
43rd United States of America Mathematical Olympiad

Day I 12:30 PM – 5 PM EDT

April 29, 2014

Note: For any geometry problem, the first page of the solution must be a large, in-scale,
clearly labeled diagram made with drawing instruments (ruler, compass, protractor, graph pa-
per). Failure to meet any of these requirements will result in a 1-point automatic deduction.

USAMO 1. Let a, b, c, d be real numbers such that b − d ≥ 5 and all zeros x1, x2, x3, and x4 of the
polynomial P (x) = x4 + ax3 + bx2 + cx + d are real. Find the smallest value the product
(x2

1 + 1)(x2
2 + 1)(x2

3 + 1)(x2
4 + 1) can take.

USAMO 2. Let Z be the set of integers. Find all functions f : Z→ Z such that

xf(2f(y)− x) + y2f(2x− f(y)) =
f(x)2

x
+ f(yf(y))

for all x, y ∈ Z with x 6= 0.

USAMO 3. Prove that there exists an infinite set of points

. . . , P−3, P−2, P−1, P0, P1, P2, P3, . . .

in the plane with the following property: For any three distinct integers a, b and c, points
Pa, Pb and Pc are collinear if and only if a + b + c = 2014.
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