ABISI ADULT EDUCATION CENTER
[bookmark: _GoBack]ABE MATHEMATICS SCOPE AND SEQUENCE
Level Two-Unit One			  		GLE 4 - 6
Teachers:	Maura McCabe, Ryan Lamey and Stacy Decker
Unit Title: 	Numbers and Operations: Base Ten and The Number System
Amount of time for the unit: 	15 hours
Purpose of Unit: 	In this unit we will build on place value with multi-digit whole numbers and decimals in real life situations, such as budget and event planning.  We will explore practical applications such as estimation, rounding and problems in which remainders must be interpreted.  Our ESOL learners may be more comfortable using algorithms which they learned in their own countries.  This will be acknowledged and encouraged. 

The foundation for operations with fractions will be built as we work with factors and multiples.

Unit Goals and Outcomes-Students will be able to:
Generalize place value understanding for multi-digit whole numbers
Compare multi-digit numbers using > and < signs.
Expand multiplication and division to include three digit divisors and correctly interpret remainders. 
Read, write and compare decimals to the thousandths.
Round multi-digit numbers to any place and appropriately place numbers on a number line
Use place value understanding and properties to perform multi-digit arithmetic
Solve multi-step word problems or tasks of all operations with multiple strategies such as drawing a picture, using a table and using simplified numbers.
Find factor pairs for whole numbers less than 100 and determine whether a number is prime or composite.
Find the greatest common factor and the least common multiple of numbers less than 100.

Priority Standards:
Read and write multi-digit whole numbers using base-ten numerals, number names, and expanded form. Compare two multi-digit numbers based on meanings of the digits in each place, using >, =, and < symbols to record the results of comparisons. (4.NBT.2)

Use place value understanding to round multi-digit whole numbers to any place. (4.NBT.3)

Fluently add and subtract, multiply, and divide multi-digit whole numbers using the standard algorithm. (4.NBT.4) (5.NBT.5) (6.NS.2)

Recognize that in a multi-digit number, a digit in one place represents 10 times as much as it represents in the place to its right and 1/10 of what it represents in the place to its left. (5.NBT.1)

Explain patterns in the number of zeros of the product when multiplying a number by powers of 10, and explain patterns in the placement of the decimal point when a decimal is multiplied or divided by a power of 10. Use whole-number exponents to denote powers of 10. (5.NBT.2)

Read, write, and compare decimals to thousandths. (5.NBT.3)

•	Read and write decimals to thousandths using base-ten numerals, number names, and expanded form, e.g., 347.392 = 3 × 100 + 4 × 10 + 7 × 1 + 3 × (1/10) + 9 × (1/100) + 2 × (1/1000). (5.NBT.3a)

•	Compare two decimals to thousandths based on meanings of the digits in each place, using >, =, and < symbols to record the results of comparisons. (5.NBT.3b)

Use place value understanding to round decimals to any place. (5.NBT.4)

Find whole-number quotients of whole numbers with up to four-digit dividends and two-digit divisors, using strategies based on place value, the properties of operations, and/or the relationship between multiplication and division. Illustrate and explain the calculation by using equations, rectangular arrays, and/or area models. (5.NBT.6)

Add, subtract, multiply, and divide decimals to hundredths, using concrete models or drawings and strategies based on place value, properties of operations, and/or the relationship between addition and subtraction; relate the strategy to a written method and explain the reasoning used. (5.NBT.7) [Note from panel: Applications involving financial literacy should be used.]

Find all factor pairs for a whole number in the range 1–100. Recognize that a whole number is a multiple of each of its factors. Determine whether a given whole number in the range 1–100 is a multiple of a given one-digit number. Determine whether a given whole number in the range 1–100 is prime or composite. (4.OA.4)

Find the greatest common factor of two whole numbers less than or equal to 100 and the least common multiple of two whole numbers less than or equal to 12. Use the distributive property to express a sum of two whole numbers 1–100 with a common factor as a multiple of a sum of two whole numbers with no common factor. For example, express 36 + 8 as 4 (9 + 2). (6.NS.4)

Coherence:	
Solve two-step word problems using the four operations. Represent these problems using equations with a letter standing for the unknown quantity. Assess the reasonableness of answers using mental computation and estimation strategies including rounding.16  (3.OA.8)

Identify arithmetic patterns (including patterns in the addition table or multiplication table), and explain them using properties of operations. For example, observe that 4 times a number is always even, and explain why 4 times a number can be decomposed into two equal addends. (3.OA.9)

Recognize that in a multi-digit whole number, a digit in one place represents ten times what it represents in the place to its right. For example, recognize that 700 ÷ 70 = 10 by applying concepts of place value and division. (4.NBT.1)

Find whole-number quotients and remainders with up to four-digit dividends and one-digit divisors, using strategies based on place value, the properties of operations, and/or the relationship between
multiplication and division. Illustrate and explain the calculation by using equations, rectangular arrays, and/or area models. (4.NBT.6)
16 This standard is limited to problems posed with whole numbers having whole-number answers; students should know how to perform operations in the conventional order when there are no parentheses to specify a particular order. (Order of Operations)
Standards for Math Practice:
MP.1   Make sense of problems and persevere in solving them.
MP.2   Reason abstractly and quantitatively.
MP.3   Construct viable arguments and critique the reasoning of others. 
MP.4   Model with mathematics. 
MP.5   Use appropriate tools strategically. 
MP.6   Attend to precision. 
MP.7   Look for and make use of structure. 
MP.8   Look for and express regularity in repeated reasoning.


Assessment of Priority Standards and Key Content:
	Generalize place value understanding for multi-digit whole numbers
	


	Compare multi-digit numbers using > and < signs.
	




	Expand multiplication and division to include three digit divisors and correctly interpret remainders. 
	

Page 3-Mini Assessment from
Achieve the Core link below







	Read, write and compare decimals to the thousandths.
	








	Round multi-digit numbers to any place and appropriately place numbers on a number line
	






	Use place value understanding and properties to perform multi-digit arithmetic
	













	Solve multi-step word problems or tasks of all operations with multiple strategies such as drawing a picture, using a table and using simplified numbers.
	




Teacher assigned task on balancing a checkbook, reading a pay stub and budget planning.

	Find factor pairs for whole numbers less than 100 and determine whether a number is prime or composite.

	






	Find the greatest common factor and the least common multiple of numbers less than 100.

	






Main Texts and Tools of Instruction:
	Virginia DOE has annotated lesson plans aligned to the standards
http://www.doe.virginia.gov/testing/solsearch/sol/math/5/mess_5-1.pdf


	


	Achieve the Core provides lessons with formative assessments
http://achievethecore.org/page/1032/multi-digit-multiplication
	


	The Math Assessment Project provides lesson plans with formative assessments
http://www.map.mathshell.org/lessons.php?unit=6110&collection=8
	



https://www.illustrativemathematics.org/
http://www.commoncoresheets.com/Values.php
https://www.superteacherworksheets.com/factors.html (By subscription)
Pages 2 - 16 High School Equivalency Test Preparation: Mathematics, Paxen, 2014




ABE MATHEMATICS SCOPE AND SEQUENCE
Level Two-Unit Two			  		GLE 4 - 6
Teachers:	Maura McCabe, Ryan Lamey and Stacy Decker
Unit Title: 	Numbers and Operations: Fractions
Amount of time for the unit: 	20 hours
Purpose of Unit: 	This unit will build on the understanding of fractions as numbers introduced in Level One. Continuing to use concrete and pictorial models we seek to expand students comfort with fractions and mixed numbers.  We will cover equivalents, comparisons, and all operations with modeling in practical applications. In addition, we will introduce finding fraction and decimal equivalents.
.  
Unit Goals and Outcomes-Students will be able to:
Express whole numbers as fractions
Extend understanding of fraction equivalence and ordering.
Represent equivalent fractions on a number line and as same sized models. 
Find equivalent fractions by multiplying or dividing by n/n.
Compare fractions with unlike numerators and denominators.
Estimate fractions as close to 0, ½ or 1. 
Add and subtract fractions and mixed numbers with like and unlike denominators.
Use multiplication to find the fraction of a number; whole, mixed number or another fraction.
Divide fractions and mixed numbers
Determine the correct operation to solve fraction word problems or tasks.
Convert fraction and decimal equivalents

Priority Standards:
Express whole numbers as fractions, and recognize fractions that are equivalent to whole numbers.
Examples: Express 3 in the form 3 = 3/1; recognize that 6/1 = 6; locate 4/4 and 1 at the same point
of a number line diagram. (3.NF.3c)

Explain why a fraction a/b is equivalent to a fraction (n × a)/(n × b) by using visual fraction models, with attention to how the number and size of the parts differ even though the two fractions themselves are the same size. Use this principle to recognize and generate equivalent fractions. (4.NF.1)

Compare two fractions with different numerators and different denominators, e.g., by creating common denominators or numerators, or by comparing to a benchmark fraction such as 1/2. Recognize that comparisons are valid only when the two fractions refer to the same whole. Record the results of comparisons with symbols >, =, or <, and justify the conclusions, e.g., by using a visual fraction model.(4.NF.2)


Understand a fraction a/b with a > 1 as a sum of fractions 1/b. (4.NF.3) 
 (NOTE: See page 62 for full text)

Add and subtract fractions with unlike denominators (including mixed numbers) by replacing given fractions with equivalent fractions in such a way as to produce an equivalent sum or difference of fractions with like denominators. For example, 2/3 + 5/4 = 8/12 + 15/12 = 23/12. (In general, a/b + c/d = (ad + bc)/bd.) (5.NF.1)

Solve word problems involving addition and subtraction of fractions referring to the same whole, including cases of unlike denominators, e.g., by using visual fraction models or equations to represent the problem. Use benchmark fractions and number sense of fractions to estimate mentally and assess the reasonableness of answers. For example, recognize an incorrect result 2/5 + 1/2 = 3/7, by observing that 3/7 < 1/2. (5.NF.2)

Apply and extend previous understandings of multiplication to multiply a fraction by a whole number. (4.NF.4)  (NOTE: See page 62 for full text)

Interpret a fraction as division of the numerator by the denominator (a/b = a ÷ b). Solve word problems involving division of whole numbers leading to answers in the form of fractions or mixed numbers, e.g., by using visual fraction models or equations to represent the problem. For example, interpret 3/4 as the result of dividing 3 by 4, noting that 3/4 multiplied by 4 equals 3, and that when 3 wholes are shared equally among 4 people each person has a share of size 3/4. If 9 people want to share a 50-pound sack of rice equally by weight, how many pounds of rice should each person get? Between what two whole numbers does your answer lie? (5.NF.3)

Apply and extend previous understandings of multiplication to multiply a fraction or whole number by a fraction. (5.NF.4)

Interpret multiplication as scaling (resizing), (5.NF.5) (NOTE: See page 63 for full text)

Solve real world problems involving multiplication of fractions and mixed numbers, e.g., by using visual fraction models or equations to represent the problem. (5.NF.6)

Apply and extend previous understandings of division to divide unit fractions by whole numbers and whole numbers by unit fractions. (5.NF.7) (NOTE: See page 64 for full text)

Interpret and compute quotients of fractions, and solve word problems involving division of fractions by fractions, e.g., by using visual fraction models and equations to represent the problem. For example, create a story context for (2/3) ÷ (3/4) and use a visual fraction model to show the quotient; use the relationship between multiplication and division to explain that (2/3) ÷ (3/4) = 8/9 because 3/4 of 8/9 is 2/3. (In general, (a/b) ÷ (c/d) = ad/bc.) How much chocolate will each person get if 3 people share 1/2 lb of chocolate equally? How many 3/4-cup servings are in 2/3 of a cup of yogurt? How wide is a rectangular strip of land with length 3/4 mi and area 1/2 square mi? (6.NS.1)

Use decimal notation for fractions with denominators 10 or 100. For example, rewrite 0.62 as 62/100; describe a length as 0.62 meters; locate 0.62 on a number line diagram. (4.NF.6)

Compare two decimals to hundredths by reasoning about their size. Recognize that comparisons are valid only when the two decimals refer to the same whole. Record the results of comparisons with the symbols >, =, or <, and justify the conclusions, e.g., by using a visual model. (4.NF.7)

Coherence:	
Understand a fraction 1/b as the quantity formed by 1 part when a whole is partitioned into b equal parts; understand a fraction a/b as the quantity formed by a parts of size 1/b. (3.NF.1)

Understand a fraction as a number on the number line; represent fractions on a number line diagram. (3.NF.2)  (NOTE: See page 55 for full text)

Explain equivalence of fractions in special cases, and compare fractions by reasoning about their size. (3.NF.3) (NOTE: See page 55 for full text)

Standards for Math Practice:
MP.1   Make sense of problems and persevere in solving them.
MP.2   Reason abstractly and quantitatively.
MP.3   Construct viable arguments and critique the reasoning of others. 
MP.4   Model with mathematics. 
MP.5   Use appropriate tools strategically. 
MP.6   Attend to precision. 
MP.7   Look for and make use of structure. 
MP.8   Look for and express regularity in repeated reasoning.

Assessment of Priority Standards and Key Content:
	Express whole numbers as fractions
	





Pages 10 & 22 The Meaning of Fractions

	Extend understanding of fraction equivalence and ordering.
	




	Represent equivalent fractions on a number line and as same sized models. 
	




	Find equivalent fractions by multiplying or dividing by n/n.
	


	Compare fractions with unlike numerators and denominators.
	




	Estimate fractions as close to 0, ½ or 1. 
	


	Add and subtract fractions and mixed numbers with like and unlike denominators.
	












	Use multiplication to find the fraction of a number; whole, mixed number or another fraction.
	








	Divide fractions and mixed numbers
	








	Determine the correct operation to solve fraction word problems or tasks.
	






