that is, il =j] = |k = 1.

Consider a vector A lying in the xy plane as shown in Figure 3.14b. The prod-
uct of the component A_and the unit vector iis the component vector A = Ald,
which lies on the x axis and has magnitude |A ). Likewise, A A _] is the com-
ponent vector of magnitude |A\ lying on the y axis. Iherefore the unit-vector
notation for the vector A is

A=Aj+4Aj (3.12)
Consider now the polar coordinates shown for the point in Figure 3.2. The point
in the first quadrant in that figure is reproduced in Figure 3.15. Notice that we can

¥

Figguers 3. W— (a) The unit vectors i, j, and & are directed along the %, y, and zaxes, respectively.
{b) Vector A= AJ + A)_J lying in the xy plane has components A, and AY

Kx peinis lefi

§ A, points right

and A, is — and A, is +
XJ points up K, points up
and A, is + and A, s+
; x
w; A points left Xx points right
and Ayis— 4 - Yand A s +
A, pomts down K), points down
and 4, is — and A, is ~

Figure L1 The signs of the
components of a yector A depend
on the quadrantin which the vector
is located.

>

Figure 3.1% Unit vectors for
a point described by polar
coordinates.
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¥
____________ ’
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Figure 318 This geometric
construction for the sum of two
vectors shows the relationship
between the components of the
resultant R and the components
of the individual vectors,

QTWALL ?R&VEHH@N 2. 3
- Tangenis on Cafculators

- Equation 3.16 involves the ca]cu-

lation of an angle by means of a -
tangent function, Generally, the,”

inverse tangent function on caleu

** lators provides an angle between

< =007 and +90° As a conseqiierice,
- if the vector you are studying lies
- in the second or third quadrant,. .
- -the angle measured from the pos-
itive xaxis witl be the angle your -
calculator returns plus 180°,

identify radial and angular unit vectors t and 8. Just like for rectangular coordi-
nates, these vectors are of unit length. Unlike rectangular coordinates, however,
the directions of radial and angular unit vectors depend on the point, as shown by
the point in the fourth quadrant in Figure 3.15.

Now let us see how to use components to add vectors when the graphical method
is not sufficiently accurate. Suppose we wish to add vector B to vector A in Equa-
tion 8.12, where vector B has components B, and B Because of the bookkeeping
convenience of the unit vectors, all we do is add the xand y components separately.
The resultant vector R is

e

R=A+B=@Ai+AJ+Bi+B])

or, rearranging terms,

={4,+B)i+ (4 +B)j (3.13)

o a A
Because R = R i + R ], we see that the components of the resultant vector are

R =A -+ B,
) (3.14)
Ry = A‘v + By

Therefore, we see that in the component method of adding vectors, we add all the
x components together to find the x component of the resultant vector and use the
same process for the y components. We can check this addition by components with
a geometric construction as shown in Figure 3.16.

The magnitude of R and the angle it makes with the x axis are obtained from its
compoients using the relationships

R=VR+R}=V(A,+ BF+(A +B) {3.15)
R A +B
mnﬂ—ﬁx—m {3.16)

At times, we need to consider situations involving motion in three component
directions, The extension of our methods to three-dimensional vectors is straight-
forward. If A and B hoth have &, v, and z components, they can be expressed in the
form

—r A

A=Aj+Aj+Ak (3.17)
B-Bi+Bj+Bk 3.18)

The sum of A and B is
=(4,+ B} + (4, +B)j + (4, + B)k {3.19)

Notice that Equation 3.19 differs from Equataon 3.13: in Fquation 3.19, the resul-
tant vector also has a z component R = A + B.If a vector R has % 9 and =z
components, the magnitude of the vector is R = VR*+ R*+ R} The angle 8,
that R makes with the x axis is found from the expression cos 6 = R /R, with simi-
lar expressions for the angles with respect to the y and z axes.

