41% United States of America Mathematical Olympiad
Day II 12:30 PM - 5 PM EDT

April 25, 2012

Note: For any geometry problem, the first page of the solution must be a large, in-scale,
clearly labeled diagram made with drawing instruments (ruler, compass, protractor, graph paper,
carbon paper). Failure to meet any of these requirements will result in a 1-point automatic
deduction.

USAMO 4. Find all functions f : ZT — Z* (where Z* is the set of positive integers) such that
f(n!) = f(n)! for all positive integers n and such that m — n divides f(m) — f(n) for all
distinct positive integers m, n.

USAMO 5. Let P be a point in the plane of AABC, and + a line passing through P. Let A', B’, C'
be the points where the reflections of lines PA, PB, PC with respect to v intersect lines
BC, AC, AB, respectively. Prove that A’, B’, C' are collinear.

USAMO 6. For integer n > 2, let x1, 2o, ..., x, be real numbers satisfying
r1+xo+---+x, =0, and x%+$%+---+xi:1.

For each subset A C {1,2,...,n}, define

SA = ZZEZ

icA
(If A is the empty set, then Sy = 0.)

Prove that for any positive number A, the number of sets A satisfying S4 > A is at most
2"=3 /X2, For what choices of z1, Zs, ..., T,, A does equality hold?

Copyright (©) Mathematical Association of America