	Convert fraction and decimal equivalents
	


















Main Texts and Tools of Instruction:
	Achieve the Core provides lessons with summative assessments
http://achievethecore.org/page/1056/fraction-concepts
and
http://achievethecore.org/page/1034/multiplication-and-division-of-fractions
	



	The Math Assessment Project provides lesson plans with formative assessments
http://www.map.mathshell.org/lessons.php 
	


	Illustrative Math has many tasks for formative assessment.  This link is for an addition of fractions game.
https://www.illustrativemathematics.org/content-standards/5/NF/A/1/tasks/1563
	


	Virginia DOE has annotated lesson plans aligned to the standards
http://www.doe.virginia.gov/testing/solsearch/sol/math/5/mess_5-1.pdf

http://www.doe.virginia.gov/testing/solsearch/sol/math/5/mess_5-2ab.pdf
	



	http://www.doe.virginia.gov/testing/solsearch/sol/math/4/mess_4-3d.pdf
	



Fraction pieces or strips
http://www.visualfractions.com/
https://www.illustrativemathematics.org/
http://www.math-aids.com/
http://www.commoncoresheets.com/Fractions.php 
Pages 72- 88 Changing the Way We Teach Math, Kate Nonesuch, Malaspina University-College, 2006
Contemporary’s NUMBER SENSE: Fraction Addition and Subtraction, Allan Suter, 1990
Contemporary’s NUMBER SENSE: Fraction Multiplication and Division, Allan Suter, 1990
Key to Fractions: Adding and Subtracting, Steve Rasmussen, Key Curriculum Press, 1980
Key to Fractions: Multiplying and Dividing, Steve Rasmussen, Key Curriculum Press, 1980
Key to Fractions: Mixed Numbers, Steve Rasmussen, Key Curriculum Press, 1980






ABE MATHEMATICS SCOPE AND SEQUENCE
Level Two-Unit Three		  		GLE 4 - 6
Teachers:	Maura McCabe, Ryan Lamey, and Stacy Decker
Unit Title: 	Ratio and Proportion
Amount of time for the unit: 	8 hours
Purpose of Unit: 	The purpose of this unit is to introduce ratio and unit rate as a comparison of two quantities and explore many applications such as in shopping rates, miles per hour or gallon, scale of miles etc.  In addition, we introduce problems and tasks utilizing proportions in Level 2 which will be expand on in our units on Percent, Geometry, Measurement and Statistics.

Unit Goals and Outcomes-Students will be able to:
Understand the concept of ratio and unit rate.
Compare ratios and unit rates.
Use ratio and unit rate to solve word problems or tasks

Priority Standards:
Understand the concept of a ratio and use ratio language to describe a ratio relationship between two quantities. For example, “The ratio of wings to beaks in the bird house at the zoo was 2:1, because for every 2 wings there was 1 beak.” “For every vote candidate A received, candidate C received nearly three votes.” (6.RP.1)

Understand the concept of a unit rate a/b associated with a ratio a:b with b ≠ 0, and use rate language in the context of a ratio relationship. For example, “This recipe has a ratio of 3 cups of flour to 4 cups of sugar, so there is 3/4 cup of flour for each cup of sugar.” “We paid $75 for 15 hamburgers, which is a rate of $5 per hamburger.” (6.RP.2)

Use ratio and rate reasoning to solve real-world and mathematical problems, e.g., by reasoning about tables of equivalent ratios, tape diagrams, double number line diagrams, or equations. (6.RP.3)

•    Solve unit rate problems including those involving unit pricing and constant speed. For example, if it took 7 hours to mow 4 lawns, then at that rate, how many lawns could be mowed in 35 hours? At what rate were lawns being mowed? (6.RP.3b)

•     Use ratio reasoning to convert measurement units; manipulate and transform units appropriately when multiplying or dividing quantities. (6.RP.3d)
NOTE: 	6.RP.3a is a Level 3 standard.  
6.RP.3c addresses percent and will be addressed in our percent unit. 

Recognize and represent proportional relationships between quantities. (7.RP.2)

•	Decide whether two quantities are in a proportional relationship, e.g., by testing for equivalent ratios in a table or graphing on a coordinate plane and observing whether the graph is a straight line through the origin. (7.RP.2a)

Use proportional relationships to solve multistep ratio and percent problems. Examples: simple interest, tax, markups and markdowns, gratuities and commissions, fees, percent increase and decrease, percent error. (7.RP.3) [Also see 7.G.1 and G.MG.2]

	        NOTE: 7.RP.2 and 7.RP.3 will be introduced at this level, but expanded on in Level 3

Coherence:	
Explain why a fraction a/b is equivalent to a fraction (n × a)/(n × b) by using visual fraction models, with attention to how the number and size of the parts differ even though the two fractions themselves are the same size. Use this principle to recognize and generate equivalent fractions. (4.NF.1)

Compare two fractions with different numerators and different denominators, e.g., by creating common denominators or numerators, or by comparing to a benchmark fraction such as 1/2. Recognize that comparisons are valid only when the two fractions refer to the same whole. Record the results of comparisons with symbols >, =, or <, and justify the conclusions, e.g., by using a visual fraction model. (4.NF.2)

Standards for Math Practice:
MP.1   Make sense of problems and persevere in solving them.
MP.2   Reason abstractly and quantitatively.
MP.3   Construct viable arguments and critique the reasoning of others. 
MP.4   Model with mathematics. 
MP.5   Use appropriate tools strategically. 
MP.6   Attend to precision. 
MP.7   Look for and make use of structure. 

Assessment of Priority Standards and Key Content:
	Understand the concept of ratio and unit rate.
	






	Compare ratios and unit rates.
	






	Use ratio and unit rate to solve word problems or tasks
	










Main Texts and Tools of Instruction:
	The Math Assessment Project provides lesson plans with formative assessments
http://www.map.mathshell.org/lessons.php?unit=6200&collection=8

http://www.map.mathshell.org/lessons.php?unit=6230&collection=8
	

 

	Massachusetts Community College Workforce 
Development Transformation Agenda has developed contextualized modules for three key Industry Sectors—healthcare, advanced manufacturing and information technology.
http://mccwdta.etlo.org
	




Graph paper for scale
https://www.illustrativemathematics.org/
http://www.math-aids.com/
http://www.commoncoresheets.com/Values.php
Pages 27 – 31 High School Equivalency Preparation: Mathematics, Paxen, 2014


ABE MATHEMATICS SCOPE AND SEQUENCE
Level Two-Unit Four		  		GLE 4 - 6
Teacher:	Maura McCabe, Ryan Lamey, and Stacy Decker
Unit Title: 	Percent
Amount of time for the unit: 	10 hours
Purpose of Unit: 	The purpose of this unit is to introduce percent as a part of 100, acknowledging that it is a ratio and has decimal and fraction equivalents. We will use proportional relationships to solve percent word problems and tasks. 

Unit Goals and Outcomes-Students will be able to:
Represent per cent as parts per 100.
Use the percent ratio to solve word problems and tasks.
Find fraction, decimal and percent equivalents.

Priority Standards:
Use ratio and rate reasoning to solve real-world and mathematical problems, e.g., by reasoning about tables of equivalent ratios, tape diagrams, double number line diagrams, or equations. (6.RP.3)

•	Find a percent of a quantity as a rate per 100 (e.g., 30% of a quantity means 30/100 times the quantity); solve problems involving finding the whole, given a part and the percent. (6.RP.3c)

Use proportional relationships to solve multistep ratio and percent problems. Examples: simple interest, tax, markups and markdowns, gratuities and commissions, fees, percent increase and decrease, percent error. (7.RP.3) [Also see 7.G.1 and G.MG.2]
NOTE: Ratio and percent problems will be introduced at this level, but multi-step problems will be explored in Level 3. 

Coherence:	
Use ratio and rate reasoning to solve real-world and mathematical problems, e.g., by reasoning about tables of equivalent ratios, tape diagrams, double number line diagrams, or equations. (6.RP.3)

•	Solve unit rate problems including those involving unit pricing and constant speed. For example,
if it took 7 hours to mow 4 lawns, then at that rate, how many lawns could be mowed in 35 hours? At what rate were lawns being mowed? (6.RP.3b)




Standards for Math Practice:
MP.1   Make sense of problems and persevere in solving them.
MP.2   Reason abstractly and quantitatively.
MP.4   Model with mathematics. 
MP.5   Use appropriate tools strategically. 
MP.6   Attend to precision. 
MP.7   Look for and make use of structure. 

Assessment of Priority Standards and Key Content:
	Represent per cent as parts per 100.
	Identify percent shaded on Pages 92 – 107 of Changing The Way We Teach Math




	Use the percent ratio to solve word problems and tasks.
	

 



	Find fraction, decimal and percent equivalents.
	Teacher or text generated tasks or Activities from Math Assessment Project listed below

	Summative assessment
	








Main Texts and Tools of Instruction:
	The Math Assessment Project provides lesson plans with formative assessments
http://www.map.mathshell.org/lessons.php?unit=6120&collection=8
	


	Changing the Way We Teach Math by Kate Nonesuch
has shaded grids to identify common percent, decimal and fraction equivalents.
	


	Massachusetts Community College Workforce 
Development Transformation Agenda has developed contextualized modules for three key Industry Sectors—healthcare, advanced manufacturing and information technology.
http://mccwdta.etlo.org
	



 https://www.illustrativemathematics.org/
http://www.math-aids.com/
http://www.commoncoresheets.com/Values.php
Pages 96 – 122, Contemporary’s Number Power, Fractions, Decimals, and Percents, Jerry Howett, 2000
Pages 42 – 46 High School Equivalency Preparation: Mathematics, Paxen, 2014




ABE MATHEMATICS SCOPE AND SEQUENCE
Level Two-Unit Five		  		GLE 4 - 6
Teachers:	Maura McCabe, Ryan Lamey, and Stacy Decker
Unit Title: 	Algebra: Operations, Expressions and Equations
Amount of time for the unit: 	15 hours
Purpose of Unit: 	Our Algebra unit builds on the Operations and Algebraic Thinking standards introduced in Level One.  In addition, it integrates operations with whole number, fractions and decimals from previous units in Level Two.  This unit extends the students understanding of the order of operations, inverse operations and variables.  Students will write expressions, and write and solve equations and inequalities. Although the CCRSAE classifies the coordinate plane as Geometry, we introduce it in this unit along with negative integers to indicate direction. 

Unit Goals and Outcomes-Students will be able to:
Recognize and generate number and shape patterns.
Evaluate numerical expressions according to the order of operations with exponents and square roots.
Write and evaluate numerical expressions with variables by substituting the given values.
Solve one variable equations and inequalities.
Write equations and inequalities to represent real world situations.
Plot points on the coordinate plane

Priority Standards:

Generate a number or shape pattern that follows a given rule. Identify apparent features of the pattern that were not explicit in the rule itself. For example, given the rule “Add 3” and the starting number 1, generate terms in the resulting sequence and observe that the terms appear to alternate between odd and even numbers. Explain informally why the numbers will continue to alternate in this way. (4.OA.5)

Use parentheses, brackets, or braces in numerical expressions, and evaluate expressions with these symbols. (5.OA.1)

Write simple expressions that record calculations with numbers, and interpret numerical expressions without evaluating them. For example, express the calculation “add 8 and 7, then multiply by 2” as 2 × (8 + 7). Recognize that 3 × (2100 + 425) is three times as large as the 2100 + 425, without having to calculate the indicated sum or product. (5.OA.2)

Write and evaluate numerical expressions involving whole-number exponents. (6.EE.1) 

Write, read, and evaluate expressions in which letters stand for numbers. (6.EE.2)
Write expressions that record operations with numbers and with letters standing for numbers. For example, express the calculation “Subtract y from 5” as 5 – y. (6.EE.2a)
Identify parts of an expression using mathematical terms (sum, term, product, factor, quotient, coefficient); view one or more parts of an expression as a single entity. For example, describe the expression 2 (8 + 7) as a product of two factors; view (8 + 7) as both a single entity and a sum of two terms. (6.EE.2b)

Evaluate expressions at specific values of their variables. Include expressions that arise from formulas used in real-world problems. Perform arithmetic operations, including those involving whole-number exponents, in the conventional order when there are no parentheses to specify a particular order (Order of Operations). For example, use the formulas V = s3  and A = 6 s2  to find the volume and surface area of a cube with sides of length s = 1/2. (6.EE.2c)

Apply the properties of operations to generate equivalent expressions. For example, apply the distributive property to the expression 3 (2 + x) to produce the equivalent expression 6 + 3x; apply the distributive property to the expression 24x + 18y to produce the equivalent expression 6 (4x + 3y); apply properties of operations to y + y + y to produce the equivalent expression 3y. (6.EE.3)

Identify when two expressions are equivalent (i.e., when the two expressions name the same number regardless of which value is substituted into them). For example, the expressions y + y + y and 3y are equivalent because they name the same number regardless of which number y stands for. (6.EE.4 )

Understand solving an equation or inequality as a process of answering a question: which values from a specified set, if any, make the equation or inequality true? Use substitution to determine whether a given number in a specified set makes an equation or inequality true. (6.EE.5)


Use variables to represent numbers and write expressions when solving a real-world or mathematical problem; understand that a variable can represent an unknown number, or, depending on the purpose at hand, any number in a specified set. (6.EE.6)

Solve real-world and mathematical problems by writing and solving equations of the form x + p = q and px = q for cases in which p, q and x are all nonnegative rational numbers. (6.EE.7)

Write an inequality of the form x > c or x < c to represent a constraint or condition in a real-world or mathematical problem. Recognize that inequalities of the form x > c or x < c have infinitely many solutions; represent solutions of such inequalities on number line diagrams. (6.EE.8)

Use a pair of perpendicular number lines, called axes, to define a coordinate system, with the intersection of the lines (the origin) arranged to coincide with the 0 on each line and a given point in the plane located by using an ordered pair of numbers, called its coordinates. Understand that the first number indicates how far to travel from the origin in the direction of one axis, and the second number indicates how far to travel in the direction of the second axis, with the convention that the names of the two axes and the coordinates correspond (e.g., x-axis and x-coordinate, y-axis and y-coordinate). (5.G.1)

Represent real world and mathematical problems by graphing points in the first quadrant of the coordinate plane, and interpret coordinate values of points in the context of the situation. (5.G.2)

Coherence:	
Interpret a multiplication equation as a comparison, e.g., interpret 35 = 5 × 7 as a statement that 35 is 5 times as many as 7 and 7 times as many as 5. Represent verbal statements of multiplicative comparisons as multiplication equations. (4.OA.1)

Multiply or divide to solve word problems involving multiplicative comparison, e.g., by using drawings and equations with a symbol for the unknown number to represent the problem, distinguishing multiplicative comparison from additive comparison. (4.OA.2)

Solve multistep word problems posed with whole numbers and having whole-number answers using the four operations, including problems in which remainders must be interpreted. Represent these problems using equations with a letter standing for the unknown quantity. Assess the reasonableness of answers using mental computation and estimation strategies including rounding. (4.OA.3)

Standards for Math Practice:
MP.1   Make sense of problems and persevere in solving them.
MP.2   Reason abstractly and quantitatively.
MP.3   Construct viable arguments and critique the reasoning of others. 
MP.4   Model with mathematics. 
MP.5   Use appropriate tools strategically. 
MP.6   Attend to precision. 
MP.7   Look for and make use of structure. 
MP.8   Look for and express regularity in repeated reasoning.

Assessment of Priority Standards and Key Content:
	Recognize and generate number and shape patterns.
	






	Evaluate numerical expressions according to the order of operations with exponents and square roots.
	






	Write and evaluate numerical expressions with variables by substituting the given values.
	




	Solve one variable equations and inequalities.
Solve inequalities.
	