The extension of our method to adding more than two vectors is also straightfor-
ward using the component method. For example, A+B+C= (A, + B + CJI
(A, + B + C)J +{A + B + C)k

{SYUICK QUIZ 2.5 For which of the following vectors is the magnltude of the
f vector equal to one of the components of the vector? (a) A=2i+5 i
5 (b)) B=-3j(c) C= +5k
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The Sum of Tweo Veciors

Find the sum of two vectors A and B lying in: the »y plane and given by

A=(20i+20j) and B=(20i-40j

Conceptualize  You can conceptualize the situation by drawing the vectors on graph paper, Do this and then draw an approx-
imation of the expected resultant vector.

Categorize  We categorize this example as a simple substitution problem, Comparing this expression for A with the general
expression A = Axi + ij + Azf(, we see that A, = 2.0, Ay = 2.0, and A, = 0. Likewise, B, = 2.0, BT = —4.0,and B = 0. We can
use a two-dimensional approach because there are no z components.

&

Use Equati‘énrs.l?) to obtain the resultant vector R: R= (4, + Bx)i + (4, + B})j = (2.0 +2.00§ + (2.0 — 4.0

=401~ 20j

R=VRI+ R =V + (20" = V20 = 4.5

R _
tanB=EJ=T2(')9——=-O.50

x

Use Equation 3.15 to find the magnitude of E:
Find the direction of R from Equation 3.16:
Your calculator likely gives the answer —27° for 8 = tan™'(—0.50). This answer is correct if we interpret it to mean 27° clockwise

from the x axis, Our standard form has been to quote the angles measured counterdlockwisefrom the +x axis, and that angle for
this vector is # = 333°

' The Resultant Displacement

A particle undergoes three consecutive displacements: A?l = (151 + 3Dj + 121}) cm, AT"E = (231 — 14j — 5.0K) cm, and
AT, = (~18i + 15j) cm, Find unit-vector notation for the resultant displacement and its magnitude.

Conceptualize  Although x is sufficient to locate a point in
one dimension, we need a vector T to locate a point in two
or three dimensions. The notation AY is a generalization
of the one-dimensional displacement Ax in Equation 2.1,
Three-dimensional displacements are more difficult to con-
ceptualize than those in two dimensions because they can-
not be drawn on paper like the latter.

For this problem, let us imagine that you start with your
pencil at the origin of a piece of graph paper on which
you have drawn x and y axes, Move your pencil ib cm
to the right along the x axis, then 30 cm upward along the

y axis, and then 12 cm perpiendicularly toward you away from
the graph paper. This procedure provides the displacement
described by A¥,. From this point, move your pencil 23 cm
to the right paraliel to the x axis, then 14 cm parailel to the
graph paper in the —y direction, and then 5.0 cm perpendic-
ularly away from you toward the graph paper. You are now at
the displacement from the origin described by AT, + AT,
From this poing, move your pencil 13 cm to the left in the —x
direction, and (finallyl) 15 e¢m parallel to the graph paper
along the y axis. Your final position is at a displacement
A¥, + AT, + AT, from the origin,

Categorize Despite the difficulty in conceptualizing in three dimensions, we can categorize this problem as a substitution
problem because of the careful bookkeeping methods that we have developed for vectors. The mathematical manipulation
keeps track of this motion along the three perpendicular axes in an organized, compact way, as we see helow.

To find the resultant displacement,
add the three vectors:

AT = AT, + AT, + A¥,

=(15+28—18)fcm + (80 — 14 + 15)j cm + (12 — 5.0 + 0)k em

= (251 + 81§ + 7.0k) cm

Find the magnitude of the resuitant

X

R= VR R R?

vector:

=25 cm)? + (81 cm)? + {7.0 cm)? = 40 cm
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. Taking a Hike

A hiker begins a trip by first walking 25.0 km southeast from her car. $he stops and
sets up her tent for the night. On the second day, she walks 40.0 km in a direction E\?é&}j
60.0° north of east, at which point she discovers a forest ranger’s tower, )

{&) Determine the components of the hiker’s displacement for each day. 20 i
Tower

m i .
ﬁa}ﬂcepmailze We conceptualize the problem by drawing a sketch as - in Figure 3. 17 If 0 L x (k)
we denote the displacement vectors on the first and second days by A and B, respec- CarNY/ 40
tively, and use the car as the origin of coordinates, we obtain the vectors shown in Fig- ~10 :

ure 3.17. The sketch allows us to estimate the resultant vector as shown.

