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Note: For any geometry problem, the first page of the solution must be a large, in-scale,
clearly labeled diagram made with drawing instruments (ruler, compass, protractor, graph pa-
per). Failure to meet this requirement will result in a 1-point automatic deduction.

USAMO 4. Steve is piling m ≥ 1 indistinguishable stones on the squares of an n × n grid. Each
square can have an arbitrarily high pile of stones. After he is finished piling his stones
in some manner, he can then perform stone moves, defined as follows. Consider any four
grid squares, which are corners of a rectangle, i.e. in positions (i, k), (i, l), (j, k), (j, l) for
some 1 ≤ i, j, k, l ≤ n, such that i < j and k < l. A stone move consists of either removing
one stone from each of (i, k) and (j, l) and moving them to (i, l) and (j, k) respectively,
or removing one stone from each of (i, l) and (j, k) and moving them to (i, k) and (j, l)
respectively.

Two ways of piling the stones are equivalent if they can be obtained from one another by
a sequence of stone moves.

How many different non-equivalent ways can Steve pile the stones on the grid?

USAMO 5. Let a, b, c, d, e be distinct positive integers such that a4 + b4 = c4 + d4 = e5. Show that
ac+ bd is a composite number.

USAMO 6. Consider 0 < λ < 1, and let A be a multiset of positive integers. Let An = {a ∈ A : a ≤ n}.
Assume that for every n ∈ N, the set An contains at most nλ numbers. Show that there
are infinitely many n ∈ N for which the sum of the elements in An is at most n(n+1)

2
λ.

(A multiset is a set-like collection of elements in which order is ignored, but repetition
of elements is allowed and multiplicity of elements is significant. For example, multisets
{1, 2, 3} and {2, 1, 3} are equivalent, but {1, 1, 2, 3} and {1, 2, 3} differ.)
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