	Write equations and inequalities to represent real world situations.
	




	Plot points on the coordinate plane
	






Main Texts and Tools of Instruction:
https://www.illustrativemathematics.org/
http://www.math-aids.com/
http://www.commoncoresheets.com/Values.php
https://www.superteacherworksheets.com/full -math.html (by subscription)
Pages 172 -199, Contemporary’s NUMBER POWER REVIEW, Whole Numbers to Algebra, Robert Mitchell, 1993




ABE MATHEMATICS SCOPE AND SEQUENCE
Level Two-Unit Six		  		GLE 4 - 6
Teachers:	Maura McCabe, Ryan Lamey, and Stacy Decker
Unit Title: 	Geometry and Measurement
Amount of time for the unit: 	15 hours
Purpose of Unit: 	The purpose of this unit is to expand on the introductions to Geometry and Measurement in Level One. Students will be able to describe properties and attributes of two and three-dimensional figures. They will measure their perimeter, area, and volume in British and Metric measurements.

Unit Goals and Outcomes-Students will be able to:
Recognize and draw triangles identified by sides or angles.
Recognize the properties and attributes of quadrilaterals and composite figures. 
Identify cubes, rectangular prisms, cones and cylinders 
Measure and estimate lengths in standard units
Geometric measurement: recognize perimeter as an attribute of plane figures and distinguish between linear and area measures
Geometric measurement: understand concepts of area and relate area to multiplication and addition 
Recognize volume as an attribute of solid figures and understand concepts of volume measurement.
Apply perimeter, area, and volume formulas to tasks and real world problems.
Use appropriate tools of measurement. 

Priority Standards:
Draw points, lines, line segments, rays, angles (right, acute, obtuse), and perpendicular and parallel lines. Identify these in two-dimensional figures. (4.G.1)

Find the area of right triangles, other triangles, special quadrilaterals, and polygons by composing into rectangles or decomposing into triangles and other shapes; apply these techniques in the context of solving real-world and mathematical problems. (6.G.1)

Use the four operations to solve word problems involving distances, intervals of time, liquid volumes, masses of objects, and money, including problems involving simple fractions or decimals, and problems that require expressing measurements given in a larger unit in terms of a smaller unit. Represent measurement quantities using diagrams such as number line diagrams that feature a measurement scale. (4.MD.2)

Apply the area and perimeter formulas for rectangles in real world and mathematical problems. For example, find the width of a rectangular room given the area of the flooring and the length, by viewing the area formula as a multiplication equation with an unknown factor. (4.MD.3)




Recognize angles as geometric shapes that are formed wherever two rays share a common endpoint, and understand concepts of angle measurement:
a.	An angle is measured with reference to a circle with its center at the common endpoint of the rays, by considering the fraction of the circular arc between the points where the two rays intersect the circle. An angle that turns through 1/360 of a circle is called a “one-degree angle,” and can be used to measure angles.

b.   An angle that turns through n one-degree angles is said to have an angle measure of n degrees. (4.MD.5)

Measure angles in whole-number degrees using a protractor. Sketch angles of specified measure. (4.MD.6)

Recognize angle measure as additive. When an angle is decomposed into non-overlapping parts, the angle measure of the whole is the sum of the angle measures of the parts. Solve addition and subtraction problems to find unknown angles on a diagram in real world and mathematical problems, e.g., by using an equation with a symbol for the unknown angle measure. (4.MD.7)

Recognize volume as an attribute of solid figures and understand concepts of volume measurement.

A cube with side length 1 unit, called a “unit cube,” is said to have “one cubic unit” of volume, and can be used to measure volume.
A solid figure which can be packed without gaps or overlaps using n unit cubes is said to have a volume of n cubic units. (5.MD.3)

Measure volumes by counting unit cubes, using cubic cm, cubic in, cubic ft, and improvised units.
(5.MD.4)

Relate volume to the operations of multiplication and addition and solve real world and mathematical problems involving volume. (5.MD.5)

Find the volume of a right rectangular prism with whole-number side lengths by packing it with unit cubes, and show that the volume is the same as would be found by multiplying the edge lengths, equivalently by multiplying the height by the area of the base. Represent threefold whole-number products as volumes, e.g., to represent the associative property of multiplication. (5.MD.5a)

Apply the formulas V = l × w × h and V = b × h for rectangular prisms to find volumes of right rectangular prisms with whole-number edge lengths in the context of solving real world and mathematical problems. (5.MD.5b)

Recognize volume as additive. Find volumes of solid figures composed of two non-overlapping right rectangular prisms by adding the volumes of the non-overlapping parts, applying this technique to solve real world problems. (5.MD.5c)


Coherence:	
Understand that attributes belonging to a category of two-dimensional figures also belong to all subcategories of that category. For example, all rectangles have four right angles and squares are rectangles, so all squares have four right angles. (5.G.3)


 Compose two-dimensional shapes (rectangles, squares, trapezoids, triangles, half-circles, and quarter- circles) or three-dimensional shapes (cubes, right rectangular prisms, right circular cones, and right circular cylinders) to create a composite shape, and compose new shapes from the composite shape.12 (1.G.2)

Recognize and draw shapes having specified attributes, such as a given number of angles or a given number of equal faces.17  Identify triangles, quadrilaterals, pentagons, hexagons, and cubes. (2.G.1)

Understand that shapes in different categories (e.g., rhombuses, rectangles, and others) may share attributes (e.g., having four sides), and that the shared attributes can define a larger category (e.g., quadrilaterals). Recognize rhombuses, rectangles, and squares as examples of quadrilaterals, and draw examples of quadrilaterals that do not belong to any of these subcategories. (3.G.1)
12Students do not need to learn formal names such as “right rectangular prism.”
17Sizes are compared directly or visually, not compared by measuring. 


Standards for Math Practice:
MP.1   Make sense of problems and persevere in solving them.
MP.2   Reason abstractly and quantitatively.
MP.3   Construct viable arguments and critique the reasoning of others. 
MP.4   Model with mathematics. 
MP.5   Use appropriate tools strategically. 
MP.6   Attend to precision. 
MP.7   Look for and make use of structure. 
MP.8   Look for and express regularity in repeated reasoning.

Assessment of Priority Standards and Key Content:
	Recognize and draw triangles identified by sides or angles.
	



	Recognize the properties and attributes of quadrilaterals and composite figures. 
	






	Identify cubes, rectangular prisms, cones and cylinders 
	






	Measure and estimate lengths in standard units
	




	Geometric measurement: recognize perimeter as an attribute of plane figures and distinguish between linear and area measures
	




	Geometric measurement: understand concepts of area and relate area to multiplication and addition 
	






	Recognize volume as an attribute of solid figures and understand concepts of volume measurement.

	




	Apply perimeter, area, and volume formulas to tasks and real world problems.
	





	Use appropriate tools of measurement. 
	








Main Texts and Tools of Instruction:
	The site below demonstrates measuring with a meter stick.
http://classroom.ldisd.net/users/0335/docs/how_to_use_a_meter_stick.pdf
	



https://www.illustrativemathematics.org/
http://www.math-aids.com/
http://www.commoncoresheets.com/Values.php
http://www.mhschool.com/math/mathconnects/wa/assets/docs/398_401_wa_gr4_adllsn_onln.pdf
Pages 200 -227, Contemporary’s NUMBER POWER REVIEW, Whole Numbers to Algebra, Robert Mitchell, 1993



ABE MATHEMATICS SCOPE AND SEQUENCE
Level Two-Unit Seven		  		GLE 4 - 6
Teachers:	Maura McCabe, Ryan Lamey, and Stacy Decker
Unit Title: 	Statistics and Probability
Amount of time for the unit: 	12 hours
Purpose of Unit: 	The purpose of this unit is to provide activities for data collection and summary through line plots, tables, and graphs.  Although the CCRSAE does not provide explicit standards for line, circle or pictographs, we include them at this level and distinguish between the appropriate uses of each. Mean, median, mode and range are taught as measures of central tendencies and spread.

Unit Goals and Outcomes-Students will be able to:
Conduct a survey on a statistical question and display the results (data sets) on line plots and histograms 
Calculate the mean, median, mode, and range for a set of data.
Measure lengths to the nearest quarter inch and record the results on a line plot.
Read and interpret bar, line, circle and pictographs.
Make the appropriate selection of bar, line or circle graph to represent and interpret data.

Priority Standards:

Recognize a statistical question as one that anticipates variability in the data related to the question and accounts for it in the answers. For example, “How old am I?” is not a statistical question, but “How old are the students in my school?” is a statistical question because one anticipates variability in students’ ages. (6.SP.1)

Understand that a set of data collected to answer a statistical question has a distribution which can be described by its center, spread, and overall shape. (6.SP.2)

Recognize that a measure of center for a numerical data set summarizes all of its values with a single number, while a measure of variation describes how its values vary with a single number. (6.SP.3)

Display numerical data in plots on a number line, including dot plots, histograms, and box plots. (6.SP.4) [Also see S.ID.1]

Make a line plot to display a data set of measurements in fractions of a unit (1/2, 1/4, 1/8). Use operations on fractions for this grade to solve problems involving information presented in line plots. For example, given different measurements of liquid in identical beakers, find the amount of liquid each beaker would contain if the total amount in all the beakers were redistributed equally. (5.MD.2) 
[Note from panel: Plots of numbers other than measurements also should be encouraged.]


Coherence:	
Organize, represent, and interpret data with up to three categories; ask and answer questions about the total number of data points, how many in each category, and how many more or less are in one category than in another. (1.MD.4)

Draw a picture graph and a bar graph (with single-unit scale) to represent a data set with up to four categories. Solve simple put-together, take-apart, and compare problems using information presented in a bar graph. (2.MD.10)

Draw a scaled picture graph and a scaled bar graph to represent a data set with several categories. Solve one- and two-step “how many more” and “how many less” problems using information presented in scaled bar graphs. For example, draw a bar graph in which each square in the bar graph might represent 5 pets. (3.MD.3)

Generate measurement data by measuring lengths using rulers marked with halves and fourths of an inch. Show the data by making a line plot, where the horizontal scale is marked off in appropriate units—whole numbers, halves, or quarters. (3.MD.4)


Standards for Math Practice:
MP.1   Make sense of problems and persevere in solving them.
MP.2   Reason abstractly and quantitatively.
MP.3   Construct viable arguments and critique the reasoning of others. 
MP.4   Model with mathematics. 
MP.5   Use appropriate tools strategically. 
MP.6   Attend to precision. 
MP.7   Look for and make use of structure. 
MP.8   Look for and express regularity in repeated reasoning.

Assessment of Priority Standards and Key Content:
NOTE: Some of the activities below are repeated to assess more than one goal.
	Conduct a survey on a statistical question and display the results (data sets) on line plots and histograms.
	




	Calculate the mean, median, mode, and range for a set of data.
	






	Measure lengths to the nearest quarter inch and record the results on a line plot.

	






	Read and interpret bar, line, circle and pictographs.

	











	Make the appropriate selection of bar, line or circle graph to represent and interpret data.
	Create a graph to record change over time for temperature or precipitation 



Online assessment
http://worksheets.tutorvista.com/choosing-the-appropriate-graph-worksheet.html





Main Texts and Tools of Instruction:
	Massachusetts Community College Workforce 
Development Transformation Agenda has developed contextualized modules for three key Industry Sectors—healthcare, advanced manufacturing and information technology.
http://mccwdta.etlo.org
	


	The Math Assessment Project provides lesson plans with formative assessments
http://www.map.mathshell.org/download.php?fileid=1619
	



https://www.illustrativemathematics.org/
http://www.math-aids.com/
http://www.commoncoresheets.com/Values.php
http://go.hrw.com/resources/go_sc/hst/HSTSW251.PDF
www.mathworksheetsland.com
Pages 154 – 171, Contemporary’s NUMBER POWER REVIEW, Whole Numbers to Algebra, Robert Mitchell, 1993
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6.RP The Escalator, Assessment
Variation


Task


Ty took the escalator to the second floor. The escalator is 12 meters long, and he rode
the escalator for 30 seconds. Which statements are true? Select all that apply.


a. He traveled 2 meters every 5 seconds.


b. Every 10 seconds he traveled 4 meters.


c. He traveled 2.5 meters per second.


d. He traveled 0.4 meters per second.


e. Every 25 seconds, he traveled 7 meters.


IM Commentary


This task is part of a joint project between Student Achievement Partners and
Illustrative Mathematics to develop prototype machine-scorable assessment items that
test a range of mathematical knowledge and skills described in the CCSSM and begin
to signal the focus and coherence of the standards.


Task Purpose


This task is part of a set of three assessment tasks that address various aspects of 6.RP
domain and help distinguish between 6th and 7th grade expectations.


Illustrative 
Mathematics



http://www.achievethecore.org/student-achievement-partners





While simply constructed, 6.RP The Escalator addresses aspects of both 6.RP.1
"Understand the concept of a ratio” and 6.RP.2 “Understand the concept of a unit rate
a/b associated with a ratio a:b with b≠0, and use rate language in the context of a ratio
relationship." The simple extension of a traditional multiple choice item to a "choose all
that apply" allows us to ask questions about the same context from the different
perspectives afforded by the different RP standards in 6th grade.


6.RP Riding at a Constant Speed addresses aspects of 6.RP.2 "Understand the concept
of a unit rate a/b associated with a ratio a:b" and 6.RP.3 "Use ratio and rate reasoning
to solve real-world and mathematical problems." The numbers are chosen so that it
would be easy to implement this task as a fill-in-the-blank item.


On the other hand, 7.RP Molly's Run is meant to contrast directly with "6.RP Riding at a
Constant Speed" as it is the natural extension of the work that students do related to
6.RP.2. In sixth grade, the standards are clear that ratios need to have whole numbers
for a and b. With the introduction of rational number arithmetic in 7.NS, the standards
place an emphasis on ratios that have fractions within a given ratio; 7.RP.1 requires
students to "compute unit rates associated with ratios of fractions."


Cognitive Complexity


Mathematical Content


The mathematics in "6.RP The Escalator" is more complex than it appears. The
distractors are placed in a particular order. Students might choose (c) after (correctly)
choosing (a) because they look similar. The three correct answers are purposefully
interrupted by an incorrect choice, and (e) is included for students who subtract rather
than divide.


"6.RP Riding at a Constant Speed" requires students to attend to both ratios (20:150)
and (150:20) and both associated unit rates  and  that are implicit in the given
context. Thus, this task is complex for 6th grade.


"7.RP Molly's Run" is a straight-forward extension of the work that students do in 6th
grade. The only difference is that students now work with ratios defined by fractions
rather than just whole numbers. Thus, this task is not mathematically complex except
for students who are still struggling with fractions.