€ategorize Having drawn the resultant R, we can now categorize this problem as one
we've solved before: an addition of two vectors, You should now have a hint of the power
of categorization in that many new problems are very similar to problems we have already
solved if we are careful to conceptualize them, Once we have drawn the displacement vec-
tors and categorized the problem, this problem is no longer about a hiker, a walk, a ear,
a tent, or a tower, Itisa problem about vector addition, one that we have a]ready solved.

" Figure 317 (Example 8.5) The
total displacement of the hiker is
the vector R = A + B.

Ana!yze Dlsplacement A hasa magnztude of 29 0 km and is directed 45.0° below the positive x axis,

Find the components of A using Equations 3.8 and 8,9: A = Acos (—45.0%) = (25.0 km)(0.707) = 17.7km
Ay = Asin (—45,0°) = (25,0 km)(—0.707) = —17.7 km

The negative value of A indicates that the hiker ends up below the x axis on the first day. The signs of A_and A also are
evident from Figure 3.17,

Find the components of B using Equations 3.8 and 3.9; B = Beos 60.0° = (40.0 km){0.500) = 20.0 km
By = Bsin 60.0° = (40.0 km}0,866) = 34.6 km

— . o
{B) Determine the components of the hiker’s resultant displacement R for the trip. Find an expression for R in terms of
unit vectors.

Use Equation 3,14 to find the components of the R=A+B=177km+ 20.0km = 37.7km

ltant displ tR=2+ B:
resuftant displacemen R=A+B=~177kn + 846 km = 17.0km

Write the total displacement in unit-vector form: R - (37.71 + 17.0j) km

Finalize Looking at the graphica! representation in Figure 3.17, we estimate the position of the tower to be about (38 km,
17 km), which is consistent with the components of R in our result for the final position of the hiker. Also, both components of
R are positive, putting the final position in the first quadrant of the coordinate system, which is also consistent with Figure 8.17.

{ _ﬁﬁ”ﬁ After reaching the tower, the hiker wishes to return to her car along a single straight line. What are the
components of the vector representing this hike? What should the direction of the hike be?
p pre g

Answer  The desired vector R(_m_ is the negative of vector R:

R, = K= (877 ~ 17.0]) km

car

The direction is found by caleulating the angle that the vector makes with the x axis:

Rcar; —17.0 kim
R —%7.7km

car,x

tan § = = 0.450

which gives an angle of 8 = 204.2°, or 24.2° south of west,
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Prochlems

Vector quantities have both magnitude and direction and obey the laws of

Scalar quantities are those that have only a
vector addition. The magnitude of a vector is always a positive number.

numericai value and no associated direction,

A second method of adding vectors involves components of the vec-
tors, The x compenent A, of the vectar A s equal to the projection
of A along the x axis of a coordinate system, where A = A cos 8.
The y component A of Ai is the projection of A along the y axis,
where A}_ = Asin &

When two or more vectors are added together, they must
all have the same units and they all must be the same type
of quantity, We can add two vectors Aand B graphically.
In this methed (Fig. 3. 6) the resultant vector RK=A+E
runs from the tail of A to the tip of B.

We can find the resultant of two or more veciors by resolving all
vectors into their xand y components, adding their resultant xand y
compoenents, and then using the Pythagorean theorem to find the
magnitude of the resultant vector, We can find the angle that the
resultant vector makes with respect to the x axis by using a suitable
trigonometric function,

If a vector A has an x component A, and a y compo-
nent A, the vector can be expressed in unit-vector form
as A = = A i+ AJ In this notation, 1 is a unit vector point-
ing in the pos1t1ve x direction and _] is a unit vector point-
ing in the positive y direction, Because i and J are umit
vectors, [i = [j| = 1.

Quick! Which ship do you contact to help the sinking
shipp Which ship will get there in the shortest time inter-
val? Assume that each ship would accelerate quickly to its
maximum speed and then maintain that constant speed in a
straight line for the entire trip to the sinking ship.

See the Prefuce for an explonation of the icons used in tfm problems sef.