Mathematical Practice


Especially in 6th grade, the cognitive load associated with making sense of units in


20
150


150
20


Illustrative 
Mathematics



http://www.illustrativemathematics.org/illustrations/1181

http://www.illustrativemathematics.org/illustrations/1175

http://www.illustrativemathematics.org/illustrations/1176





proportional relationships is heavy; the first two tasks in this set engage MP 6, Attend
to precision.


The third task does not engage any of the MPs any more than they are present in the
day-to-day mathematical work of students.


Linguistic Demand


The linguistic demand for all three tasks is low.


Stimulus Material


The stimulus material for all three tasks is not complex.


Response Mode


The response mode for all three tasks is not complex.


Solution


This is a one-point item.


(a), (b) and (d) are all correct.


6.RP The Escalator, Assessment Variation 
is licensed by Illustrative Mathematics under a 
Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International License


Illustrative 
Mathematics



http://creativecommons.org/licenses/by-nc-sa/4.0/

https://www.illustrativemathematics.org/content-standards/tasks/1181

https://www.illustrativemathematics.org/

http://creativecommons.org/licenses/by-nc-sa/4.0/
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6.RP Currency Exchange


Task


Joe was planning a business trip to Canada, so he went to the bank to exchange $200
U.S. dollars for Canadian (CDN) dollars (at a rate of $1.02 CDN per $1 US). On the way
home from the bank, Joe’s boss called to say that the destination of the trip had
changed to Mexico City. Joe went back to the bank to exchange his Canadian dollars for
Mexican pesos (at a rate of 10.8 pesos per $1 CDN). How many Mexican pesos did Joe
get?


IM Commentary


Students may find the CDN abbreviation for Canada confusing. Teachers may need to
explain the fact that money in Canada is also called dollars, so to distinguish them, we
call them Canadian dollars.


Solutions


Solution: Using the Unit Rate


Since there are 1.02 Canadian dollars for every 1 U.S. dollar, we can multiply the
number of U.S. dollars by 1.02 to find out how many Canadian dollars he can buy.


So Joe will get $204 CDN for his $200 U.S.


Since there are 10.8 pesos for every 1 CDN dollar, we can multiply the number of CDN


200 × 1.02 = 204


Illustrative 
Mathematics







dollars by 10.8 to find out how many pesos he can buy.


So Joe will get 2203.2 pesos for his $204 CDN.


Solution: Dimensional Analysis


We can do the same thing as in the first solution, but keep the units in the equation:


and


Joe will get 2203.2 pesos for his $200 U.S.


6.RP Currency Exchange 
is licensed by Illustrative Mathematics under a 
Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International License


204 × 10.8 = 2203.2


200 US × = 200 × 1.02 CDN = 204 CDN 1.02 CDN
1 US 


204 CDN × = 204 × 10.8 pesos = 2203.2 pesos.10.8 pesos
1 CDN


Illustrative 
Mathematics



http://creativecommons.org/licenses/by-nc-sa/4.0/

https://www.illustrativemathematics.org/content-standards/tasks/134

https://www.illustrativemathematics.org/

http://creativecommons.org/licenses/by-nc-sa/4.0/
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Published on Contextualized Curriculum (http://mccwdta.etlo.org)


Home > Does It Make the Grade?


Does It Make the Grade?
Print: [1]


How purchasing agents use their knowledge of calculating with fractions,
decimals and percents to make comparisons among different suppliers and
materials


Industry Sector: 
Advanced Manufacturing [2]


Content Area: 
Mathematics [3]


Core Topic: 
Decimals, fractions and percents [4]


Expand All | Collapse All


Common Core State Standards


Standards for Mathematical Practice:


1. Make sense of problems and persevere in solving them.
2. Reason abstractly and quantitatively.
3. Construct viable arguments and critique the reasoning of others.
4. Model with mathematics.
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5. Use appropriate tools strategically.
6. Attend to precision.


High School—Number & Quantity: Quantities


N-Q.1. Use units as a way to understand problems and to guide the
solution of multi-step problems; choose and interpret units consistently
in formulas; choose and interpret the scale and the origin in graphs
and data displays.
N-Q.2. Define appropriate quantities for the purpose of descriptive
modeling.
N-Q.3. Choose a level of accuracy appropriate to limitations on
measurement when reporting quantities.


High School—Modeling
High School—Geometry: Modeling with Geometry


G-MG.1. Use geometric shapes, their measures, and their properties
to describe objects (e.g., modeling a tree trunk or a human torso as a
cylinder).
G-MG.3. Apply geometric methods to solve design problems (e.g.,
designing an object or structure to satisfy physical constraints or
minimize cost; working with typographic grid systems based on ratios).


Adult Basic Education Standards


Number Sense


Standard N-1: Represent and use numbers in a variety of equivalent
forms in contextual situations.


Patterns, Functions and Algebra


Standard P-1: Explore, identify, analyze, and extend patterns in
mathematical and adult contextual situations.
Standard P-2: Articulate and represent number and data relationships
using words, tables, graphs, rules, and equations.
Standard P-3: Recognize and use algebraic symbols to model
mathematical and contextual situations.
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Industry Overview


Today’s Manufacturing Workplace


A manufacturing renaissance is occurring in the United States. The United
States is the largest manufacturing economy in the world, producing 21
percent of the goods manufactured across the globe. In addition to the 12
million Americans working directly in the manufacturing industry,
manufacturing supports more than 6.5 million other jobs, thus accounting for
nearly 17 percent of all private sector jobs in the United States. In 2010, the
average U.S. manufacturing worker earned $77,186, including pay and
benefits [5] (the average in all industries was $56,436).1


While manufacturing jobs in Massachusetts have declined, as they have
nationally, manufacturing is still a critical industry in this state and provides
opportunities for good, high-paying jobs. In the Greater Boston area, most of
the manufacturing jobs are in computer and electronics companies, and
much of the state relies on manufacturing positions in these and other very
high-tech areas, such as aerospace and biotechnology.2


Advanced manufacturing involves the use of computers and technology in
the manufacture [6] of products. While not all manufacturing companies use
technological innovations in developing their products or processes, the
competitive advantage of the United States in the manufacture [6] of goods
relies on technological innovations. This means that today’s manufacturing
workplace is usually highly technical, which accounts for the high-paying
positions many workers in this field receive in compensation for their work. It
also means that today’s advanced manufacturing workplace is very different
from many people’s conceptions of factories and mills as dark, dirty, and
unsafe. Today’s advanced manufacturing facilities are usually bright, clean,
and very safe, and the emphasis is on working efficiently—with as little
waste as possible.


In the advanced manufacturing industry, there has been a marked shift [7]


from the traditional role of line workers [8] to workers who demonstrate
creativity and innovation. Innovation is a hallmark of the U.S. manufacturing
industry, and key to maintaining its position in the global market since
products can often be produced at a lower cost in developing countries.
Critical-thinking, problem solving and reasoning are important components
of the innovation process. Today’s manufacturing workers are expected to
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formulate solutions to problems using critical thinking and reasoning skills
while working independently and/or in teams.


http://www.nam.org/~/media
/AF4039988F9241C09218152A709CD06D.ashx [9]


1. 


http://www.bostonglobe.com/business/2012/05/08/high-end-factory-
jobs-boston-paying-high-wages/3gZuNc6GywDGKoYNP2hnaO
/story.html?camp=pm [10]


2. 


Careers in Advanced Manufacturing


The manufacturing sector includes jobs related to planning, managing, and
performing the processing of materials into intermediate or final products
and related activities such as production planning and control, maintenance,
and engineering. Thus, this industry includes not only those people who
actually produce the manufactured goods, but also managers, maintenance
staff, scientists and researchers, analysts, administrative personnel, and IT
personnel.


Career Pathways


The manufacturing industry includes six career pathways:


Production is the construction and assembly of parts and final
products. People in these positions work in factories and mills, with
machines, to make or assemble parts, construct components of parts
(such as plastics), and print materials. Occupations in this pathway
range from production helpers who move parts and materials around
the factory, to numerical control machine operators who run the
computer-controlled machines that modify metal and plastic to create
products, to manufacturing production technicians who oversee
production.


Manufacturing production process development occupations are
involved in designing products and manufacturing processes. People
in these occupations work with production workers to set up the
machines and processes to develop new products. These occupations
include engineers and production managers.


Maintenance, installation and repair workers take care of products after
they’ve been sold and delivered to customers—they install the
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products, perform maintenance on machines, tools, and equipment so
that they work properly, and repair systems that are not performing
adequately. Workers in this pathway include automotive technicians,
automotive electronics installers, building maintenance workers,
industrial electronics repairers, industrial machinery mechanics,
millwrights, and small engine mechanics.


Quality assurance is provided by quality control inspectors and
technicians, who ensure that products both meet design standards and
are of high quality.


Logistics and inventory [11] control workers ensure that those working in
Production have the materials they need to complete their work.
Workers in these occupations inventory [11] materials and products,
move materials to the line, and pack and ship finished products. Thus,
they include production and planning clerks, and operators of moving
machinery such as cranes and forklifts, and packers.


Health, safety and environmental assurance occupations are focused
on keeping the workplace safe by ensuring that workers are using
equipment safely and that manufacturing processes are as safe as
they can be. The also conduct investigations and conduct inspections.


Mathematics and Communication Skills Needed in Advanced
Manufacturing


Mathematics and communication are key skills needed for success in
today’s high-performance advanced manufacturing workplaces.
Mathematics is used in the advanced manufacturing industry to measure the
amounts and sizes of materials and parts, create “recipes” used to
manufacture [6] man-made materials, and analyze data. Data analysis is
critical at many levels of a manufacturing organization in order to ensure
quality and to continuously improve both quality and processes. Today’s
manufacturing industry must operate extremely efficiently and produce very
high-quality products in order to maintain competitiveness. Many front-line
workers [8] are involved in collecting data and working to improve quality and
efficiency. Thus, in addition to basic mathematical calculations (which rarely
involve simple whole numbers), workers are engaged in mathematical
reasoning and solving problems using a variety of mathematical tools.
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To succeed and move up the ladder in today’s advanced manufacturing
workplace, workers need reading skills to understand technical concepts,
vocabulary, and to bring together information needed for a particular
situation; to locate, organize, and document written information from various
sources needed by co-workers and customers; and to locate written
information needed by co-workers and customers. They need to use correct
grammar, punctuation and terminology to write and edit documents and to
develop and deliver formal and informal presentations using appropriate
media to engage and inform audiences. In addition, they need to interpret
verbal and nonverbal behaviors to enhance communication with co-workers
and clients/participants; apply active listening skills to obtain and clarify
information; and interpret and use information in tables, charts, and figures
to support written and oral communications. They also must communicate
with co-workers and customers using technology tools. As they move up the
corporate ladder they will need to explain written organizational policies,
rules and procedures to help employees perform their jobs.


Career Opportunities in Advanced Manufacturing with Education from
Community Colleges


Massachusetts Community Colleges play an important role in preparing the
state’s citizens to take advantage of the career opportunities available in
advanced manufacturing. Degree and certificate programs prepare students
to enter advanced manufacturing occupations, including:


production occupations, including people who work as assemblers
(such as airplane assemblers), machine operators, machinists,
systems operators, CNC [12] machine tool operators, machine setters,
laminators/fabricators, metal and plastic workers, packers, molders,
semiconductor processing operators, welders and solderers, tool and
die makers, and other production workers;


manufacturing production process development occupations, including
numerical control tool programmers who write the programs that
control machine tools and industrial production managers who plan
and oversee production;


maintenance, installation and repair occupations include automotive,
electronics, and biotechnology technicians, industrial machinery
mechanics, and millwrights (who install and maintain heavy
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equipment);


quality assurance occupations including quality control technicians and
inspectors.


Recent Career Opportunities in Massachusetts


The following is a sample of advanced manufacturing job listings in
Massachusetts that require associate’s degree or certificate:


Manufacturing Engineering Technician, Randstad Corporation,
Framingham, MA, [show]
Quality Control Technician, QD Vision, Lexington, MA [show]
Manufacturing Technican, Hologic, Marlborough, MA [show]


Employment Outlook for Advanced Manufacturing


Advanced manufacturing continues to be a high-growth industry, given the
knowledge capital in the United States. However, the work in this industry is
increasingly technical and requires far fewer workers as more tasks are
automated. Entry-level positions in this industry require the same skills that
only a select group of highly-experienced and well-paid workers once had.
Unfortunately manufacturers find it difficult to fill these high-skill positions. A
2011 survey found that there is a persistent skills gap between the skills that
are needed in the today’s manufacturing workplace and the skills that
candidates bring to the workforce.


Most of the advanced manufacturing companies in Massachusetts are small
to mid-sized operations that employ smaller numbers of workers and rely on
computer-operated machinery for production. While the numbers of workers
are smaller than in the past, the more highly-skilled nature of the work
means that these are high-paying jobs and provide workers with
opportunities to grow through training and education and to be part of the
effort to innovate.


Resources:


Advanced Manufacturing Industry


National Council for Advanced Manufacturing [13]


Advanced Manufacturing [14]
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Brookings: “Why Does Manufacturing Matter? Which Manufacturing
Matters? [15]” (2012)
National Association of Manufacturers: “A Manufacturing Renaissance:
Four Goals for Economic Growth [9]” (2012)


Advanced Manufacturing Industry Outlook Information


Bureau of Labor Statistics: Manufacturing Industry at a Glance [16]


Massachusetts Labor Market Data [17]


Massachusetts Career Information System [18]


Careers in Advanced Manufacturing


Massachusetts Career Information System [18]


Manufacturing Career Opportunities [19]


Manufacturing Career Pathways [20]


Industry Competency Model for Advanced Manufacturing [21] shows the
skills and knowledge needed to work in this industry
National Association of State Directors of Career Technical Education
Consortium’s Common Career Technical Core [22]


National Association of State Directors of Career Technical Education
Consortium’s Knowledge and Skills: Manufacturing [23]


O*NET [24]


WorkKeys Occupational Profiles [25]


Manufacturing’s Missing Generation [26]


A Career in Toolmaking or Machining Technologies: The Right Choice
for Students, Community, & Country [27]


Workplace Scenario (8th Grade Level)


This scenario is based on the work of a purchasing agent [28]. For more
information, review this webpage [29].


You are a purchasing agent [28] at a small manufacturing company. A
purchasing agent [28] is responsible for buying materials at the best value.
You must also ensure reliable delivery. There are a number of things you
need to be effective in your work. A working knowledge of your company’s
processes is important. You also need to understand quantity and quality.
Finally, you need to negotiate to get the best terms you can.


Does It Make the Grade? http://mccwdta.etlo.org/print/145


8 of 20 8/10/2015 11:10 AM



http://mccwdta.etlo.org/print/145





Your company just received a new contract. The client [30] wants your
company to manufacture [6] components for a model car. You are responsible
for buying all materials to create the components. (The technical guidelines
for them are provided.) You need to estimate quantities of materials based
on the guidelines. You also need to check if any of the material is already in
stock. The project is on a tight timeline. Choosing suppliers and materials
takes thought. You must consider price, quality, and availability. You must
also weigh the cost of transportation and time.


You review the purchase order and sales records. You check current
inventory [11] levels of stock required for this job. You also speak with
co-workers. Then you evaluate and compare the different options for buying
the materials. Will you buy the metal stock from a foreign or domestic
supplier? Should you purchase the metal material in bar stock [31]? Or, would
it be best to buy stock cut into smaller slugs [32]? To make the best decisions,
you need good reading and estimation skills.


One challenge is that materials are sized differently. Materials can be listed
in metric lengths or English units. English units are unlikely to be whole
numbers. You have to convert all materials to the same measurements. This
will help you make a fair comparison. You may not need to order all
materials at once. Only a percentage may be needed to begin the work.
Then you can order the materials at the best cost.


Workplace Scenario (High School Level)


This scenario is based on the work of a purchasing agent [28]. For more
information, review this webpage [29].


You are a purchasing agent [28] at a small metal manufacturing company in
Western Massachusetts. To be effective in your work, you must have a
working knowledge of the manufacturing processes used by your company
and customer requirements. You also need to understand quantity and
quality, and be able to negotiate effectively to get the best terms for your
company.


Your company just received a contract to manufacture [6] components for a
new model car. As a purchasing agent [28], you are responsible for buying all
of the materials to make the components. (The specifications for the
materials are provided to you by technical staff.) Since you work for a small
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company, you need to estimate quantities of required materials based on the
specifications. You also need to check any inventory [11] in stock (some
materials and components are used in different products). The project is on
a tight timeline, with manufacture [6] to begin within the month. Choosing
suppliers and materials takes thought. You must consider price, quality, and
availability. You must also weigh the cost of transportation and time.


You review the purchase order requirements and sales records. You also
check current inventory [11] levels of stock required for this job and speak with
co-workers. Then you evaluate and compare the different options for
obtaining the necessary materials. Will you buy the metal stock from a
foreign or domestic supplier? Should you purchase the metal material in bar
stock [31]? Or, would it be best to buy stock cut into smaller slugs [32]? To
make the best decisions, you must be able to integrate your reading,
estimation, and critical thinking skills with your knowledge of the company’s
manufacturing processes. You know that one of the most critical functions for
a purchasing agent [28] is procuring the material at the best value. This
means you buy it at a good price for good quality. It’s also important to have
reliable delivery.


One challenge in evaluating purchasing options is that materials are sized
differently. Materials can be listed in metric lengths or English units. In that
case they are unlikely to be whole numbers. You have to convert all
materials to the same measurements so that you can make a fair
comparison. You also have to determine what percent of the necessary
materials you actually need to order (based on what is available in inventory
[11] already). Then you can order the needed materials at the best cost to
meet production needs.


Core instructional context


Understanding fractions, decimals and percents, and being able to calculate,
compare, and convert them are foundational concepts for understanding
algebra. In addition, the numbers that we deal with in our daily lives are
rarely whole numbers—dealing with money, measuring ingredients in a
recipe, dividing things evenly between children, mixing formula for a
baby—all of these tasks require using parts of a whole. Similarly, in the
workplace, the numbers that people are dealing with a rarely whole numbers
—whether they are dealing with money, medication dosages, lengths of
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fabric to make clothing, or the time is takes to complete a particular task.


This scenario shows students how these basic mathematical skills are
applied in the advanced manufacturing industry, where comparisons aren’t
just about which number is bigger, but also about the best value—which
includes quality, reliability, and availability. Numbers are used in advanced
manufacturing to communicate information quickly, but workers need to be
able to convert these numbers so that they can compare prices, sizes and
quality; workers also need to be able to compare the amount of materials
received or produced to what is needed.Thus, workers in advanced
manufacturing communicate with numbers.


While the exact math knowledge required of workers in advanced
manufacturing varies from job to job, fundamental mathematical knowledge
and practices, including a strong working understanding of fractions,
decimals and percents are essential for being able to manufacture [6] quality
products. For example:


A purchasing agent [28] needs to calculate or estimate the cost of
materials from different suppliers in order to compare the relative
value—may need to compare costs of materials in U.S. standard
measures and metric measures
Workers in the receiving department checks that the requirements in
the materials received match the purchase order, including whether the
amounts match
Tool and die makers set up and operate tools that are used to produce
precision metal parts and machines; they must convert between
different decimals, fractions, and percents for this extremely precise
work


Worked Examples


You want to buy a metal bar that is $150.00. If the sales tax rate is
6.5%, what is the total cost of the bar?
Answer: $150 + (0.065 * $150) = $159.75


1. 


In a neighboring state, you find another equivalent metal bar for only
$120, but the sales tax rate is 9.5 %. Which is the better deal?
Answer: $120 + (0.095 * $120) = $131.40 —this is the better deal,
even with the higher tax


2. 
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Contextualized learning activities


Introduction to Scenario


Have students read the scenario. A purchasing agent [28] is responsible for
buying the materials or components needed for a manufacturing company’s
own manufacture [6] processes--he or she needs to negotiate the best
possible value for the company, ensuring a good price for materials that
meet the quality standards of the company. Ask students to brainstorm [33]


ways that they use math to help with purchasing activities in their own lives,
such as purchasing groceries to make a meal or fabric to make curtains, for
example. In particular, ask students if they can identify any ways that
fractions, decimals, and/or percents might be used.


How Good a Deal?


Have students look at the price per unit for the same items in different
grocery stores or different brands in the same store. Ask them what the best
value is—they may look at the price for equal units (needing to find a way to
compare like amounts) but may also bring in quality as a factor. For
example, look at different paper towel or toilet paper options at:


wholesale club
grocery store
pharmacy


Acting the Part—A Role-Play


A purchasing agent [28] receives materials specifications for a new contract.
The purchasing agent [28] needs to review the purchase order requirements
and sales records, check current inventory [11] levels of stock required for the
job, and speak with co-workers about the best options for obtaining the
necessary materials. Once a potential supplier or suppliers have been
identified, the purchasing agent [28] negotiates for the best terms on the
purchase—to get high-quality materials on time and at the best price
possible.


Have students work in pairs to role-play this scenario for the class with one
student taking on the role of the purchasing agent [28] and the other taking on
the role of the manager who oversees purchasing and receiving. The
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role-play will focus on the “purchasing agent” explaining the decision about
which metal to purchase--the metal bars or the slugs [32], and from a
domestic or foreign supplier. The following information should be considered
by both students:


There are two possible domestic suppliers—one in Worcester and one
in Indiana—the prices and quality for these two suppliers are
comparable, but shipping from Indiana is more expensive
The Indiana supplier has both metal bars and slugs [32] available for
purchase
Metal bars can be automatically fed into the machine tool but slugs [32]


cannot; on the other hand, slugs [32] don’t have nearly as much waste
and don’t require cutting
There is a third option, to purchase from a foreign supplier. The cost
from the foreign supplier is much cheaper (nearly 1/100th the price of a
domestic supplier), but the quality can be less predictable and it will
take significantly longer and cost more to ship the materials.


Although the dialogue can be improvised to some extent, students should be
aware of where the situation is going and should be evaluated on how well
they integrate the various considerations into their role-play performance.


Contextualized Problems


Before having students work on the following contextualized problems, you
might first have them work through the worked example problems in the
“Core Instructional Context” section individually or in pairs, and share their
answers with the class.


Purchasing agents needs to be able to compare materials from
different suppliers and in different forms. In the scenario, you need to
decide which supplier to buy your metal from, and you want to find the
cheapest cost per pound of metal. Examine the table below, which
shows three different metal suppliers’ bar stock [31] characteristics.


Insignia
Metals


Vanderbuilt
Industries


Davidson
Metallurgy [34]


Linear
Density [35]


0.52 lbs / ft 0.61 lbs / ft 0.56 lbs /ft


1. 
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Length 8 ft 6 ft 5 ft


Cost per
Bar $4.30 $4.05 $3.64


Which supplier offers the lowest cost per pound?
Answer: Insignia Metals has the lowest cost per pound ($1.03 /
lb.)


a. 


Your supervisor [36] would rather purchase materials from
Davidson Metallurgy [34] because they deliver quickly and are
easy to work with. What is the percentage difference between the
cost of the cheapest metal per lb. to that of Davidson?
Answer: Davidson will cost 26% more per pound than the
cheapest brand


b. 


You’re ordering one thousand bars of metal, and each of them takes up
5 cubic inches.


If your storage space is 10,000 cubic inches, what percentage of
the space will be taken up by the metal bars?
Answer: 5,000 in.3 is 50% of 10,000 in.3, so 50% of the space is
taken up


a. 


If your storage space is 3,000 cubic inches, how many bars will
not fit into the space?


b. 


2. 


You have to order several parts and store them in this room with a floor
that can withstand 5 tons (one ton is 2,000 lbs.), but you’re never to
exceed 60% of that limit. You are looking at two companies that each
sell the parts, but each company makes them out of a unique material.
Company A has parts that are 3 lbs. each. Company B sells parts that
are 4 lbs. each. From each company, how many parts can you buy and
store in the room without exceeding the 60% safety limit?


Answer: From Company A, you could purchase 2,000 parts; from
Company B, you could purchase 1,500 parts


3. 


A purchasing agent [28] is trying to buy coffee mugs, onto which his
company prints logos or designs. The company needs 302,075 mugs


4. 
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to fulfill current orders and would like to have the mugs ready in 4–6
weeks for delivery. He has found three options for purchasing coffee
mugs—a supplier in Ohio, another supplier in New Bedford, and a third
supplier in China.


If the purchasing agent [28] selects one of the domestic suppliers,
he can order however many mugs he wants. It costs $1.99 plus
6.25% sales tax to buy from the Massachusetts supplier and
$2.00 plus 5.5% sales tax from the Ohio supplier. Which supplier
offers the better deal per mug (including sales tax)?


Ohio Massachusetts
Cost per Mug $2.01 $1.99


Sales Tax 5.5% 6.25%


Answer:


The Massachusetts supplier offers the better deal ($2.11
compared to $2.12 from the Ohio supplier)


a. 


If the purchasing agent [28] purchases the mugs from China, the
cost per mug is much lower—only $0.20. However, there are
several downsides:


it will take at least one month to receive the order
there will be inventory [11] that the company has to store
the costs associated with transporting and importing the
mugs are much greater than domestic transportation


The mugs from China need to be ordered in multiples of 10,000,
so there will be a cost to store unused mugs and the need to buy
in advance of receiving orders, which limits the company’s cash
flow. If he needs to purchase 302,075 mugs, what percentage of
the mugs he purchases would be in excess?


Answer:


310,000 - 302,075 mugs = 7,925 excess mugs


7,925 / 310,000 = 2.56% excess


b. 
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Provided in the table below are the costs associated with
purchasing the mugs from China, Ohio, and Massachusetts.
Based on this information, which supplier offers the better deal?


China Ohio Massachusetts
Cost per Mug $0.20 $2.01 $1.99


Sales Tax (if
applicable) N/A 5.5% 6.25%


Number of Mugs to
Purchase 310,000 302,075 302,075


Letter of Credit
(Required for
Importing)


0.75% (for
contract up to
$100,000)


N/A N/A


Transportation Cost $1,000 $500 $100


Inventory [11] Cost
(per 100 mugs per
day for 10 days)


$0.01 N/A N/A


Answer: Even with all the extra fees, China is still the cheapest
supplier since the base price of each mug is so inexpensive


c. 


Contextualized test items


For her company, Janet buys a $2,100 shipment of electronics with a
9.5% sales tax. What is the total cost?


$199.50A. 
$2,299.50B. 
$22,050.00C. 
$2,109.50D. 


1. 


Use the following scenario for the next two items:
George needs to buy 4 tons of steel for a construction project. He has two
possible suppliers:


Buddy’s Steel Supply: $0.14 per pound, 12% sales tax
Steel Unlimited: $0.16 per pound, 10% sales tax
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Which vendor has the better deal?
Buddy’s Steel SupplyA. 
Steel UnlimitedB. 
The cost is the same for both vendors.C. 


2. 


What would be the difference in cost? (Hint: 1 ton = 2,000 lbs.)
$153.60A. 
$88B. 
$6.40C. 
$2,662.40D. 


3. 


Contextualized project


Finding the Best Value for Your Money


Have students select an item into which safety is a major consideration in
choosing among different options, such as:


car seat
car
space heater
helmet or sporting equipment
smoke detector


Then have students conduct research to find at least three viable options to
meet their needs, including (but not limited to):


price
safety
quality
ease of use/user ratings
availability/ease of purchase


Finally, students should report, either orally to the class or in writing, what
the best three options were, which they would select, and give their
rationale. You might add factors, such as a price cap, or try to introduce the
concept of getting the best value/buy as opposed to the cheapest option.


Camping Equipped


Create several camping scenarios (i.e. backpacking with 2 friends, canoeing
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with a group of 12, etc) and have students find equipment at the best value.
Students should consider the following:


price
tax / shipping costs
weight [37]


reliability


Students should research each of the following:


tent(s)
cooking gear
outerwear
medkit


Students will present their findings to the class showing three
well-researched products for each of the items and explaining the factors
that led to their best choice.


Additional or extension activities, multimedia, readings
and/or resources


Readings:


“All I Need to Know About Manufacturing I Learned in Joe's Garage” by
William B. Miller and Vicki L. Schenk
“The Goal” by Eliya Goldratt
“Lean Machines” – Learning from Leaders of the Next Generation
Industrial Revolution by Richard A. McCormack


Instructor Adapted Classroom Materials


Does It Make the Grade? ESL Lesson Plan, [38] Quinsigamond Community
College, ESL


Does It Make the Grade? ABE Lesson Plan, [39] Quinsigamond Community
College, ABE/GED


Does It Make the Grade? GED Lesson Plan, [40] Quinsigamond Community
College, ABE/GED
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Does It Make the Grade? ESL Introductory Lesson Plan, [41] Quinsigamond
Community College, ESL
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4.OA Double Plus One


Task


a. The table below shows a list of numbers. For every number listed in the table,
multiply it by 2 and add 1. Record the result on the right.


number double the number
plus one


0  


1  


2  


3  


4  


5  


10  


23  


57  


100  


309  


b. What do you notice about the numbers you entered into the table?
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c. Sherri noticed that all the numbers she entered are odd.


i. Does an even number multiplied by 2 result in an even or odd number? Why do
you think this is?


ii. Does an odd number multiplied by 2 result in an even or odd number? Why do
you think this is?


iii. Does an even number plus 1 result in an even or odd number? Why do you
think this is?


iv. Does an odd number plus 1 result in an even or odd number? Why do you
think this is?


v. Explain why the numbers you entered in the table are all odd.