For additional assessment items for this section, gote &) & WEBASSIGHN
From Cengage

i. You are working at a radar station for the Coast Guard. While

everyone else is out to funch, you hear a distress call from a

sinking ship. The ship is located at a distance of 51.2 km from s

the station, at a bearing of 36° west of north. On your radar
screen, you see the locations of four other ships as follows:

On a paper map of the United States, locate
Memphis, Albuguerque, and Chicago. Draw a vector from
Albuquerque to Memphis and another vector from Mem-

phis to Chicago. Using the scale on the map, determine the

Maximum

Ship # Is)tizfiaor:::((eki;xl':;m Bearing Speed (km/h) straight-line distances‘between F%lbuquerque and Memphis,

- and between Memphis and Chicago. Use a protractor to

1 56.1 42" Wof N 30.0 measure the angles of your two vectors with respect to lati-

2 373 61°Wof N 38.0 tude and longitude lines. From this information, determine

3 10.2 36°Wof N 32.0 the straightline distance in miles between Albuquerque
4 51.2 79° W of N 45.0 and Chicago.

The polar coordinates of a certain peint are (r = 4.30 cm,

= 214%). (&) Find its Cartesian coordinates x and y. Find
the polar coordinates of the points with Cartestan coordi-
nates (b) (—x, y), {c) (—2x, —2y), and (d) (3x, —3y).

Let the polar coordinates of the point (x, y) be (5 8),
Determine the polar coordinates for the points
(a) (= 3}, (B) (—2x, —2y), and ()} (3x, —3y).

Sec the Prefnce for an explanation of the icons used in a:hz's problems set.
For additional assessment dtems for this section, go to ¢, v WEBASSIGN

From Cengage

SECTION 3.1 Coordinate Systems

1. Two points in the xy plane have Cartesian coordinates
(2.00, —4.00) m and (—3.00, 3.00) m. Determine (a) the
distance between these points and (b) their polar
coordinates.

SECTION 3.2 Vector and Scalar Quantities

5. Why is the following situation impossible? A skater glides along
a circular path. She defines a certain peint on the circle as

Two poinis in a plane have polar coordinates (2,50 m, 30.0%)
and {3.80 m, 120.0°%. Determine (a) the Cartesian coordi-
nates of these points and {b) the distance between them.
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her origin. Later on, she passes through a point at which
the distance she has traveled along the path from the origin
is smaller than the magnitude of her dispfacement vector
from the origin,

SECTION 2.3 Basic Vector Arithmetic

6. Vector A hasa magnitude of 29 units and points in the pos-
itive y direction. When vector B is added to A, the resultant
vector A+ B points in the negative y direction with a mag-
nitude of 14 units. Find the magnitude and direction of E.

7. A force F1 of magnitude 6.00
units acts on an object at the ori-
gin in a direction 6 = 30.0° above
the positive « axis (Fig. P3.7). A
second force F of magnitude
500 wunits acts on the object
in the direction of the positive
yaxis. Find graphically the magni-

i tude and direction of the resultant
: force F + F

Figure P37

. Three displacements are A = 200 m due south, B=950m
due west, and G = 150 m at 30.0° east of north, (a) Construct
a separate diagram for each of the following possible ways
| of adding these vectors: R A+B+C; R BE+C+Aa,
| R ~C+B+A. {b) Explam what you can conc]ude from
comparmg the diagrams.

The displacement vectors A ¥
and B shown in Figure P3.9

both  have magnitudes of

3.00 m, The direction of vec-

tor A is 6 = 30,0°% Find gra- 'y
phically (a) A+B, (b)mA B,

(€ B - A and (d)

=l

A - 9K
(Report all angles counterclock- x
wise from the positive x axis.) OI

10. A roller-coaster car moves 200 ft
horizontaily and then rises 135
ft at an angle of 30.0° above the
horizontal. It next travels 135 ft at an angle of 40.0° down-
ward. What is its displacement from its starting point? Use
graphical technigues,

Figure P39
Problems % and 25.