IM Commentary


This task is meant to be used in an instructional setting. Part (b) of this task is
intentionally left open-ended to encourage students to develop the habit of looking for
patterns that might hint at some underlying structure as described in Standard for
Mathematical Practice 7, Look for and make use of structure.


This kind of work is also related to making conjectures and determining whether those
conjectures are true or not as described in Standard for Mathematical Practice 1, Make
sense of problems and persevere in solving them. Some of the things that students
might notice about the numbers in the table don't really go anywhere; in fact, that is
the nature of making conjectures: they don't always turn out to be true.


Part (c) is meant to engage students in what should naturally follow after noticing a
pattern, namely, investigating whether it always holds and if so, explaining why. So this
task also has students engage in Standard for Mathematical Practice 3, Construct
viable arguments and critique the reasoning of others.


A variant on this task would remove the scaffolding from part (c). In either case, having
small objects, like chips or coins, might help students develop their explanations.


Submitted by Sherri Martinie and Melisa Hancock of Kansas State University,
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Manhattan, KS to the first Illustrative Mathematics Task writing contest.


The Standards for Mathematical Practice focus on the nature of the learning
experiences by attending to the thinking processes and habits of mind that students
need to develop in order to attain a deep and flexible understanding of mathematics.
Certain tasks lend themselves to the demonstration of specific practices by students.
The practices that are observable during exploration of a task depend on how
instruction unfolds in the classroom. Possible secondary practice connections may be
discussed but not in the same degree of detail.


Even though this task illustrates several mathematical practices, it is being used to
highlight Mathematical Practice Standard 7. As students follow the given rule, they
should start to see that all of the entries are odd (MP.8). In order to understand why
they are all odd, students need to use the structure of even and odd numbers, which is
the point at which MP.7 comes into play. The task then asks them to explain what they
see, so that they will engage in MP.3.


Solution


a. The table below shows a list of numbers. For every number listed in the table,
multiply it by 2 and add 1. Record the result on the right.


number double the number
plus one


0 1


1 3


2 5


3 7


4 9


5 11


10 21
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23 47


57 115


100 201


309 619


b. There are several patterns that students might see. For example, they might notice
that the result increases by two when the number increases by one. Hopefully, some
students will notice that all the numbers they entered are odd.


c. Sherri noticed that all the numbers she entered are odd.


i. An even number multiplied by 2 result in an even number, because multiplying
by 2 will double the number of objects. As a result, if your objects are paired off,
every object will have a partner.


Example: We can represent six multiplied by 2 as 2 rows with six circles in each
row:


As you can see, every circle has a partner.


ii. An odd number multiplied by 2 result in an even number, because multiplying
by 2 will double the number of objects. As a result, if your objects are paired off,
every object will have a partner.


Example: We can represent seven multiplied by 2 as 2 rows with seven circles in
each row:


n 2n + 1
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iii. An even number plus 1 is odd, because an even number of objects can be
paired off but adding only one more object will mean that the last object added
will not have a partner: there will be one left over when you try to pair them off.


Example: If we represent 12 (an even number) as two rows of six circles, and add
one more circle, we can see it must be odd:


iv. An odd number plus 1 is even, because when you have an odd number of
objects and try to pair them off, one will always be left over. If you add one more
object, then the lone object gains a partner, and all the objects will be in pairs.


Example: If we represent 13 (an odd number) as two rows of six circles and one
lonely circle, and then add one more circle, we can see the “extra” circle now has
a partner:


v. The values in the right column are all odd because multiplying an even or an
odd number by 2 always results in an even number. An even number plus 1 will
always result in an odd number, as shown above.


4.OA Double Plus One 
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4.OA Multiples of nine


Task


a. Starting with 9, list the first 10 multiples of 9.


b. In the list in part (a) what patterns do you see with the digits in the 10's place? What
patterns do you see with the digits in the 1's place?


c. Using pictures, words, or equations, explain the patterns you observed in part (b).


IM Commentary


This task examines the interesting fact that when a number is divisible by 9 then the
sum of its digits is also divisible by 9. Only one and two digit numbers are examined
here. A natural extension of this activity would be to see if this pattern remains true for
three digit or larger numbers. At this age, students are multiplying large numbers by a
single digit number (4.NBT.5) and so they could be encouraged to pursue further this
interesting fact about the sum of the digits in numbers divisible by 9. Understanding
this rule provides excellent practice in place value and properties of arithmetic.


Three solutions are provided for part (c), explaining the pattern. One gives a verbal
description, the second uses arithmetic manipulations, while the third uses a picture.
Students working on this task will look for and make use of structure (MP7): in parts (b)
and (c), students are looking both to identify a pattern and explain why the pattern
holds. Students will also look for and express regularity in repeated reasoning (MP8),
especially in part (c); patterns in general require identifying a process which is repeated
multiple times.


Solutions
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Solution: 1 Arithmetic Properties


a. The first ten multiples of 9 are


b. For the tens places, note that the number 9 can be thought of as 0 tens and 9 ones
so the tens place has a 0. The tens place of 18 is 1. Going through the list of multiples
of 9, the tens digits are


For the ones place, we see that 9 has 9 ones, 18 has 8 ones, and going through the list
we get ones values of


So the tens place starts at 0 and go up by 1 while the ones place starts at 9 and goes
down by 1.


Another important pattern that relates the ones and tens places is that if we add up
the digit in the tens place and the digit in the ones place, we get 9 for each of these
numbers.


c. We will explain why the digit in the tens place goes up by 1 and the digit in the ones
place goes down by 1.


To go to the next multiple of 9, we add 9 each time.
We know that 9 = 10−1. So adding 9 is like adding 10 and then subtracting 1.
Adding 10 increases the the digit in the tens place by 1 (as long as it is not 9).


Subtracting 1 decreases the the digit in the ones place by 1 (as long as it is not 0).


Solution: 2 Equations and picture for part (c)


Here we use the properties of arithmetic to help explain why the tens value increases
by 1 and the ones value decreases by 1 when adding 9. We study the equation 18+9=27
as an example. We can rewrite 18=1×10+8 and 9 = 10 - 1 to get


9, 18, 27, 36, 45, 54, 63, 72, 81, 90.


0, 1, 2, 3, 4, 5, 6, 7, 8, 9.


9, 8, 7, 6, 5, 4, 3, 2, 1, 0.
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We have written out every step to see which rules of arithmetic are being used. The
first line is arithmetic, the second line uses the associative property of addition, the
third line uses the commutative property of addition, the fourth line uses the
associative property of addition, and the fifth line uses the distributive property of
multiplication over addition. Notice that the very last line shows why the tens place has
increased by one while the ones places has decreased by one after adding 9.


The arithmetic steps above can be visualized in the table below:


Each multiple of 9 is highlighted in green. To move from one multiple of 9 to the next,
in the table, we move down one (adding 10) and to the left one (subtracting 1). The sum
of the digits is still the same because the digit in the tens place has increased by 1
while the digit in the ones place has decreased by 1.


18 + 9 = (1 × 10 + 8) + (1 × 10 − 1)
= 1 × 10 + (8 + 1 × 10) − 1
= 1 × 10 + (1 × 10 + 8) − 1
= (1 × 10 + 1 × 10) + (8 − 1)
= (1 + 1) × 10 + (8 − 1).
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Solution: 3 Picture for (c)


Here we give a visual representation for the pattern in the multiples of 9. We first look
at what happens with 9+9:


To make a ten we have moved one green block from the first 9 to the second 9: this
gives us a ten and eight ones. So the tens place has increased by one and the ones
place has decreased by one. We can see the same pattern going from 18 to 27 by
adding 9:


Here too we take away one from the 8 in 18 and add it to the 9 to make a 10. The final
picture looks a little out of order with the 7 ones between the two tens but we can shift
this around to put the two tens together. If we look at the set of equations in the
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second solution, the fact that the strips are switched around in order to have the tens
together shows up when the commutative property of addition is used.


This pattern will remain until we reach 90. When we add 9 to 90 there are no ones to
take from in order to add to the 9 and make a 10.


4.OA Multiples of nine 
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6.EE Triangular Tables


Task


A classroom has triangular tables. There is enough space at each side of a table to seat
one child. The tables in the class are arranged in a row (as shown in the picture below).


a. How many children can sit around 1 table? Around a row of two tables? Around a
row of three tables?


b. Find an algebraic expression that describes the number of children that can sit
around a row of  tables. Explain in words how you found your expression.


c. If you could make a row of 125 tables, how many children would be able to sit
around it?


d. If there are 26 children in the class, how many tables will the teacher need to seat all
the children around a row of tables?


IM Commentary


This task provides a good opportunity for group work and class discussions where
students generate and compare equivalent expressions. In class discussion, students
should be asked to connect the terms of an expression with quantities shown in the
diagram. As part of the solution, students can make a table of values for increasing


n
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numbers of tables and seats and find a pattern. It is important that a discussion of the
problem explicitly draws out how the diagram, the table of values, and the expressions
are connected.


Part (c) of the question provides a good opportunity to discuss what might be a
reasonable range of values for , preparing students for the idea of the domain of a
function later on.


Solutions


Solution: Solution 1


a. Since one table has three sides and each seats one child, it follows that 3 children can
sit around 1 table.


When two tables are put together in a row as pictured, then we can count the number
of open sides around the perimeter of the two tables together, since an open side
means one child can sit there. There are 4 sides that are open around the table, and so
4 children can sit around a row of 2 tables.


Using the same method as above, we see that when 3 tables are put into a row we will
have 5 open sides around the tables. So, 5 children can sit around a row of 3 tables.


n
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b. To find an expression that describes the number of children that can sit around a
row of  tables, we can consider the diagram below. We see that we can fit 1 child at
each horizontal table side (black dots) plus 1 child on the left and one on the right
(white dots). So we have:


Another way to think about counting seats is shown in the picture below. The first table
seats two children and the last table seats two children (white dots). All other 
tables seat one child (black dots). So we have:


n


children that can sit at n tables = n + 1 + 1 = n + 2


n − 2


children that can sit at n tables = 2 ⋅ 2 + (n − 2) ⋅ 1 = 4 + (n − 2).
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Other expressions are also possible, which are all equivalent to .


c. Using our expression from part (b), with , we see that


so 127 children can sit around a row of 125 tables.


d. Using our expression from before we know that a row of  tables seats 
children. If we want to seat 26 children we need to find n such that . So we
have , which means that the teacher needs 24 tables to seat all students in the
class.


Solution: Solution 2


a. See Solution 1


b. We can summarize the numbers we found in the solution above in a table of values:


number of tables, number of seats


1 3


2 4


3 5


Looking at a few more examples, with 4 and 5 tables forming a row, we can extend our
table of values:


number of tables, number of seats


1 3


n + 2


n = 125


n + 2 = 125 + 2 = 127,


n n + 2
n + 2 = 26


n = 24


n


n
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2 4


3 5


4 6


5 7


We notice the pattern, that the number of seats is equal to the number of tables plus 2.
So we have:


c. See Solution 1


d. See Solution 1


6.EE Triangular Tables 
is licensed by Illustrative Mathematics under a 
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5.OA Using Operations and
Parentheses


Task


What numbers can you make with 1, 2, 3, and 4? Using the operations of addition,
subtraction, and multiplication, we can make many different numbers. For example, we
can write 13 as


You can use parentheses as many times as you like and each of the numbers 1, 2, 3,
and 4 can be used at most once.


a. Find two different ways to make 9.


b. Find two different ways to make 7.


c. Find two different ways to make 11.


d. Can you make 26?


IM Commentary


The purpose of this task is to give students a chance to work creatively with three of the
four fundamental arithmetic operations (addition, subtraction, and multiplication). It is
well suited for helping students develop fluency with addition, subtraction, and
multiplication of single digit numbers. If the teacher prefers, rather than asking to make
7 in two different ways, she could instead prompt the students to look for as many
different ways as possible to get 7. Students working on this task can improve their
fluency with addition, subtraction, and multiplication while also gaining practice in
carefully writing down the order of operations by using parentheses. The teacher may


13 = (3 × 4) + 1.
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wish to do some examples to make sure that students understand what they are being
asked to do: for example, going over many different ways to make 5 could be helpful: 


, , . If students try to put the numbers 1, 2, 3,
and 4 together as digits in a larger number, for example writing , the
teacher will need to decide whether or not this is acceptable: arithmetic skills still play a
key roll with this approach but the operations of addition, subtraction, and
multiplication are no longer as important. No solutions of this type have been included.


It is important to stress the use of parentheses in this task. In the example above, 
, order of operations says that we should perform multiplication first


and so, strictly speaking, adding the parentheses is not necessary. It is good practice,
however, to add the parentheses as it helps stress the importance of order or
operations and helps avoid errors in calculations. In a situation such as


, the parentheses become necessary in order to distinguish this from
.


There is an interesting and challenging question which the teacher may wish to pose
for students who are very comfortable with the arithmetic operations required for this
task: what is the smallest whole number which can not be expressed in this way? The
answer is 29 and the reasoning for this is quite interesting: students can check that all
numbers from 1 through 28 are possible. To see that 29 is not possible, note that it is a
prime number so cannot arise as a product of two numbers unless one of the factors is
1. It cannot be that one of the factors is 1 because the other three numbers are not big
enough to make 29. This means that the last operation performed to get 29 must be
addition or subtraction. Again, the other three numbers will not be big enough to make
this work.


Teachers may wish to use a different set of numbers rather than 1, 2, 3, and 4. For
example, using only three numbers (such as 1, 2, 3 or 2, 3, 4) cuts down significantly on
the number of possibilities. On the other hand, adding numbers (working with 1, 2, 3, 4,
and 5 for example) makes for an extremely challenging problem.


Solution


a. Using the fact that  we have


5 = 4 + 1 5 = (2 × 3) − 1 5 = (4 − 1) + 2
9 = 12 − 3


5 = (2 × 3) − 1


4 = 2 × (3 − 1)
5 = (2 × 3) − 1


9 = 3 × 3


9 = 3 × (4 − 1).
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Also, using the fact that , we have


b. Using the fact that  we have


Also, using the fact that , we have


Or, avoiding multiplication, we have


c. Using the fact that  we have


Also, using the fact that  we have


d. We have  so if we can write  using 1, 3, and 4 we can get 26 by
doubling. We have  and . Putting all of this together gives


Note that double parentheses are used here because there are three operations. The
first operation is inside the innermost parentheses, . The next operation is in
single parentheses, adding 1. The final operation is not in parentheses, multiplying by
2.


5.OA Using Operations and Parentheses 
is licensed by Illustrative Mathematics under a 
Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International License


9 = 8 + 1


9 = (4 × 2) + 1.


7 = 6 + 1


7 = (3 × 2) + 1.


7 = 8 − 1


7 = (4 × 2) − 1.


7 = 4 + 2 + 1.


11 = 8 + 3


11 = (4 × 2) + 3.


11 = 12 − 1


11 = (4 × 3) − 1.


26 = 2 × 13 13
3 × 4 = 12 12 + 1 = 13


26 = 2 × ((3 × 4) + 1).


3 × 4
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5.OA Video Game Scores


Task


Eric is playing a video game. At a certain point in the game, he has 31500 points. Then
the following events happen, in order:


He earns 2450 additional points.
He loses 3310 points.
The game ends, and his score doubles.


a. Write an expression for the number of points Eric has at the end of the game. Do not
evaluate the expression. The expression should keep track of what happens in each
step listed above.


b. Eric's sister Leila plays the same game. When she is finished playing, her score is
given by the expression


Describe a sequence of events that might have led to Leila earning this score.


IM Commentary


Standard 5.OA.2 asks students to "Write simple expressions that record calculations
with numbers, and interpret numerical expressions without evaluating them." This task
asks students to exercise both of these complementary skills, writing an expression in
part (a) and interpreting a given expression in (b). The numbers given in the problem
are deliberately large and "ugly" to discourage students from calculating Eric's and
Leila's scores. The focus of this problem is not on numerical answers, but instead on
building and interpreting expressions that could be entered in a calculator or
communicated to another student unfamiliar with the context.


3(24500 + 3610) − 6780.
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Solution


a. When Eric earns 2450 additional points, his score becomes 31500 + 2450.


When he loses 3310 points, his score becomes (31500 + 2450) - 3310. (Note that this
can also be written without the parentheses.)


When Eric's score doubles, the score becomes 2 x ((31500 + 2450) - 3310), which can
also be written 2(31500 + 2450 - 3310).


b. Here is a possible sequence of events that might lead to the score given:


At a certain point in the game, Leila has 24500 points.
She earns 3610 additional points.
Her score triples.
She loses 6780 points.


Note that the order of the steps is important; rearranging the steps will likely lead to a
different expression and a different final score.


5.OA Video Game Scores 
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6.EE The Djinni’s Offer


Task


After opening an ancient bottle you find on the beach, a Djinni appears. In payment for
his freedom, he gives you a choice of either 50,000 gold coins or one magical gold coin.
The magic coin will turn into two gold coins on the first day. The two coins will turn into
four coins total at the end of two days. By the end or the third day there will be eight
gold coins total. The Djinni explains that the magic coins will continue this pattern of
doubling each day for one moon cycle, 28 days. Which prize do you choose?


When you have made your choice, answer these questions:


The number of coins on the third day will be . Can you write another
expression using exponents for the number of coins there will be on the third day?


Write an expression for the number of coins there will be on the 28th day. Is this
more or less than a million coins?
 


IM Commentary


The purpose of this task is to introduce the idea of exponential growth and then
connect that growth to expressions involving exponents. It illustrates well how fast
exponential expressions grow. Students who are just learning about exponents may
need more structure than the follow-up questions provided in order to write the
expressions.


Some more good follow-up questions would be, "On what day does the amount from
the magic coins become more than 50,000? On what day does the amount from the
magic coins become more than 1,000,000?"


2 × 2 × 2
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The Standards for Mathematical Practice focus on the nature of the learning
experience by attending to the thinking processes and habits of mind that students
need to develop in order to attain a deep and flexible understanding of mathematics.
Certain tasks lend themselves to the demonstration of specific practices by students.
The practices that are observable during exploration of a task depend on how
instruction unfolds in the classroom. While it is possible that tasks may be connected to
several practices, only one practice connection will be discussed in depth. Possible
secondary practice connections may be discussed but not in the same degree of detail.


This task connects repeated calculations with an expression involving exponents to
create a shorthand notation that can be used to answer the questions being asked
(MP.8). The teacher could pose this task with small or large groups and lead them
through creating a table to demonstrate the repeated calculations necessary to solve
this problem.  Once the pattern has been discussed, the teacher could have students
begin to discuss the exponential growth demonstrated by the table, solutions to the
questions posed in the task and guide the students in using the repeated calculations
to write an expression that could be used to efficiently solve any question that could be
asked about the exponential growth. 


Solution


We can summarize the growth pattern of the coins in a table.


day number of coins


1 2


2 4


3 8


4


5


To find the general pattern, we notice that to find the number of coins in a row, we
doubled the number of coins in the previous row. So if we continue the pattern, at the
end of day 4 there will be  coins, and at the end of day 5 there will be 2 ⋅ 8 = 16
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 coins. If we look at day 4 again, we have  coins. The 8 coins were
obtained because  coins and the 4 coins came from  coins. So on day
4 we could also say we have  coins. We
can rewrite every number of coins in the table in terms of powers of 2:


day number of coins


1


2


3


4


5


28


Having found a way to easily express the number of coins there will be on a particular
day, we don’t need to fill in every row in the table; instead we can use a calculator to
find that  (which is well over a million coins). Since this number is a
lot bigger than 50,000, we can conclude that it is to our advantage to choose the
magical coin as our reward. The last number in the table is so large that it is hard to
understand just how much bigger it is than 50, 000. To illustrate this, the followup
question may be helpful. By either filling the table in systematically or by trial and error
we find that on day 15 there are  or 32,768 coins. On the very next day we have 
or 65,536 coins. So it will take just over two weeks for our magical coin to outgrow the
fixed reward of 50,000 coins. In just four more days (on the 20th day) the number of
coins will be  which is already over a million. A graph helps us to
visualize how fast the exponential expression grows with each day.


2 ⋅ 16 = 32 16 = 2 ⋅ 8
8 = 2 ⋅ 4 4 = 2 ⋅ 2


16 = 2 ⋅ 8 = 2 ⋅ (2 ⋅ 4) = 2 ⋅ (2 ⋅ (2 ⋅ 2)) = 24


2 = 21


4 = 22


8 = 23


16 = 24


32 = 25


⋮ ⋮


268, 435, 456 = 228


= 268, 435, 456228


215 216


= 1, 048, 576220
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6.EE Rectangle Perimeter 3


Task


Sadie computes the perimeter of a rectangle by adding the length, , and width, , and
doubling this sum. Eric computes the perimeter of a rectangle by doubling the length, ,
doubling the width, , and adding the doubled amounts.


a. Write an expression for Sadie’s way of calculating the perimeter. Write an expression
for Eric’s way as well.


b. Use both of the expressions to find the perimeter of a rectangle with length 30 and
width 75.


c. Explain why Sadie and Eric always get the same answer, no matter what the length
and width of the rectangle are.


IM Commentary


The purpose of this task is to ask students to write expressions and to consider what it
means for two expressions to be equivalent. This is another variation of the Rectangle
Perimeter problem shown in "6EE Rectangle Perimeter 1" and "6EE Rectangle Perimeter
2." It goes one step further than "6EE Rectangle Perimeter 1" by asking students to
explore the idea of equivalent expressions in addition to writing and using an
expression.


Solution


a. Sadie first adds  and  to obtain  and then doubles the sum. So her expression


l w
l


w


l w l + w
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is .


Eric first doubles the length and the width, getting  and , respectively. He then
adds these amounts to obtain the expression  for the perimeter of the
rectangle.


b. With  and  using Sadie’s expression we have 
.


Using Eric’s expression we have .


c. Sadie and Eric will always get the same answer, no matter the length and width of
the rectangle, because they are both using correct methods for computing the
perimeter of a rectangle. Sadie’s expression is equivalent to Eric’s expression by the
distributive property: .


6.EE Rectangle Perimeter 3 
is licensed by Illustrative Mathematics under a 
Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International License


2(l + w)


2l 2w
2l + 2w


l = 30 w = 75
2(l + w) = 2(30 + 75) = 210


2l + 2w = 2(30) + 2(75) = 210


2(l + w) = 2l + 2w
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6.EE Distance to School


Task


Some of the students at Kahlo Middle School like to ride their bikes to and from school.
They always ride unless it rains.


Let  be the distance in miles from a student's home to the school. Write two different
expressions that represent how far a student travels by bike in a four week period if
there is one rainy day each week.


IM Commentary


This task asks students to find equivalent expressions by visualizing a familiar activity
involving distance. The given solution shows some possible equivalent expressions, but
there are many variations possible.


Solution


The distance to school, and therefore home, is . Thus, the student rides  miles
in one day. Equivalently, she rides  miles in one day.


Repeatedly adding the distance traveled in one day for each school day of the week, we
find that in one week the student travels  miles. Equivalently,
she travels  or  miles in a normal, rain free week.


Expression 1


d


d (d + d)
(2d)


(2d + 2d + 2d + 2d + 2d)
5(2d) (10d)
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We know that she travels  miles in a normal rain free week. In a 4 week period
she would normally ride  miles, but we need to subtract the
miles for the rainy days. For each rain day we have to subtract  miles. Therefore, she
traveled  or 


. Equivalently we can write 
.


Expression 2


If we decide to combine the rainy day miles with the weekly miles traveled ahead of
time then the expression for one school week with one rain day looks like 
or  and the four week total is . Equivalently we can write 


.


The equivalent expressions will vary greatly. Comparing the cases above we see that 
 and  represent the same distance traveled and therefore are


equivalent expressions.


6.EE Distance to School 
is licensed by Illustrative Mathematics under a 
Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International License


(10d)
(10d + 10d + 10d + 10d)


2d
(10d + 10d + 10d + 10d − 2d − 2d − 2d − 2d)


(10d + 10d + 10d + 10d − (2d + 2d + 2d + 2d))
4(10d) − 4(2d) = (40d − 8d)


(10d − 2d)
(8d) (8d + 8d + 8d + 8d)


4(8d)


(40d − 8d) 4(8d)
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6.EE Log Ride


Task


A theme park has a log ride that can hold 12 people. They also have a weight limit of
1500 lbs per log for safety reasons. If the average adult weighs 150 lbs, the average
child weighs 100 lbs and the log itself weighs 200, the ride can operate safely if the
inequality


is satisfied (  is the number of adults and  is the number of children in the log ride
together). There are several groups of children of differing numbers waiting to ride.
Group one has 4 children, group two has 3 children, group three has 9 children, group
four 6 children while group five has 5 children.


If 4 adults are already seated in the log, which groups of children can safely ride with
them?


IM Commentary


In this instructional task students are given two inequalities, one as a formula and one
in words, and a set of possible solutions. They have to decide which of the given
numbers actually solve the inequalities. There are two solutions presented, the first is
the more natural one, where we simply substitute the given values and check if the
inequality is satisfied. In the second solution, we actually solve the inequality first and
then see if the given values are in the solution set. While this seems unnecessary, it is
the approach many students will use because they have often been "conditioned" to
solve any inequality or equality they encounter. A class discussion could clear up when
it is necessary to actually solve an inequality and when it is easier to use substitution. If
we were given a large number of possible solutions to check, solving would be the


150A + 100C + 200 ≤ 1500


A C
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preferred solution method, while for a small number, substitution is faster.


This task provides a way to see if students understand the meaning of a solution to an
inequality (or equation), namely values of the variables that make the inequality
(equation) true. Often students see solutions only as the result of solving an inequality
or equation. This idea is an important one, since for some equations it is possible to
check if a given number is a solution, while it would be hard or impossible to solve, e.g.
higher degree polynomials, equations involving trigonometric or exponential functions.


A natural extensions for this task would be to ask students to find other groups of
adults and children that can or cannot ride together, either because of the number of
people allowed or because of the weight limit. Some combinations are not possible. For
example, it is not possible to find a group of children that satisfies the number
requirement but does not satisfy the weight requirement.


 


Solutions


Solution: By Substitution


As there are five different groups waiting to ride, we can substitute each group’s
number of children into the weight equation for , using  as there are already 4
adults seated in the log. For group one, we get


So, group one can safely ride the ride. Using this technique with the other four groups,
we find that group two, group four, and group five can all safely ride the ride both in
weight and in number-of-riders. We find that group three exceeds the number-of-
riders limit, as there will then be 13 people on the log, as well as the weight limit.


We can also observe that group one together with group two would be able to ride the
log ride.


C A = 4


150(4) + 100(4) + 200 = 1200 ≤ 1500


150(4) + 100(9) + 200 = 1700 ≰ 1500
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and


Solution: Solving the Inequality


While this approach is not expected of 6th graders, students who are ready for this
approach may try it in 6th grade. This solution approach is expected in 7th grade.


First, we have that , as there are 4 adults already seated. By substitution, we can
solve for  and see how many children can safely ride based solely on the weight limit.


So, up to 7 children will satisfy the weight limit inequality. Since , the
number-of-riders limit is also satisfied, and so we find that 7 is the maximum number
of children that can safely ride the ride with the 4 adults. Thus, group three is the only
group that cannot safely ride in the log. Note: We can observe that group one and
group two would be able to ride the log ride together with the 4 adults.


6.EE Log Ride 
Typeset July 1, 2015 at 17:37:58. Licensed by Illustrative Mathematics under a 
Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International License.


150(4) + 100(4 + 3) + 200 = 1500


7 + 4 < 12


A = 4
C


150(4) + 100C + 200
600 + 100C + 200


100C
C


≤ 1500
≤ 1500
≤ 700
≤ 7


7 + 4 < 12
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Name: 


Answers  


1-10 91 82 73 64 55 45 36 27 18 9
11 0


Ex) 10e + 3 < 92
A. 10
B. 4
C. 6
D. 2


1) 5 × e < 41
A. 5
B. 8
C. 4
D. 7


2) 6e + 4 < 62
A. 5
B. 4
C. 3
D. 8


3) 40 ÷ e > 9
A. 8
B. 10
C. 6
D. 2


4) 44 < 5e - 7
A. 1
B. 6
C. 10
D. 8


5) 4 × e > 22
A. 9
B. 6
C. 5
D. 8


6) 6e + 9 > 78
A. 2
B. 7
C. 8
D. 5


7) 4 × e > 21
A. 6
B. 9
C. 4
D. 1


8) 3e + 4 > 24
A. 4
B. 2
C. 8
D. 1


9) 5 + 10e > 36
A. 4
B. 8
C. 6
D. 9


10) 2 + 10e < 109
A. 6
B. 4
C. 5
D. 2


11) 9 + 4e > 34
A. 8
B. 10
C. 6
D. 1


Ex. B,C,D


1. A,B,C,D


2. A,B,C,D


3. D


4. none


5. A,B,D


6. none


7. A,B


8. C


9. A,B,C,D


10. A,B,C,D


11. A,B


Using Substitutions to Solve Problems.
Determine which option(s) the variable 'e' could be. If none of the options could be the
variable write 'none'.