SECTION 3.4 Components of a Vector and Unit Vectors

A minivan travels straight north in the right lane of a divided
highway at 28.0 m/s. A camper passes the minivan and then
changes from the left lane into the right lane. As it does so, the
camper’s path on the road is a straight displacement at 8.50°
east of north. To avoid cutting off the minivan, the north—south
distance between the camper’s back bumper and the minivan’s
front bumper should not decrease. (a) Can the camper be
driven to satisfy this requirement? (b) Explain your answer.

12. A person walks 25.0° north of east for 3.10 km, How far
would she have to walk due north and due east to arrive at
the same location?

13, Your dog is running around the grass in vour back yard. He
: undergoes successive displacements 3.50 m south, 8.20 m
northeast, and 15.0 m west. What is the resultant displacement?

Given the vectors A=2.001+ 6. {)0_] and l_f =
3.00i—2. OOJ, (a) draw the vector _sum C=A+8
and the vector difference D=A — B. (b} Calculate

C and D, in terms of unit vectors. (¢) Caleulate C and D
in terms of pelar coordinates, with angles measured with
respect to the positive xaxis.

The helicopter view in Fig.
P3.15 shows two people pull-
ing on a stybborn mule. The
person on the right pulls with
a force F of magnitude 120 N
and dlrectmn of 8, = 60.0°
The person on the left pulls
with a force wI;‘)2 of magni-
tude 80.0 N and direction of
, = 75.0° Find (a) the single
force that is equivalent to the
two forces shown and (b) the
force that a third person would
have to exert on the mule
to make the resultant force
equal to zero. The forces are
measured in units of newtons

{symbolized N},

Figure P3.15

16, A snow-covered ski slope makes an angle of 35.0° with the
harizontal. When a ski jumper plummets onto the hill, a
parcel of splashed snow is thrown up to a maximum dis-
placement of 1.50 m at 16.0° from the vertical in the uphill
direction as shown in Figure P2.16. Find the components of
its maximum displacement {a) parallel to the surface and
{b) perpendicular to the surface.

Figure P3.16

Consider the three dlsplacemem vectors A =
(S;WSj) m, Bf(lffl_]) m, and C = (— 2§+5j} m.
Use the compenent method to dete:mlne (a) the
magnitnde and direction of D A + B + G and

{b} the magnitude and direction of E = —A — B + C.

. Vector A has x and 3 components of =870 e¢m and
i 150 cm, respectively; vector B has x and Yy com-
ponents of 132 cm and -6.60 cm, respectively.
IfA — B + 3C = 0, what are the components of Gr

B
gy o

. The vector A has % % and z components of 8.00,
12.0, and —4.00 units, respectively. (a) Write a vector
expression for A in unitvector notation. {(b) Obtain =&
unit-vector expression for a vector B onefourth the
length of A pointing in the same direction_ as A
{c} Obtain a umt—vecmr expression for a vector C three
times the length of A pointing in the direction opposite the
direction of A,

Given the displacement vectors A= (3i - 4j + 4k m
and B = (2§ + 8§ — 7k m, find the magnitudes of
the following wvectors and express each in terms of




its rectangular components. (2) €=A+B (b) D =
2A-B

. Vector A has a negative x component 3.00 units in
length and a positive y component 2.00 units in length.
{(a) Determine an expression for A in unitvector nota-
tion. (b) Determme the magnitude and direction of A
{c) What vector B when added to A gives a resultant vector
with no x component and a negative y component 4.00 units
in length?

. Three displacement vectors of a cro- Y
quet ball are shown in Figure P3.22,
where IAI = 20.0 uniss, EB] =
40.0 units, and [€| = 80.0 units. Find N B
(a) the resultant in unitvector nota- A
tion and {b) the magnitude and direc-
tion of the resultant displacement.

(a) Taking A = (6.00 § — 8.00 ) units, c
B = (—800i+300j) units, and
= (26,0 1 + 19.0 j) units, determine a .
and b such that e A + 08 + € =0. Figure P3.22
(b) A student has learned that a single equation cannot be
solved to determine values for more than one unknown in
it. Iow would you explain to him that both @ and & can be
determined from the single equation used in part (a)?

. Vector B has x, y, and z compoenents of 4.00, 6.00, and
3.00 units, respectively, Calculate (a) the magnitude of B
and (b) the angle that B makes with each coordinate axis.