5
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Name: 


Answers  
Answer  Key


1-10 91 82 73 64 55 45 36 27 18 9
11 0


Ex) 10e + 3 < 92
A. 10
B. 4
C. 6
D. 2


1) 5 × e < 41
A. 5
B. 8
C. 4
D. 7


2) 6e + 4 < 62
A. 5
B. 4
C. 3
D. 8


3) 40 ÷ e > 9
A. 8
B. 10
C. 6
D. 2


4) 44 < 5e - 7
A. 1
B. 6
C. 10
D. 8


5) 4 × e > 22
A. 9
B. 6
C. 5
D. 8


6) 6e + 9 > 78
A. 2
B. 7
C. 8
D. 5


7) 4 × e > 21
A. 6
B. 9
C. 4
D. 1


8) 3e + 4 > 24
A. 4
B. 2
C. 8
D. 1


9) 5 + 10e > 36
A. 4
B. 8
C. 6
D. 9


10) 2 + 10e < 109
A. 6
B. 4
C. 5
D. 2


11) 9 + 4e > 34
A. 8
B. 10
C. 6
D. 1


Ex. B,C,D


1. A,B,C,D


2. A,B,C,D


3. D


4. none


5. A,B,D


6. none


7. A,B


8. C


9. A,B,C,D


10. A,B,C,D


11. A,B


Using Substitutions to Solve Problems.
Determine which option(s) the variable 'e' could be. If none of the options could be the
variable write 'none'.


5
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6.RP, 6.EE Fruit Salad


Task


A fruit salad consists of blueberries, raspberries, grapes, and cherries. The fruit salad
has a total of 280 pieces of fruit. There are twice as many raspberries as blueberries,
three times as many grapes as cherries, and four times as many cherries as
raspberries. How many cherries are there in the fruit salad?


IM Commentary


The purpose of this task is for students to solve a contextual problem where there is a
multiplicative relationship between several quantities in the context. These
relationships can either be represented in a ratio table or with a linear equation. Both
approaches are valuable and the teacher can link the two by discussing what happens
when a variable is used for the number of blueberries in the ratio table. For the
algebraic approach, the student is faced with a dilemma: setting the variable equal to
the number of cherries leads to a linear equation with fractions while using the
number of blueberries as the variable gives a simpler equation. In either case, the
students are setting up and solving an equation with positive rational coefficients of
the form  as described in 6.EE.7.


This task provides opportunities for students to reason about their computations to
see if they make sense. A teacher might start out by asking questions like "What is the
most common fruit in the salad? What is the least common fruit in the salad?" in order
to check that students are reading and interpreting the relationships correctly.


This task was adapted from problem #5 on the 2012 American Mathematics
Competition (AMC) 12A Test. For the 2012 AMC 12A, which was taken by 72,238
students, the multiple choice answers for the problem had the following distribution:


px = q
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Choice Answer Percentage of Answers


(A) 8 2


(B) 16 3


(C) 25 4


(D)* 64 82


(E) 96 2


Omit -- 7


Of the 72,238 students, 28,268 (39%) were in 12th grade, 34,124 (47%) were in 11th
grade 4,615 (6%) were in 10th grade and the remainder were below 10th grade.


The Standards for Mathematical Practice focus on the nature of the learning
experiences by attending to the thinking processes and habits of mind that students
need to develop in order to attain a deep and flexible understanding of mathematics.
Certain tasks lend themselves to the demonstration of specific practices by students.
The practices that are observable during exploration of a task depend on how
instruction unfolds in the classroom. While it is possible that tasks may be connected to
several practices, the commentary will spotlight one practice connection in depth.
Possible secondary practice connections may be discussed but not in the same degree
of detail.


This particular task helps illustrate MP.1.  Students begin by analyzing the problem and
looking for entry points to efficiently solve the task.  They may start to create a table or
immediately see the relationships between the different fruits and write an expression
for how different fruits relate to each other. They might also enter the problem by
considering the fruit that is most, or least represented in the salad.  Once an entry
point is determined, they monitor and evaluate their progress and change course to a
representation that will help them make sense of the problem. To guide students into
selecting an entry into this problem and to encourage analysis of their work the teacher
might use guiding questions such as: “What do we know?”  “Describe the relationship
between the quantities.” “How can we organize the data to better make sense of it?”
The ultimate goal of modeling guiding questions is that students will eventually self-
question to find a starting point, change direction, or refine their thinking. Once the
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students solve this task, the teacher may opt to have students discuss in a large group
setting how they grappled with the problem, the efficiency and effectiveness of their
solution pathway, and if they used strategies from previously solved problems (MP.1,
MP.3).


Solutions


Solution: Using a ratio table (6.RP.3)


Below is a table showing different possible amounts of each fruit and the total number
of pieces of fruit:


Blueberries Raspberries Cherries Grapes Total pieces of fruit


1 2 8 24 35


2 4 16 48 70


4 8 32 96 140


8 16 64 192 280


When there are 280 pieces of fruit, there are 64 cherries. Notice that for the table we
successively doubled the number of blueberries which also successively doubles the
number of pieces of the other fruits. Students may notice, after the second line, that if
they quadruple 70, this will give the desired 280 pieces of fruit, making the table a little
shorter.


Solution: Writing an equation (6.EE.7)


We are looking for the number of cherries in the fruit salad and will introduce a
variable to relate the number of pieces of each fruit. If we let our variable denote the
number of cherries then a some work is needed to set up our relationship because the
first sentence in the problem deals with blueberries and raspberries. There are twice
as many raspberries as blueberries so it is natural to let  denote the number of
blueberries. Then we find the following:


Fruit Number of pieces


x
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Blueberries


Raspberries


Cherries


Grapes


Adding up the total number of pieces of fruit gives 35 . We have 280 pieces of fruit
total so we want to solve


So . There are 8 times as many cherries as blueberries so there are 64
cherries.


Solution: Another way to write the equation (6.EE.7)


Since we are looking for the number of cherries in the fruit salad, it is natural to let 
denote the number of cherries.


There are 4 times as many cherries as raspberries, so there are  as many
raspberries as cherries.


There are 2 times as many raspberries as blueberries, so there are  as many


blueberries as raspberries. Half of one-fourth is one-eighth, so there are  as many
blueberries as cherries.


There are 3 times as many grapes as cherries.
We can summarize all of this in a table:


Fruit Number of pieces


Blueberries


Raspberries


Cherries


Grapes


x


2x


8x


24x


x


35x = 280.


x = 280 ÷ 35 = 8


x


1
4


1
2


1
8


x1
8


x1
4


x


3x


4 x3
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Adding up the total number of pieces of fruit gives . We have 280 pieces of fruit
total so we want to solve


So


There are 64 cherries in the fruit salad.


6.RP, 6.EE Fruit Salad 
is licensed by Illustrative Mathematics under a 
Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International License


4 x3
8


4 x = 280.3
8


x = 280 ÷ (4 ) = 280 ÷ ( ) = 280 × ( ) = 64.3
8


35
8


8
35
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The Amusement Park 


 
 
After exams, Juanita and her friends went to the amusement park.  They found that 
each could buy an admission ticket for $5 and then pay 25 cents per ride.  Their 
other option was to buy an admission ticket for $2 and pay 75 cents for each ride.  
 
To analyze their options complete the following representations.  
 
 
Tables 
 
Option  1      Option 2 


# of Rides Cost  # of Rides Cost 
1   1  


2   2  


3   3  


4   4  


5   5  


x   x  


 
 
Equations 
 
Option  1      Option 2 
 
Y = __________________     Y = __________________  
 
 
 On graph paper, sketch a graph of each option, using the horizontal axis to 
represent the number of rides and the vertical axis to represent the cost.  
 


 Solve to find the number of rides that would cost the same under either 
option.      


 Write a paragraph telling which would be the better deal and why.          
 What factors should be considered in making a decision? 
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Single Quadrant Ordered PairsSingle Quadrant Ordered Pairs
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7
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.J


.I


.V


.A.T


.M


.U


.S.Z


.N


.D .W


.E


.C


.X


.F


.P


.K


.Q


Tell what point is located at each ordered pair.


1) (0,5)     _____


2) (0,8)     _____


3) (2,4)     _____


4) (8,3)     _____


5) (7,3)     _____


6) (2,6)     _____


7) (9,1)     _____


8) (8,5)     _____


9) (1,5)     _____


10) (9,0)     _____


Write the ordered pair for each given point.


11) D _____


12) W _____


13) E _____


14) C _____


15) X _____


16) F _____


17) P _____


18) K _____


19) Q _____


Plot the following points on the coordinate grid.


20) Y (3,6)  


21) B (8,8)  


22) O (0,4)  


23) R (8,9)  


24) G (4,8)  


25) L (5,0)  
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Single Quadrant Ordered PairsSingle Quadrant Ordered Pairs
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.V


.A.T
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.S.Z
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.E


.C


.X


.F


.P


.K


.Q


Tell what point is located at each ordered pair.


1 ) (0,5)     _____J


2 ) (0,8)     _____I


3 ) (2,4)     _____V


4 ) (8,3)     _____A


5 ) (7,3)     _____T


6 ) (2,6)     _____M


7 ) (9,1)     _____U


8 ) (8,5)     _____S


9 ) (1,5)     _____Z


10) (9,0)     _____N


Write the ordered pair for each given point.


11) D _____(0,1)  


12) W _____(8,1)  


13) E _____(7,9)  


14) C _____(2,1)  


15) X _____(1,3)  


16) F _____(6,1)  


17) P _____(6,3)  


18) K _____(2,5)  


19) Q _____(2,3)  


Plot the following points on the coorinate grid.


20) Y (3,6)  


21) B (8,8)  


22) O (0,4)  


23) R (8,9)  


24) G (4,8)  


25) L (5,0)  


.Y


.B


.O


.R


.G


.L
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Four Quadrant Ordered PairsFour Quadrant Ordered Pairs
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Tell what point is located at each ordered pair.


1) (+8,+0)  _____


2) (+3,-2 )  _____


3) (-6,+5 )  _____


4) (+7,+5)  _____


5) (-2,-5 )  _____


6) (+8,+9)  _____


7) (+4,-1 )  _____


8) (-3,+3 )  _____


Write the ordered pair for each given point.


9) J _______


10) E _______


11) A _______


12) Z _______


13) B _______


14) R _______


15) U _______


16) P _______


Plot the following points on the coordinate grid.


17) O (+3,-4 )  


18) V (-1,-1 )  


19) D (+9,-9 )  


20) M (-8,+5 )  


21) L (+0,+1)  


22) H (+6,-1 )  


23) G (+5,+4)  


24) Q (-7,+6 )  
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Four Quadrant Ordered PairsFour Quadrant Ordered Pairs
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Tell what point is located at each ordered pair.


1) (+8,+0)  _____Y


2) (+3,-2 )  _____N


3) (-6,+5 )  _____I


4) (+7,+5)  _____C


5) (-2,-5 )  _____K


6) (+8,+9)  _____F


7) (+4,-1 )  _____S


8) (-3,+3 )  _____X


Write the ordered pair for each given point.


9) J (-7,+4 )  _______


10) E (-8,+8 )  _______


11) A (+4,+1)  _______


12) Z (-2,-9 )  _______


13) B (-8,+1 )  _______


14) R (-2,+5 )  _______


15) U (+7,-7 )  _______


16) P (+0,+5)  _______


Plot the following points on the coordinate grid.


17) O (+3,-4 )  


18) V (-1,-1 )  


19) D (+9,-9 )  


20) M (-8,+5 )  


21) L (+0,+1)  


22) H (+6,-1 )  


23) G (+5,+4)  


24) Q (-7,+6 )  


.O


.V


.D


.M


.L


.H


.G


.Q
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Name: 


Triangles


55


5
Equilateral Triangle


All sides are the
same length.


66


10
Isosceles Triangle
At least 2 sides are
the same length.


57


9
Scalene Triangle
No sides are the


same length.


Name each triangle by the lengths of its sides.


a.  3 in., 5 in., 3 in. b.  14 cm, 9 cm, 8 cm


c.  24 mm, 24 mm, 24 mm d.  12 ft., 12 ft., 15 ft.


e.  7 mi., 6 mi., 5 mi. f.  32 m, 48 m, 48 m


Name each triangle pictured.
g. h.


i. j.
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4.G Defining Attributes of
Rectangles and Parallelograms


Task


a. Look at each figure. Read each of the descriptions. Place an X in the box if it appears
to describe the figure pictured.


A. B.
C. D.


4 vertices


Four sides


Opposite sides parallel


Perpendicular sides


Opposite sides have equal length


All sides have equal length


Contains right angle(s)


Contains acute angle(s)
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Contains obtuse angle(s)


b. What is true of all the figures?


All of the figures above are rectangles. Ring the rectangles below. Using what you know
that is true of all rectangles to help you.


Choose one figure you did not ring. Explain why it is not a rectangle.


Look at each figure. Read each of the attributes. Place an X in the box if it appears to be
an attribute of the figure pictured.
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What is true of all the figures?


All of the figures above are parallelograms. Ring all the parallelograms below. Using
what you know that is true of all parallelograms to help you.


Choose one figure you did not ring. Explain why it is not a parallelogram.


IM Commentary
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At early stages of understanding of geometric shapes, students describe shapes, but do
not yet characterize shapes by their properties. One example of a misconception
students have at this stage is that a rectangle has two short sides and two long sides.


The purpose of this task is for students to identify the defining attributes of rectangles
and parallelograms. This task should be completed after students have many
experiences sorting shapes by attributes. Understanding which characteristics are
defining attributes will allow students to use work toward 5th grade 5.G.3 (Understand
that attributes belonging to a category of two-dimensional figures also belong to all
subcategories of that category) and 5.G.4 (Classify two-dimensional figures in hierarchy
based on properties.)


This task could be altered to identify defining attributes of triangles and other
quadrilaterals.


Solution


What is true of all the figures?
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All of the figures have 4 sides and 4 vertices with opposite sides parallel and congruent.
They have four right angles, so they also have perpendicular line segments.


All of the figures above are rectangles. Put a ring around all the rectangles below. Using
what you know that is true of all rectangles to help you.


Choose one figure you did not circle. Explain why it is not a rectangle.


Example: This figure


has 4 sides and 4 vertices. Only one set of opposite sides are parallel and it does not
have right angles, so it cannot be a rectangle.
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What is true of all the figures?


All the figures have 4 sides and 4 vertices with opposite sides parallel and congruent.


All of the figures above are parallelograms. Put a ring around all the parallelograms
below. Using what you know that is true of all parallelograms to help you.


Choose one figure you did not ring. Explain why it is not a parallelogram.


Example: The regular hexagon has opposite sides parallel and congruent, but it is not 4-
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sided.
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