. Use the component method to add the vectors A
and B shown in Figure P3.9. Both vectors have mag-
nitudes of 3.00 m and vector A makes an angle of
& = 30.0° with the x axis. Express the resultant A+EBin
unit-vector notation.

. A girl delivering newspapers covers her route by travel-
ing 3.00 blocks west, 4.00 blocks north, and then 6.00
blocks east. (a) What is her resultant displacement?
(b) What is the total distance she travels?

A man pushing a mop across a floor causes it to undergo
two displacements. The first has a magnitude of 150 cm and
makes an angle of 120° with the positive xaxis. The resultant
displacement has a magnitude of 140 cm and is directed at
an angle of 35.0° to the positive x axis. Find the magnitude
and direction of the second displacement.

. Figure P3.28 illustrates typical proportions of male (m)
and female (f} anatomies. The displacements d, and d;
from the soles of the feet to the navel have magnitudes of

Figurs P3.28
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104 cm and 84.0 em, respectively. The displacements —c_l;m
and cl.21 from the navel to outstretched fingertips have mag-
nitudes of 100 cm and 86.0 cm, respectively, Find the vector

sum of these displacements ?1’3 = ;1,1 + a; for both people.

. Review. As it passes over Grand Bahama Island, the
eve of a hurricane is moving in a direction 60.0° north
of west with a speed of 41.0 km/h. (a) What is the
unitvector expression for the velocity of the hurricane?
It maintains this velocity for 3.00 h, at which time the
course of the burricane suddenly shifts due north, and
its speed slows to a constant 25.0 km/h. This new veloc-
ity is maintained for 1.50 h, (b} What is the unitvector
cxpression for the new velocity of the hurricane?
{c) What is the unitvector expression for the dis-
placement of the hurricane during the first 3.00 h?
(d) What is thé unitvector expression for the dis-
placement of the burricane during the latter 1.50 h?
{e) How far from Grand Bahama is the eye 4.50 h after it
passes over the island?

33, In an assembly operation illustrated in Figure P3.30, a

robot moves an object first straight upward and then also
to the east, around an arc forming one-quarter of a circle
of rading 4.80 cm that lies in
an east—west vertical plane,
The robot then moves the
object upward and to the
north, through one-quarter
of a circle of radius 8.70 cm
that lies in a north—south
vertical plane. Find (a) the
magnitude of the total dis-
placement of the object
and (b) the angle the total
displacement makes with
the vertical.

Flgure P339

1. Review. You are standing on the ground at the origin of a
| coordinate system. An airplane flies over you with constant
velocity parallel to the xaxis and at a fixed height of 7.60 X
107 m. At time ¢ = 0, the airplane is dzrectly above you so
that the vector leading from you to it is B, = 7.60 X 10%] m.
At¢=30.0s, the position vector icading | from you to the air-
plane is P = (8.04 X 10%] + 7.60 X 103_]) m as suggested in
Figure P3. 51 Determine the magnitude and orientation of
the airplane’s position vector at { = 45.0s.

Figure P3.31

$i. Why is the following situation impossible? A shopper pushing

a cart through a market follows directions to the canned
goods and moves through a displacement 8.001 m down one
aisle. He then makes a 90.0° turn and moves 3.00 m along
the y axis. He then makes another 90.0° turn and moves
4,00 m along the x axis. Foery shopper who follows these
directions correctly ends up 5.60 m from the starting point.




66

Chapter 2 Vectors

In Figure P3.33, the line seg- 3
ment represents a path from

the point with position vector P
51+ Sj) m to th§ point with .
location (161 +12j) m. Point ¢ @
@ is along this path, a fraction f (8, 3)

of the way to the destination. O|

(a) Find the position vector of
point & in terms of [ (b) Eval-
uate the expression from part
(a) for f= 0. {c) Explain whether
the result in part (b) is reason-
able, (d) Evaluate the expression
for = 1. (e) Explain whether the
result in pa_1t {d} is reasonable,

X

Figure P3.33 Point

® is a fraction fof the
distance from the ni-
tial point (5, 3) to the
final poiat (16, 12}.

ADDITIONAL PROBLEMS

35,

You are spending the summer as an assistant learning how
to navigate on a large ship carrying freight across Lake
Erie, One day, you and your ship are to travel across the
lake a distance of 200 km traveling due north from your
origin port to your destination port. Just as you leave your
arigin port, the navigation electronics go down. The cap-
tain continues sailing, claiming he can depend on his years
of experience on the water as a guide. The engineers work
on the navigation system while the ship continues to sail,
and winds and waves push it off course. Eventually, enough
of the navigation system comes back up to tell you your
location. The system tells you that your current position is
50,0 km north of the origin port and 25.0 km east of the
port. The captain is a little embarrassed that his ship is so
far off course and barks an order to you to tell him immedi-
ately what heading he should set from your current position
to the destination port. Give him an appropriate heading
angle.

A person going for a walk follows the path shown in
Figure P3.35. The total trip consists of four straight-line
paths. At the end of the walk, what is the person’s resultant
displacement measured from the starting point?

Start| 100 m

Figurg P3.35

A ferry transports tourists between three islands. It sails
from the first island to the second island, 4.76 km away,
in a direction 37.0° north of east. It then sails from the
second island to the third island in a direction 69.0° west
of north. Finally it returns to the first island, sailing in
a direction 28.0° east of south. Calculate the distance
between (a) the second and third islands and (b) the first
and third islands,

o

37,

Two vectors A and B have precisely equal mag-
nitudes, For the magnitude of A + B to be 100 times larger
than the magnitude of A — B, what must be the angle
between them?

8. ‘Iwo  vectors A and B have > precisely cqual magni-

- Review. The biggest stuffed

tudes. For the magmtude of A+ B to be larger than
the magnitude of A-H by the factor #», what must
be the angle between them?

animal in the world is a snake
420 m long, constructed hy
Norwegian children. Suppose
the snake is laid out in a park
as shown in Figure P3.39,
forming two straight sides of
a 105° angle, with one side
240 m long. Olaf and Inge
run a race they invent. Inge
rurs directly from the tail of Figure P3.3%

the snake to its head, and Olaf starts from the same place
at the same moment but runs along the snake. (a) If both
children run steadily at 12.0 km/h, Inge reaches the head of
the snake how much earlier than Olaf? (b) If Inge runs the
race again at a constant speed of 12.0 km/h, at what con-
stant speed must Olaf run to reach the end of the snake at
the same time as Inge?

i{t. Ecotourists use their global positioning system indicator

to determine their location inside a botanical garden as
latitude €.002 43 degree south of the equator, longitude
75.642 38 degrees west. They wish to visit a tree at latitude
0.001 62 degree north, longitude 75.644 26 degrees west. (a)
Determine the straightline distance and the direction in
which they can walk to reach the tree as follows. First model
the Earth as z sphere of radius 6.37 X 10° m to determine
the westward and northward displacement components
required, in meters. Then model the Earth as a flat surface
to complete the calenlation. (b} Explain why it is possible
to use these two geometrical models together to solve the
problem,

i. A vector is given hy R=2{+ j + 3k Find (@) the mag-

nitudes of the x, y, and z components; (b) the magnitude
of R; and {0 the angles between R and the x ¥, and
z axes,

You are working as an assistant to an air-traffic controller

i at the local airport, from which small zirplanes take off

and land. Your job is to make sure that airplanes are not
closer to each other than a minimum safe separation dis-
tance of 2.00 km. You observe two small aircraft on your
radar screen, out over the ocean surface, The first is at alti-
tnde 840 m above the surface, horizontal distance 19.2 km,
and 25.0° south of west. The second aircraft is at altitude
1 100 m, horizontal distance 17,6 km, and 20.0° south of
west, Your supervisor is concerned that the two aircraft are
too close together and asks for a separation distance for the
two airplanes. (Place the x axis west, the y axis south, and
the raxis vertical.)

. Review. The instantaneous position of an object is spec-

ified by its position vector leading from a fixed ori-
gin to the location of the object, modeled as a parti-
cle. Suppose for a certain Ob_]ECt the position vector is
a function of time given by T = =4 + 3_] ~ 2t k, where




